Midterm Examination 11

STA 711: Probability & Measure Theory
Wednesday, 2017 Nov 15, 1:25 — 2:40pm

This is a closed-book exam. You may use a single sheet of
prepared notes, if you wish, but you may not share materials.

If a question seems ambiguous or confusing, please ask me to
clarify it. Unless a problem states otherwise, you must show
your work. There are blank worksheets at the end of the test
if you need more room for this, and also a pdf/pmf sheet.

It is to your advantage to write your solutions as clearly as
possible, and to answers [ might not find.

For full credit, answers must be given in closed form with
no unevaluated sums, integrals, maxima, unreduced fractions.
Wherever possible, Simplify.

Good luck!

Print Name Clearly:




i} 720
) /20
3. /20
4 /20
5 720
Total: /100




STA 711: Prob & Meas Theory

Problem 1: Let X and Y be independent, each with mean EX = EY =
2, but not identically distributed— X has a Geometric distribution! with
pmf P[X = z] = p(1—p)* for 2 € Zy = {0,1,...} for some 0<p<1, and Y
has an Exponential distribution with pdf Ae‘kyl{wo} for some A > 0. Find
the indicated quantities (as numeric values). Show your work.

a) (4) PIX = 1] = PlY > 1] =
b) (4) PX =1] = Py =1] =
¢) (4) PY > X] = VX —Y] =

!Common distributions’ pdfs/pmfs, means, variances, etc. are attached as page 10.
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STA 711: Prob & Meas Theory

Problem 1 (cont’d): Still X 1l Y and EX = EY = 2, with X ~ Ge(p) and
Y ~ Ex(A) for some p € (0,1) and A > 0:

d) (4) Eexp(iwX) = Eexp(iwY) = (weR)

e) (4) E(1/X1) = EY®
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STA 711: Prob & Meas Theory

Problem 2:  Let {X,} S Ex(1) be iid unit-rate exponential random vara-

iables on some space (2, F, P). In each part below, indicate in which (if any)
sense(s) the sequence {Y},} converges to zero. No explanations are necessary.

a) (5) Y, :=X,/n: Oua.s. Opr. OL; OLy, OLy

b) (5) Y, ::{HISanXj}l/n: Oua.s. Opr. OL; OLy, OLy

c) (5) Y, := 121§j§n(Xj_]‘>: Qas. Qpr. OLi OLy OLs

T n

d) (5) Y, :=minj<j<p, Xj: Oua.s. Opr. OL OLy, OLy

e) (XC) Prove that Y, := {ngjgn X;} — 0 a.s. but not in L;.
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STA 711: Prob & Meas Theory

Problem 3:  Let {X,} i Pa(n,1) be independent Pareto random vari-
ables with P[X, > 2] = 2™ for x > 1 and n € N. Show your work in

finding;:

a) (4) For every 0 < p < oo and n € N, find:
1 Xallp =

b) (4) For n # m, find:
PlXm > X, =

¢) (4) Does X, converge almost-surely? Prove your answer. () Yes (O No
Why?
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STA 711: Prob & Meas Theory

Problem 3 (cont’d): Still {X,,} " Pa(n,1) w/ P[X,, > 2] = 2™ for 2 > 1.

d) (4) Set T, := [[j_, X; and Z,, := [[;_, Xj2. Show that T}, — oo a.s.
but Z, — Z pr. for some finite RV Z.

e) (4) Set Y, := (X, —1)/X,. Does >~ 'Y, convergein L;? O Yes (O No
If so, prove it; if not, find a subsequence ny, s.t. Y~ Y, converges.
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STA 711: Prob & Meas Theory

Problem 4: If X, Y, and Z are i.i.d. L; with common mean g, ch.f.
d(w), and sums S:=X +Y +Z and T :=Y + Z, find:

a) (4) E[S[Y]=

b) (4) EY' | 5] =

c) (4) E[X Y] =

d)(4) E[X +Y | T] =

e) (4) E[e*” | Y] =
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STA 711: Prob & Meas Theory

Problem 5: True or false? Circle one; each answer is worth 2 points. No
explanations are needed, but you can give one if you think a question seems
ambiguous or tricky. All random variables are real on some (€2, F,P).

a) TF Forthe Cauchy distribution, E[exp(¢X)] is infinite for all t € R
except for t = 0 because the Cauchy pdf has heavy tails.

b) TF If{X;}areiid w/ch.f. ¢(w), then — 3 7 | X has ch.f. ¢(—w)".

c) TF If{X,Y,Z} areiid and P[X <Y < Z] = 1/6 then X has a
continuous distribution.

d) TF If X and Y are independent with pdfs f(z) and g(y), then
Z =X Y has pdf h(z) := f(2) g(2).

e) TF If{X,} areiid and L with mean p = EX, then
(Ve > 0) (Je. > 0) (Vn € N) P[(X,, — u) > €] < exp(—nc).

f) TF IfE|X,[* = 0 then also E|X,|7 — 0.

g) TF IfGC FandY =E[X |G| with 0 < X € Ly, then || X||; =
Y]l

hy TF IfGC FandY =E[X | G] with 0 < X € Ly, then | X||, =
Y]]

i) TF Every ch.f. ¢(w)=E[e™*] is a continuous function of w.

j) TF IfX,— X in L, then, for some ny — oo, X,,, = X a.s.
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Name: STA 711: Prob & Meas Theory

Blank Worksheet
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Name: STA 711: Prob & Meas Theory

Another Blank Worksheet
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Name

Beta

Binomial

Exponential

Gamma

Geometric

HyperGeo.

Logistic

Log Normal

Neg. Binom.

Normal

Pareto

Poisson

Snedecor F

Student t

Uniform

Weibull

Notation

Be(a, )

/(@) = matme (1 -2
flx) = ()p e

fla) =xe™

Flo) = F)\‘;)xafl oo
f(@)=pq*

fly)=pg

o) = Slleze)

/(@) = 35 emmp

flz) = ﬁe—(logx—uwzaz
fla) = ("o hpeg®

fly)= () g

flz) = V;T?e—(x—uﬁ/%?

fa) = (a/e)(1+x/e)=

fl@) = e
_ (AT ) /v 2
f@) ="t
V-2 _"1';"2
xT2 [1—}—5—31‘}
F(2) = gL+ 2 /u] =42
2
flo) =5

Range Mean p Variance o?
re(0.1) g5 @RI
zel,---,n np npq (¢ =
r € Ry /A 1/\2
xr €Ry a/\ a/\?
v € Ly a/p q/p° (=
ye{l,..} 1/p a/p° (y=a+1)
r€0,---,n nP nP(l—P)%:’iL (P =
reR 1 232 /3
v € Ry ehto? /2 e2nto’ (e"z 1)
x €Ly aq/p aq/p? (=
yefa,..}  afp aq/p?
rveR 7 o?
reRy a1 (affzzo(éafz)*
ye(eo0) 247 oy W=z+e)
T € Ly A
reR, () r®
reR 0* v/(v—2)*
ve(ab) ot S
x€Ry F(;%—l) F(1+2/a2;/rj(1+1/a)




