
Midterm ExaminationSTA205: Probability and Measure TheoryThursday, 2011 Ot 20, 11:40-12:55 pmThis is a losed-book examination. You may use a singlesheet of prepared notes, if you wish, but you may not sharematerials. If a question seems ambiguous or onfusing pleaseask me| don't guess, and don't disuss questions with others.Unless a problem states otherwise, you must show yourworkto get partial redit. There are blank worksheets at the end ofthe test for this. It is to your advantage to write your solutionsas learly as possible. Good luk.
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Name: STA 205: Prob & Meas TheoryProblem 1. Let (
;F ;P) be the unit interval 
 = (0; 1℄ with the Borel setsF = B and Lebesgue measure P = �. For ! 2 
, set:Xn = 2nd2n!e Y = 1!:where dxe denotes the least integer greater than or equal to a real numberx| so, for example, X2 = 1; 4=3; 2; 4 with equal probabilities.a. (5) Is Xn 2 L1 for every n 2 N?  Yes  No. Prove it.1

b. (5) Is Y 2 L1?  Yes  No. Prove it.

1Hint: This is easy and doesn't require (muh) alulation.Fall 2011 1 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 1 (ont).Still Xn = 2nd2n!e Y = 1!:. (5) Is the distribution of Xn(!):  Absolutely Continuous, Singular Continuous,  Disrete, or  None of these? Why?

d. (5) You don't have to show it but, for eah ! 2 
, Xn(!) inreasesmonotonially to Y as n ! 1. What does the Monotone Conver-gene Theorem say about the expetations of Xn? (For full redit, bespei�| use what you found in parts (a) and (b))

Fall 2011 2 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 2. De�ne a funtion F (x) on R byF (x) = 1Xn=1 2�n1fx�nga. (4) Show that F is a distribution funtion (or \df").

b. (4) If X is a random variable with distribution funtion F , �ndP[X is even ℄ = P[X > �℄ =

Fall 2011 3 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 2 (ont).Reall that Lp � fX : E[ jXjp ℄ <1g for all p > 0. LetX be a randomvariable with df F (x) �P1n=1 2�n1fx�ng, x 2 R.. (6) For whih 0 < p <1 is X in Lp? Why?X 2 Lp for < p <

d. (6) Set Y := exp(X). For whih 0 < p <1 is Y in Lp? Why?Y 2 Lp for < p <

Fall 2011 4 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 3. Let 
 = Z be the set of all integers �1 < n <1. Denote by#(A) the number of elements of any set A � 
 (so 0 � #(A) � 1) and letA = fA � 
 : #(A) <1g � 2
 be just the �nite sets of integers.a. (5) Show that A is a �-system.
b. (10) Show that the smallest �-system ontaining A is all of 2
| i.e.,show that every subset B � 
 is in �(A). Be expliit.
. (5) Let P = f2; 3; 5; 7; 11; 13; :::g � 
 be the set of all prime numbers,and let L = �(P ) be the smallest �-system ontaining P . Give Lexpliitly. How many elements does it have? Is it a �eld?

Fall 2011 5 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 4. Let (
;F ;P) be the positive half-line 
 = R+ with the Borelsets F = B(
) and for A 2 F let P(A) = RA e�! d!. For eah integer n 2 Nset Xn(!) = n 1f[n;1)g(!) = (0 ! < nn ! � n :a. (6) Does Xn(!) onverge at eah point ! 2 
? Y NIf \Yes", what is the limit X(!) � limn!1Xn(!)?X(!) = If \No", tell why:
b. (6) Set Z =Pn2N Xn. Is Z a.s. Finite? Y N Bounded? Y N. (8) Is fXng uniformly dominated by a positive integrable RV Y ?If so, �nd a suitable Y ; if not, explain. Y N

Fall 2011 6 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 5. Let fXi : 1 � i � ng be random variables on the probabilityspae (
;F ;P), and set X :=Qni=1Xi.a. (5) Give an example of (
;F ;P), n, and fXi : 1 � i � ng where eahXi 2 L1(
;F ;P) but their produt X =2 L1(
;F ;P):2

b. (5) If fXig are independent, and t > 0 is any positive real number, arethe random variables �Xi1fjXij�tg	 independent too? Why?

2Hint: n = 2 is enoughFall 2011 7 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 5 (ont).Still fXi : 1 � i � ng are random variables and X :=Qni=1Xi.. (5) What theorem allows us to onlude that3limt!1E" nYi=1 �jXij ^ t�# = E" nYi=1 jXij#

d. (5) If eah Xi 2 L1(
;F ;P), and if fXig are independent, ompletethe proof that their produt X =Qni=1Xi is in L1(
;F ;P), too.

3The notation \a ^ b" denotes the minimum of real numbers a; b.Fall 2011 8 2011 Ot 20



Name: STA 205: Prob & Meas TheoryProblem 6. Let (
;F ;P) be 
 = (0; 1℄, the unit interval, with Borel setsF and Lebesgue measure P, and let X, Y , and fXng all be random variableson (
;F ;P). Suppose Xn(!) ! X(!) as n ! 1 for eah ! 2 
, and letfAng � F be events. For eah statement below irle T for True or F forFalse and, if true, indiate whih applies: Fatou's Lemma (Fat), Lebesgue'sdominated (DCT) or monotone (MCT) onvergene theorems, the Borel-Cantelli (B/C) Lemma (either half), or the inequalities named after Jensen,Minkowski, H�older, or Markov. No explanations are needed| but if you'veforgotten the name of a result or inequality, or �nd a question ambiguous,you an use the spae provided.a. (4) T F If E[X2n � 1℄ > 0, then fXng is UI.Fat DCT MCT B/C  Jen Min H�ol Mar
b. (4) T F If jXnj � 10 a.s., then limEXn = EX.Fat DCT MCT B/C  Jen Min H�ol Mar
. (4) T F If EjXnj � 10, then limEXn = EX.Fat DCT MCT B/C  Jen Min H�ol Mar
d. (4) T F If EjXnj2 � 100, then (8t > 0) P[jXnj > t℄ < 10=t.Fat DCT MCT B/C  Jen Min H�ol Mar
e. (4) T F If X 2 L1, then EX � logEeXFat DCT MCT B/C  Jen Min H�ol Mar

Fall 2011 9 2011 Ot 20



Name: STA 205: Prob & Meas TheoryBlank Worksheet

Fall 2011 10 2011 Ot 20



Name Notation pdf/pmf Range Mean � Variane �2Beta Be(�; �) f(x) = �(�+�)�(�)�(�)x��1(1� x)��1 x 2 (0; 1) ��+� ��(�+�)2(�+�+1)Binomial Bi(n; p) f(x) = �nx�pxq(n�x) x 2 0; � � � ; n n p n p q (q = 1� p)Exponential Ex(�) f(x) = � e��x x 2 R+ 1=� 1=�2Gamma Ga(�; �) f(x) = ���(�)x��1 e��x x 2 R+ �=� �=�2Geometri Ge(p) f(x) = p qx x 2 Z+ q=p q=p2 (q = 1� p)f(y) = p qy�1 y 2 f1; :::g 1=p q=p2 (y = x+ 1)HyperGeo. HG(n;A;B) f(x) = (Ax)( Bn�x)(A+Bn ) x 2 0; � � � ; n nP nP (1�P )N�nN�1 (P = AA+B )Logisti Lo(�; �) f(x) = e�(x��)=��[1+e�(x��)=�℄2 x 2 R � �2�2=3Log Normal LN(�; �2) f(x) = 1xp2��2 e�(log x��)2=2�2 x 2 R+ e�+�2=2 e2�+�2�e�2�1�Neg. Binom. NB(�; p) f(x) = �x+��1x �p� qx x 2 Z+ �q=p �q=p2 (q = 1� p)f(y) = �y�1y���p� qy�� y 2 f�; :::g �=p �q=p2 (y = x+ �)Normal No(�; �2) f(x) = 1p2��2 e�(x��)2=2�2 x 2 R � �2Pareto Pa(�; �) f(x) = � ��=x�+1 x 2 (�;1) � ���1 �2�(��1)2(��2)Poisson Po(�) f(x) = �xx! e�� x 2 Z+ � �Snedeor F F (�1; �2) f(x) = �( �1+�22 )(�1=�2)�1=2�( �12 )�( �22 ) � x 2 R+ �2�2�2 � �2�2�2�2 2(�1+�2�2)�1(�2�4)x �1�22 h1 + �1�2 xi� �1+�22Student t t(�) f(x) = �( �+12 )�( �2 )p�� [1 + x2=�℄�(�+1)=2 x 2 R 0 �=(� � 2)Uniform Un(a; b) f(x) = 1b�a x 2 (a; b) a+b2 (b�a)212Weibull We(�; �) f(x) = �� x��1 e�� x� x 2 R+ �(1+��1)�1=� �(1+2=�)��2(1+1=�)�2=�


