
STA 711: Note from Nov 13Let fXng be independent random variables for n 2 N withP[Xn = x℄ = (n�1 x = 11� n�1 x = 0:In what sense(s) does Tm := P1�n�m n�1Xn onverge to a �nite random variable T asm!1?Convergene in L1 to T := P1�n<1 n�1Xn is easy to show, either using the monotoneonvergene theorem and the alulationEjT j = 1Xn=1 E[Xn=n℄ = 1Xn=1 1n2 = �26 <1or the expliit bound EjT � Tmj = 1Xm+1 1n2 < Z 1m 1x2 dx = 1m ! 0:It follows immediately that Tm onverges almost-surely, beause T is in�nite on the setN = f! : Tm(!) does not onverge g :Sine T 2 L1, neessarily P[N ℄ = 0, and Tm ! T a.s. (and so also pr.).For any 1 � p < 1, Minkowski's inequality and the alulation kXnkp = (1=n)1=p = n�1=p(so kXn=nkp = n�1�1=p) implykT � Tmkp =  1Xm+1Xn=np � 1Xm+1 kXn=nkp= 1Xm+1 n�1�1=p < Z 1m x�1�1=p dx = pm�1=p ! 0;so also Tm ! T in Lp for all 1 � p <1.It doesn't onverge in L1, though, beause for any B < 1 and any N large enough thatPm<n�N 1n > B (always possible sine the harmoni series diverges),P[jT � Tmj > B℄ � P[Xn = 1 for m < n � N ℄� Ym<n�N 1n = m!N ! > 0:The smallest possible hoie will be approximately N � meB.


