
Midterm Examination ISTA711: Probability & Measure TheoryThursday, 2012 Ot 11, 11:45 am { 1:00pmThis is a losed-book examination. You may use a singlesheet of prepared notes, if you wish, but you may not sharematerials. If a question seems ambiguous or onfusing pleaseask me| don't guess, and don't disuss questions with others.Unless a problem states otherwise, you must show yourwork.There are blank worksheets at the end of the test for this. It isto your advantage to write your solutions as learly as possible.Good luk.
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Name: STA 711: Prob & Meas TheoryProblem 1. Let 
 = fa; b; ; dg have just four points, with �-algebra F = 2
and probability assignment P[A℄ = P4i=1 i101A(!i) to events A 2 F, where!1 = a, !2 = b, !3 =  and !4 = d. De�ne a olletion of sets by
G = �;; fag; fb; g; fdg; fa; b; g; fa; dg; fb; ; dg;
	a) (8) Give expliitly a real random variable X that generates G = �(X):X(a) = X(b) = X() = X(d) =

b) (6) Give expliitly a real random variable Y that takes only twodistint values, for whih F = �(X; Y ):Y (a) = Y (b) = Y () = Y (d) =
) (6) Find the expetation of your random variables X and Y above:E[X℄ = E[Y ℄ =
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Name: STA 711: Prob & Meas TheoryProblem 2. Again let 
 = fa; b; ; dg with F = 2
 and P that assignsprobabilities 1=10, 2=10, and 3=10 respetively to the singleton sets fag, fbgand fg. Consider the two �elds
C1 = �;; fa; bg; f; dg; 
	
C2 = �;; fa; g; fb; dg; 
	a) (8) Are C1 and C2 independent? Give a proof or ounterexample.Y N Why?

b) (6) Find a real random variable X that is C2nB-measurable but not
C1nB-measurable (be areful not to mix up 1 and 2).X(a) = X(b) = X() = X(d) =

) (6) Find all random variables that are both C2nB and C1nB-measurable.Justify your answer.
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Name: STA 711: Prob & Meas TheoryProblem 3. Let fUng be independent random variables with uniform dis-tributions on (0; 1℄ and let fpng be (non-random) numbers in (0; 1). Set:Xn = 1fUn�png YN = Y1�n�NXn;eah taking the values 0 or 1.a) (8) What is the probability distribution of Xn?�Xn(B) =
b) (6) If possible, �nd and box a sequene fpng for whih you an showthe event h limN!1YN > 0ihas positive probability; if this is not possible, explain why.
) (6) If possible, �nd and box a sequene fpng for whih you an showthe event " 1XN=1XN <1#has positive probability; if this is not possible, explain why.
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Name: STA 711: Prob & Meas TheoryProblem 4. Let (
;F;P) be the natural numbers 
 = N = f1; 2; 3; : : :gwith F = 2
 and P[A℄ =Pf2�! : ! 2 A \ Ng.a) (7) Fix � 2 R. Is the random variable X(!) = e�! in L1(
;F;P)? Ifso, �nd E[X℄ in losed form; if not, tell why; if this depends on �, explain. Yes  No  It Depends Reasoning?
b) (7) For n 2 N de�ne a random variable Yn by Yn(!) = n if ! � n,Yn(!) = 0 if ! < n. Does the Dominated Convergene Theorem apply tofYng? If so, tell what DCT says and show why it applies; if not, explain why. Yes  No Reasoning:
) (6) De�ne Yn as above. Does Fatou's Lemma apply? If so, verifyFatou's onlusion by alulation; if not, why?  Yes  No Reasoning:
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Name: STA 711: Prob & Meas TheoryProblem 5. Let X = !(2�!) be a random variable on the spae 
 = (0; 2℄with F = B(
), the Borel sets (it's plotted below).a) (7) Find and plot a non-negative simple random variable Y 2 E+satisfying 0 � Y (!) � X(!) and jX(!)� Y (!)j � 0:4 for all ! 2 
.
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b) (7) Find EX and EY for the probability measure P(d!) = d!=2 (i.e.,P f(a; b℄g = (b� a)=2 for all 0 � a � b � 2):EX = EY =
) (6) Let Z = 1(0;1℄(!). Are X and Z independent on (
;F;P)? Yes  No Why?
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Name: STA 711: Prob & Meas TheoryBlank Worksheet
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Name: STA 711: Prob & Meas TheoryAnother Blank Worksheet
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