
Sta 711: Homework #4Expe
tation1. Let X := (X1; X2) be distributed uniformly over the triangle in R
2 with verti
esf(�1; 0); (1; 0); (0; 1)g. Compute E(X1 +X2).2. Let X � 0 be a random variable on (
;F ;P) and, for n 2 N, setXn(!) � min �2n; 2�nb2nX(!)
�Prove that Xn is simple and Xn % X. Note you must show both monotoni
ity and
onvergen
e. For ! 2 
 and � > 0, how big must n be to ensure jX �Xnj < �?3. Suppose X 2 L1(
;F ;P), i.e., EjXj <1. Show thatZjXj>nXdP! 0 as n!1:4. Let fAng denote a sequen
e of events su
h that P(An)! 0 as n!1 and let X 2 L1.Show that ZAn XdP! 05. Let X 2 L1, and let A be an event. Show thatZA jXjdP = 0 i� P(A \ [jXj > 0℄) = 06. Fix a probability spa
e (
;F ;P) and de�ne a distan
e measure d on F by d(A;B) �P(A�B) where (as usual) A�B � (A nB)[ (B nA) denotes the symmetri
 di�eren
e.Show that, if fAng � F and A 2 F satisfy d(An; A)! 0, thenZAn XdP! ZAXdPfor every X 2 L1(
;F ;P).
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Convergen
e Theorems7. Let X � 0 be a non-negative random variable. De�ne sequen
es of random variablesXn and of extended real numbers 0 � Sn � 1 for positive integers n 2 N by:Xn � 1Xk=0 k2n1fk<2nX�k+1g Sn � EXn = 1Xk=0 k2nP� k2n < X � k + 12n �Is Xn \simple"? What is limn!1 Sn? Justify your answers.8. De�ne a sequen
e of random variables on (
;F ;P) = ((0; 1℄;B; �) byXn � nlogn1(0; 1n ℄ n 2 N:Show that P[Xn ! 0℄ = 1, and that E(Xn) ! 0. Also show that the DominatedConvergen
e Theorem does not apply to this example. Why?9. Let fYng be a sequen
e of random variables for n 2 N withP(Yn = �n3) = 12n2 ; P(Yn = 0) = 1� 1n2Use the Borel-Cantelli lemma to show that P[Yn ! 0℄ = 1. Compute limn!1 E(Yn). Isthe Dominated Convergen
e Theorem appli
able? Why or why not?10. Let fXng; X be random variables with 0 � Xn ! X. If supn E(Xn) � K < 1, showthat X 2 L1 and E(X) � K. Does Xn ! X in L1?Domination11. Let fXng be a sequen
e of random variables. Show thatE�supn2N jXnj� <1 (1)if and only if there exists a random variable 0 � Y 2 L1 su
h thatP(jXnj � Y ) = 1; 8n 2 N:Thus, (1) is exa
tly equivalent to domination in Lebesgue's sense.12. Does the 
ondition supn2N E (jXnj) <1 (2)imply (1)? Or is it implied by (1)? For ea
h dire
tion (1) 2 and 2) 1), give eithera proof or a 
ounter-example. 2


