
STA711: Probability and Measure TheoryAnalysis & Cal
ulus QuizStudents in STA 711: Probability & Measure Theory are expe
ted to befamiliar with real analysis at an advan
ed undergraduate level| the level ofW. Rudin's Prin
iples of Mathemati
al Analysis or M. Reed's FundamentalIdeas of Analysis. They should be able to answer the questions in this quizwithout 
onsulting referen
e materials.Problem 1: Re
all that a sequen
e fxng in a metri
 spa
e (X ; d) 
on-verges to a limit x� 2 X if for ea
h � > 0 there exists a number N� <1 su
hthat (8n � N�) d(xn; x�) < �:a. Prove1 that xn � 1=pn 
onverges to x� = 0 in the metri
 spa
eX = R with the usual (Eu
lidean) distan
e metri
 d(x; y) � jx� yj =p(x� y)2.
b. Find an expli
it sequen
e xn of rational numbers that 
onverges tox� = � in the metri
 spa
e X = R. Prove that it 
onverges, by �ndingN� (Hint: you might want to start by 
hoosing N�|, say, d1=�e ord� log2 �e or d� log10 �e| and then �nd xn).
1Find N� expli
itly. You may �nd the fun
tion bx
 � maxfk 2 Z : k � xg (the greatestinteger less than or equal to x) to be useful, or perhaps dxe � minfk 2 Z : k � xg.



Name: STA 711: Prob & Meas TheoryProblem 2: Re
all that a subset E of a metri
 spa
e (X ; d) is open if forea
h x 2 E there exists some �x > 0 su
h that the entire ballB�(x) = f� 2 X : d(x; �) < �xg � Eand that a set F � X is 
losed if its 
omplement F 
 = fx 2 X : x =2 Fg isopen.a. Prove2 that (0; 1) is open in X = R.
b. Prove2 that any union U = [E� of open sets is also open.

. Show by example that the union U = [F� of 
losed sets may not be
losed.
2Find �x expli
itly. 2



Name: STA 711: Prob & Meas TheoryProblem 3: Re
all that a set K in a metri
 spa
e (X ; d) is 
ompa
t ifevery open 
over K � [�U� admits a �nite sub-
over K � [ni=1U�i , and thata fun
tion f(�) : X ! Y from one metri
 spa
e to another is 
ontinuous iffor every open set U � Y, f�1(U) � fx : f(x) 2 Ug is an open set in X .a. If K is a 
ompa
t set and A � K is a 
losed subset, prove that A isalso 
ompa
t.
b. If f : X ! R is a 
ontinuous real-valued fun
tion and K � X is
ompa
t, prove that the supremumM � supx2K f(x)is �nite.

. Show3 this 
an fail if f is not 
ontinuous| i.e., give an example of anunbounded (but �nite) fun
tion f on a 
ompa
t set K.
3Suggestion: take K = [0; 1℄ on X = R, and de�ne f(x) by 
ases. What 
ases?3



Name: STA 711: Prob & Meas TheoryProblem 4:a. Let K� be 
ompa
t for ea
h index � and suppose that ea
h �nite in-terse
tion \nj=1K�j 6= ; is non-empty. Prove that \�K� 6= ;.

b. If f : X ! R is real-valued and 
ontinuous with supremum M �supx2K f(x) on a 
ompa
t set K � X , prove that there exists somex� 2 K for whi
h f(x�) =M .
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Name: STA 711: Prob & Meas TheoryProblem 5:a. Give an example of a 
losed set C � R that is not 
ompa
t.

b. Give an example of a set A � R that is neither 
losed nor open.


. Give an example of a set B � R that is both 
losed and open.
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Name: STA 711: Prob & Meas TheoryProblem 6: Evaluate the sums and integrals below for every value ofp 2 R (some expressions might be in�nite or unde�ned for some values of p):a. Z 10 xp dx =
b. Z 10 e�px dx =

. 9Xn=2 pn =d. 1Xn=1 pn =e. 1Xn=7 n pn =f. Z 10 x e�px2 dx =
g. Z x0 sin(lnu) du =
h. Z �0 e�p 
os(x) sin(x) dx =
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Name: STA 711: Prob & Meas TheoryProblem 7: Whi
h of the following sums and integrals 
onverges to a�nite number? Why?a. T F Z 12 ln(ex � 2)x3 + 1 dx 
onverges:
b. T F 1Xn=0 3n(n!)2(2n)! 
onverges:

. T F 1Xn=1 lnn+ sinnn3=2 
onverges:
d. T F Z 10 sinxx3=2 dx 
onverges:
e. T F Z 10 dxpx+ x2 
onverges:
f. T F Z 10 tan xx2 dx 
onverges:
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