
Midterm Examination IISTA711: Probability & Measure TheoryThursday, 2013 Nov 14, 11:45 am { 1:00pmThis is a 
losed-book exam. You may use a single sheet ofprepared notes, if you wish, but you may not share materials.If a question seems ambiguous or 
onfusing, please ask me to
larify it.Unless a problem states otherwise, you must show yourwork.There are blank worksheets at the end of the test for this. It isto your advantage to write your solutions as 
learly as possible,and to box answers I might not �nd. For full 
redit, give an-swers in 
losed form (no unevaluated sums, integrals, maxima,et
.) where possible and simplify.Good lu
k! 1. /202. /203. /204. /205. /20Total: /100
Print Name:



Name: STA 711: Prob & Meas TheoryProblem 1: Let fXig � L2(
;F ;P) be an un
orrelated sequen
e ofmean zero random variables that is uniformly bounded in L2, i.e.,(8i 6= j) E[XiXj℄ = 0 (9
 <1)(8i) EjXij2 � 
Show that for any � > 12 n�� nXj=1 Xj ! 0in L2 as n!1 and, in parti
ular, �Xn ! 0 in L2.
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Name: STA 711: Prob & Meas TheoryProblem 2: Let 
 = R+ with Borel sets F = B(R+) and probabilitymeasure P[A℄ := ZA e�! d!for A 2 F . For n 2 Z+ := f0; 1; 2; : : :g set Xn(!) := 2n 1[n;1)(!).a) (6) Find the Lp norm of Xn for ea
h 1 � p � 1:kXnkp =
b) (6) In whi
h sense(s) does Xn ! 0 as n!1? Justify ea
h answer.
 a:s: 
 pr : 
L1 
L2 
L1 
 in dist:

) (8) Set Z :=P0�n<1Xn. Evaluate Z(!) expli
itly and �nd its mean.For full 
redit, answer must be 
losed-form and you must simplify.Z(!) = E[Z℄ =
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Name: STA 711: Prob & Meas TheoryProblem 3: Let 
 := f1; 2; 3; 4; 5g, F := 2
, and P(A) := P!2A !15 forA 2 F . Set X(!) := ! for ! 2 
 and B := f1; 2g 2 F .a) (2) Find: E[X℄ = P[B℄ =

b) (4) Find Y1 := E[X j G1℄ for G1 := �;; B; B
;
	.Y1(!) =


) (4) Find Y2 := E[X j G2℄ for G2 := �;;
	.Y2(!) =
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Name: STA 711: Prob & Meas TheoryProblem 3 (
ont'd): Now let 
 = (0; 1℄, F = B(
), and P(A) := RA 2! d!for A 2 F . Let X(!) := ! and Y (!) := 1f!>1=2g.d) (2) Find: E[X℄ = E[Y ℄ =

e) (4) Find Y3 := E[X j Y ℄:Y3(!) =

f) (4) Find Y4 := E[Y j X℄:Y4(!) =
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Name: STA 711: Prob & Meas TheoryProblem 4: Let fXi : i 2 Ng be iid with P[Xi = 1℄ = P[Xi = �1℄ = 1=2,and set Sn :=P1�i�nXi, the simple random walk on Z.a) (6) Find the 
hara
teristi
 fun
tion for X1 (Simplify!1):�1(!) = Eei!X1 =

b) (6) Find the 
hara
teristi
 fun
tion for Sn (Simplify!):�n(!) = Eei!Sn =

1Re
all ex+iy = ex[
os y + i sin y℄Fall 2013 5 Nov 14 ! 1pm



Name: STA 711: Prob & Meas TheoryProblem 4 (
ont'd): Re
all that fXig are iid with P[Xi = �1℄ = 1=2 andSn :=P1�i�nXi.
) (4) Use derivatives of the 
hara
teristi
 fun
tion for Sn to help you�nd the �rst two moments of Sn:E[Sn℄ = E[S2n℄ =

d) (4) Use a se
ond-order Taylor series for  n(!) := log�n(!) to verifythat �n(!=pn) ! exp(�!2=2) as n ! 1. What does that say about thedistribution of Sn=pn?
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Name: STA 711: Prob & Meas TheoryProblem 5: True or false? Cir
le one; ea
h answer is 2 points. No ex-planations are needed, but you 
an give one if you think the question isambiguous or tri
ky. All random variables are real.a) T F H�older's inequality says kX+Y k1 � kXkp+kY kq if 1p+ 1q = 1.b) T F For any RV Y and any a > 0, t > 0, P[Y � a℄ � E[et(Y �a)℄.
) T F For any positive RVs fXng � L1(
;F ;P),E" 1Xn=1Xn# = 1Xn=1�EXn�:
d) T F If Xn ! X pr. then 
os(tXn)! 
os(tX) in L1 for ea
h t 2 R.e) T F For any UI random variables fX�g, if ea
h X� 2 L2 thenfjX�j2g is also UI.f) T F Let X � Po(1) have the Poisson distribution with P[X = k℄ =e�1=k! for k 2 Z+ = f0; 1; 2; :::g. Then P[X is even℄ > 1=2.g) T F Two �-�elds F1, F2 are independent if and only ifP[F1 \ F2℄ = P[F1℄ P[F2℄ for all events Fi 2 Fi.h) T F Random variables X and Y are independent if and only ifE[1A(X) � 1B(Y )℄ = E[1A(X)℄ � E[1B(Y )℄ for all Borel sets A;B 2 B(R).i) T F If fXng is UI then for some p > 1 and B <1 ea
h kXnkp � B.
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Name: STA 711: Prob & Meas TheoryBlank Worksheet
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Name: STA 711: Prob & Meas TheoryAnother Blank Worksheet
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Name Notation pdf/pmf Range Mean � Varian
e �2Beta Be(�; �) f(x) = �(�+�)�(�)�(�)x��1(1� x)��1 x 2 (0; 1) ��+� ��(�+�)2(�+�+1)Binomial Bi(n; p) f(x) = �nx�pxq(n�x) x 2 0; � � � ; n n p n p q (q = 1� p)Exponential Ex(�) f(x) = � e��x x 2 R+ 1=� 1=�2Gamma Ga(�; �) f(x) = ���(�)x��1 e��x x 2 R+ �=� �=�2Geometri
 Ge(p) f(x) = p qx x 2 Z+ q=p q=p2 (q = 1� p)f(y) = p qy�1 y 2 f1; :::g 1=p q=p2 (y = x+ 1)HyperGeo. HG(n;A;B) f(x) = (Ax)( Bn�x)(A+Bn ) x 2 0; � � � ; n nP nP (1�P )N�nN�1 (P = AA+B )Logisti
 Lo(�; �) f(x) = e�(x��)=��[1+e�(x��)=�℄2 x 2 R � �2�2=3Log Normal LN(�; �2) f(x) = 1xp2��2 e�(log x��)2=2�2 x 2 R+ e�+�2=2 e2�+�2�e�2�1�Neg. Binom. NB(�; p) f(x) = �x+��1x �p� qx x 2 Z+ �q=p �q=p2 (q = 1� p)f(y) = �y�1y���p� qy�� y 2 f�; :::g �=p �q=p2 (y = x+ �)Normal No(�; �2) f(x) = 1p2��2 e�(x��)2=2�2 x 2 R � �2Pareto Pa(�; �) f(x) = � ��=x�+1 x 2 (�;1) � ���1 �2�(��1)2(��2)Poisson Po(�) f(x) = �xx! e�� x 2 Z+ � �Snede
or F F (�1; �2) f(x) = �( �1+�22 )(�1=�2)�1=2�( �12 )�( �22 ) � x 2 R+ �2�2�2 � �2�2�2�2 2(�1+�2�2)�1(�2�4)x �1�22 h1 + �1�2 xi� �1+�22Student t t(�) f(x) = �( �+12 )�( �2 )p�� [1 + x2=�℄�(�+1)=2 x 2 R 0 �=(� � 2)Uniform Un(a; b) f(x) = 1b�a x 2 (a; b) a+b2 (b�a)212Weibull We(�; �) f(x) = �� x��1 e�� x� x 2 R+ �(1+��1)�1=� �(1+2=�)��2(1+1=�)�2=�


