
Midterm Examination ISTA250/MTH342: Statisti
sFriday, 2015 Feb 27, 10:05 { 11:20amThis is a 
losed-book exam. You may use a single sheet ofprepared notes, if you wish, but you may not share materials.If a question seems ambiguous or 
onfusing, please ask me to
larify it. Unless a problem states otherwise, you must showyour work. There is a blank worksheet at the end of the testif you need more room for this (also a pdf/pmf sheet and sometables for Z, t, and �2).It is to your advantage to write your solutions as 
learly aspossible, and to box answers I might not �nd.For full 
redit, give answers in 
losed form (no unevalu-ated sums, integrals, maxima, unredu
ed fra
tions, et
.) wherepossible and simplify. Good lu
k!Please initial or sign here to indi
ate your a
knowledgment of the Duke Com-munity Standard:To uphold the Duke Community Standard:I will not lie, 
heat, or steal in my a
ademi
 endeavors;I will 
ondu
t myself honorably in all my endeavors; andI will a
t if the Standard is 
ompromised.Print Name Clearly:



1. /202. /203. /204. /205. /20Total: /100



Name: STA250/MTH342: Statisti
sProblem 1: A sample fXigi�n of size n = 9 is drawn from the normalNo(�; �2) distribution with mean � and varian
e �2. The MLEs are�̂ = 1nXi�n Xi = 5:0 �̂2 = 1nXi�n(Xi � �Xn)2 = 32=3 = 1023a) (4) Find: PX2i =
b) (6) Find a 
entral 80% Con�den
e Interval �A(x); B(x)� for � byspe
ifying the left and right end-points a = A(x) and b = B(x) for thissample, if the varian
e �2 is unknown:a = b =

) (6) Same question if the varian
e �2 = 16 is known:a = b =
d) (4) What is P[a < � < b℄ for the interval from 
)?
 A: 0.90 
 B: 0.80 
 C: Meaningless, on
e x is observedSpring 2015 1 Feb 27 10:05!11:20am



Name: STA250/MTH342: Statisti
sProblem 2: M&Ms are milk 
ho
olate buttons 
oated in hard 
andy ofvarious 
olors. They were developed in 1941 by the Mars 
andy 
ompanyto supply soldiers in World War II with 
andy sna
ks that wouldn't melt intheir po
kets.A seven-oun
e bag 
ontains about 210 M&Ms, on average, a random mixof the six standard 
olors (red, yellow, blue, green, orange, and brown). Other
olors available on spe
ial-order. Consider a bag with exa
tly 210 M&Ms.a) (8) Let � 2 � = f0; : : : ; 210g be the number of green M&Ms in thebag, and let X be the number of green M&Ms that appear in a sample ofsize n = 25 taken with repla
ement. Find the likelihood fun
tion for � andits maximum likelihood estimator:f(x j �) = �̂25(x) =
b) (4) Find the mean square error (MSE) for the MLE:E��j�̂25 � �j2� =

) (8) Use a normal approximation to �̂25 with varian
e estimated byits MLE to �nd an approximate 80% Con�den
e Interval [A(x); B(x)℄ for �from these data, based on a sample of size n = 25 that 
ontains X = 5 greenM&Ms:A(x) = B(x) =

Spring 2015 2 Feb 27 10:05!11:20am



Name: STA250/MTH342: Statisti
sProblem 3: These dataf1; 16; 13; 9; 30; 6; 2; 21; 1g (?)are an iid sample from the Geometri
 Ge(1� �) distribution with pmfP�[X = x℄ = (1� �)�x; x 2 Z+ = f0; 1; 2; :::gfor some � 2 � = (0; 1) (this is the Geometri
 distribution but parametrizedin terms of the failure probability � = q instead of the more usual su

essprobability p = (1� q)).a) (8) Find the likelihood fun
tion and MLE for � with data (?):L(� j x) = �̂ =
b) (8) Using a uniform prior density �(�) = 1f0<�<1g, �nd the posteriordistribution for � for data (?) by spe
ifying the name and the value(s) of anyparameter(s):�(� j x) �

) (4) If you had R available and got part b) 
orre
t, you 
ould �ndquantiles a = 0:873 and b = 0:942 that satisfy P[� � a j x℄ = 0:10 and thatP[� � b j x℄ = 0:90. For the data in (?), what is P[a < � < b℄?
 A: 0.90 
 B: 0.80 
 C: Meaningless, on
e x is observedSpring 2015 3 Feb 27 10:05!11:20am



Name: STA250/MTH342: Statisti
sProblem 4: Again 
onsider the Ge(1� �) distribution with pmff(x j �) = (1� �)�x; x 2 Z+ = f0; 1; 2; :::g ; � 2 � = (0; 1):a) (12) Verify that this is an exponential family, i.e., 
an be written inthe form f(x j �) = exp f�(�)T (x)� B(�)g h(x);by spe
ifying ea
h of the four fun
tions below:�(�) = T (x) =B(�) = h(x) =
b) (4) Find the MLE for the natural parameter �, for a sample of size n:�̂n(x) =

) (4) Find the mean and varian
e of the natural suÆ
ient statisti
 Tn,for a sample of size n (Hint: First, �nd Tn, ET , VT ; use pmf table on p. 10).E��Tn� = V��Tn� =
d) (XC) What is the probability distribution of Tn? Give its name andthe value(s) of any parameter(s):Spring 2015 4 Feb 27 10:05!11:20am



Name: STA250/MTH342: Statisti
sProblem 5: Toby and Za
h are trying to �nd interval estimates for themean � and varian
e �2 of a normal distribution on the basis of a randomsample X1; :::; X9. They use Maximum Likelihood Estimation to �nd esti-mateŝ�9 = �X9 = 19XXj = 125:0 �̂29 = 19X(Xj � �X9)2 = 8:0a) (5) Whi
h of the following is the distribution of the MLE �̂29 for �2?Mark all that are 
orre
t (if any are). The subs
ripts on t and �2 indi
atedegrees of freedom. No explanations needed.
 No(�; �2) 
 Ga(4; 4:5�2 ) 
 Ga(8; 12�2 ) 
 t8 
 �28 � �29b) (5) Find a 90% one-sided 
on�den
e interval satisfying0:90 � P� ��2 2 [L(x);1)	L(x) =
) (5) Ea
h tries to 
onstru
t 80% 
on�den
e intervals for �, Toby usingthe t distribution and Za
h using the Z (i.e., normal). Here are their results:Toby: [125�1:397; 125+1:397℄ Za
h: [125�1:282p8:0=9; 125+1:282p8:0=9℄What is the approximate probability that an interval formed using Toby'smethod will in
lude �? Choose one and explain brie
y:
 Less than 80% 
 About 80% 
 More than 80%?d) (5) What is the approximate probability that an interval formed usingZa
h's method will in
lude �? Choose one and explain brie
y:
 Less than 80% 
 About 80% 
 More than 80%?
Spring 2015 5 Feb 27 10:05!11:20am



Extra worksheet, if needed:



STA 250/MTH 342 Normal Distribution Table 7�(x) = Z x�1 1p2� e�z2=2 dz: �3 �2 �1 0 1 2 3
.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. . . .. .. ... ... .... .... ..... ..... ...... ...... ....... ....... ........ ....... ....... ....... .......xTable 5.1Area �(x) under the Standard Normal Curve to the left of x.x :00 :01 :02 :03 :04 :05 :06 :07 :08 :09:0 :5000 :5040 :5080 :5120 :5160 :5199 :5239 :5279 :5319 :5359:1 :5398 :5438 :5478 :5517 :5557 :5596 :5636 :5675 :5714 :5753:2 :5793 :5832 :5871 :5910 :5948 :5987 :6026 :6064 :6103 :6141:3 :6179 :6217 :6255 :6293 :6331 :6368 :6406 :6443 :6480 :6517:4 :6554 :6591 :6628 :6664 :6700 :6736 :6772 :6808 :6844 :6879:5 :6915 :6950 :6985 :7019 :7054 :7088 :7123 :7157 :7190 :7224:6 :7257 :7291 :7324 :7357 :7389 :7422 :7454 :7486 :7517 :7549:7 :7580 :7611 :7642 :7673 :7704 :7734 :7764 :7794 :7823 :7852:8 :7881 :7910 :7939 :7967 :7995 :8023 :8051 :8078 :8106 :8133:9 :8159 :8186 :8212 :8238 :8264 :8289 :8315 :8340 :8365 :83891:0 :8413 :8438 :8461 :8485 :8508 :8531 :8554 :8577 :8599 :86211:1 :8643 :8665 :8686 :8708 :8729 :8749 :8770 :8790 :8810 :88301:2 :8849 :8869 :8888 :8907 :8925 :8944 :8962 :8980 :8997 :90151:3 :9032 :9049 :9066 :9082 :9099 :9115 :9131 :9147 :9162 :91771:4 :9192 :9207 :9222 :9236 :9251 :9265 :9279 :9292 :9306 :93191:5 :9332 :9345 :9357 :9370 :9382 :9394 :9406 :9418 :9429 :94411:6 :9452 :9463 :9474 :9484 :9495 :9505 :9515 :9525 :9535 :95451:7 :9554 :9564 :9573 :9582 :9591 :9599 :9608 :9616 :9625 :96331:8 :9641 :9649 :9656 :9664 :9671 :9678 :9686 :9693 :9699 :97061:9 :9713 :9719 :9726 :9732 :9738 :9744 :9750 :9756 :9761 :97672:0 :9772 :9778 :9783 :9788 :9793 :9798 :9803 :9808 :9812 :98172:1 :9821 :9826 :9830 :9834 :9838 :9842 :9846 :9850 :9854 :98572:2 :9861 :9864 :9868 :9871 :9875 :9878 :9881 :9884 :9887 :98902:3 :9893 :9896 :9898 :9901 :9904 :9906 :9909 :9911 :9913 :99162:4 :9918 :9920 :9922 :9925 :9927 :9929 :9931 :9932 :9934 :99362:5 :9938 :9940 :9941 :9943 :9945 :9946 :9948 :9949 :9951 :99522:6 :9953 :9955 :9956 :9957 :9959 :9960 :9961 :9962 :9963 :99642:7 :9965 :9966 :9967 :9968 :9969 :9970 :9971 :9972 :9973 :99742:8 :9974 :9975 :9976 :9977 :9977 :9978 :9979 :9979 :9980 :99812:9 :9981 :9982 :9982 :9983 :9984 :9984 :9985 :9985 :9986 :99863:0 :9987 :9987 :9987 :9988 :9988 :9989 :9989 :9989 :9990 :99903:1 :9990 :9991 :9991 :9991 :9992 :9992 :9992 :9992 :9993 :99933:2 :9993 :9993 :9994 :9994 :9994 :9994 :9994 :9995 :9995 :99953:3 :9995 :9995 :9995 :9996 :9996 :9996 :9996 :9996 :9996 :99973:4 :9997 :9997 :9997 :9997 :9997 :9997 :9997 :9997 :9997 :9998�(0:6745) = 0:75 �(1:6449) = 0:95 �(2:3263) = 0:99 �(3:0902) = 0:999�(1:2816) = 0:90 �(1:9600) = 0:975 �(2:5758) = 0:995 �(3:2905) = 0:9995



Criti
al Values for Student's tp = Z tp�1 
 dt(1 + t2=�)(�+1)=2 �4 �3 �2 �1 0 1 2 3 4............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................&p tp. . .................... ................................................................................... .................................................... ...................................................................................� t:60 t:70 t:80 t:85 t:90 t:95 t:975 t:99 t:995 t:999 t:9995 t:99991 0:325 0:727 1:376 1:9626 3:078 6:314 12:76 31:82 63:66 318:3 636:6 3183:2 0:289 0:617 1:061 1:3862 1:886 2:920 4:303 6:965 9:925 22:33 31:60 70:703 0:277 0:584 0:978 1:2498 1:638 2:353 3:182 4:541 5:841 10:22 12:92 22:204 0:271 0:569 0:941 1:1896 1:533 2:132 2:776 3:747 4:604 7:173 8:610 13:035 0:267 0:559 0:920 1:1558 1:476 2:015 2:571 3:365 4:032 5:893 6:869 9:6786 0:265 0:553 0:906 1:1342 1:440 1:943 2:447 3:143 3:707 5:208 5:959 8:0257 0:263 0:549 0:896 1:1192 1:415 1:895 2:365 2:998 3:499 4:785 5:408 7:0638 0:262 0:546 0:889 1:1081 1:397 1:860 2:306 2:896 3:355 4:501 5:041 6:4429 0:261 0:543 0:883 1:0997 1:383 1:833 2:262 2:821 3:250 4:297 4:781 6:01010 0:260 0:542 0:879 1:0931 1:372 1:812 2:228 2:764 3:169 4:144 4:587 5:69411 0:260 0:540 0:876 1:0877 1:363 1:796 2:201 2:718 3:106 4:025 4:437 5:45312 0:259 0:539 0:873 1:0832 1:356 1:782 2:179 2:681 3:055 3:930 4:318 5:26313 0:259 0:538 0:870 1:0795 1:350 1:771 2:160 2:650 3:012 3:852 4:221 5:11114 0:258 0:537 0:868 1:0763 1:345 1:761 2:145 2:624 2:977 3:787 4:140 4:98515 0:258 0:536 0:866 1:0735 1:341 1:753 2:131 2:602 2:947 3:733 4:073 4:88016 0:258 0:535 0:865 1:0711 1:337 1:746 2:120 2:583 2:921 3:686 4:015 4:79117 0:257 0:534 0:863 1:0690 1:333 1:740 2:110 2:567 2:898 3:646 3:965 4:71418 0:257 0:534 0:862 1:0672 1:330 1:734 2:101 2:552 2:878 3:610 3:922 4:64819 0:257 0:533 0:861 1:0655 1:328 1:729 2:093 2:539 2:861 3:579 3:883 4:59020 0:257 0:533 0:860 1:0640 1:325 1:725 2:086 2:528 2:845 3:552 3:85 4:53921 0:257 0:532 0:859 1:0627 1:323 1:721 2:080 2:518 2:831 3:527 3:819 4:49322 0:256 0:532 0:858 1:0614 1:321 1:717 2:074 2:508 2:819 3:505 3:792 4:45223 0:256 0:532 0:858 1:0603 1:319 1:714 2:069 2:500 2:807 3:485 3:768 4:41524 0:256 0:531 0:857 1:0593 1:318 1:711 2:064 2:492 2:797 3:467 3:745 4:38225 0:256 0:531 0:856 1:0584 1:316 1:708 2:060 2:485 2:787 3:450 3:725 4:35226 0:256 0:531 0:856 1:0575 1:315 1:706 2:056 2:479 2:779 3:435 3:707 4:32427 0:256 0:531 0:855 1:0567 1:314 1:703 2:052 2:473 2:771 3:421 3:690 4:29928 0:256 0:530 0:855 1:0560 1:313 1:701 2:048 2:467 2:763 3:408 3:674 4:27529 0:256 0:530 0:854 1:0553 1:311 1:699 2:045 2:462 2:756 3:396 3:659 4:25430 0:256 0:530 0:854 1:0547 1:310 1:697 2:042 2:457 2:750 3:385 3:646 4:23440 0:255 0:529 0:851 1:0500 1:303 1:684 2:021 2:423 2:704 3:307 3:551 4:09460 0:254 0:527 0:848 1:0455 1:296 1:671 2:000 2:390 2:660 3:232 3:460 3:962120 0:254 0:526 0:845 1:0409 1:289 1:658 1:980 2:358 2:617 3:160 3:373 3:8371 0:253 0:524 0:842 1:0364 1:282 1:645 1:960 2:326 2:576 3:090 3:291 3:719



Criti
al Values for �2� = Z 1�2� 
 x�=2�1e�x=2 dx ............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................�.�2�...................................... . . . . .� �2:50 �2:25 �2:10 �2:05 �2:025 �2:01 �2:005 �2:001 �2:0005 �2:00011 0:4549 1:3233 2:7055 3:8415 5:0239 6:6349 7:87940 10:8276 12:1157 15:13672 1:3863 2:7726 4:6052 5:9915 7:3778 9:2103 10:5966 13:8155 15:2018 18:42073 2:3660 4:1083 6:2514 7:8147 9:3484 11:3449 12:8382 16:2662 17:7300 21:10754 3:3567 5:3853 7:7794 9:4877 11:1433 13:2767 14:8603 18:4668 19:9974 23:51275 4:3515 6:6257 9:2364 11:0705 12:8325 15:0863 16:7496 20:5150 22:1053 25:74486 5:3481 7:8408 10:6446 12:5916 14:4494 16:8119 18:5476 22:4577 24:1028 27:85637 6:3458 9:0371 12:0170 14:0671 16:0128 18:4753 20:2777 24:3219 26:0178 29:87758 7:3441 10:219 13:3616 15:5073 17:5345 20:0902 21:9550 26:1245 27:8680 31:82769 8:3428 11:389 14:6837 16:9190 19:0228 21:6660 23:5894 27:8772 29:6658 33:719910 9:3418 12:549 15:9872 18:3070 20:4831 23:2092 25:1882 29:5883 31:4198 35:564011 10:341 13:701 17:2750 19:6751 21:9200 24:7249 26:7568 31:2641 33:1366 37:367012 11:340 14:845 18:5493 21:0260 23:3366 26:2169 28:2995 32:9095 34:8213 39:134413 12:340 15:984 19:8119 22:3620 24:7356 27:6882 29:8195 34:5282 36:4778 40:870714 13:339 17:117 21:0641 23:6848 26:1189 29:1412 31:3193 36:1233 38:1094 42:579315 14:339 18:245 22:3071 24:9958 27:4884 30:5779 32:8013 37:6973 39:7188 44:263216 15:338 19:369 23:5418 26:2962 28:8453 31:9999 34:2672 39:2524 41:3081 45:924917 16:338 20:489 24:7690 27:5871 30:1910 33:4087 35:7185 40:7902 42:8792 47:566418 17:338 21:605 25:9894 28:8693 31:5264 34:8053 37:1565 42:3124 44:4338 49:189419 18:338 22:718 27:2036 30:1435 32:8523 36:1909 38:5823 43:8202 45:9731 50:795520 19:337 23:828 28:4120 31:4104 34:1696 37:5662 39:9968 45:3147 47:4985 52:386021 20:337 24:935 29:6151 32:6706 35:4789 38:9322 41:4011 46:7970 49:0108 53:962022 21:337 26:039 30:8133 33:9244 36:7807 40:2894 42:7957 48:2679 50:5111 55:524623 22:337 27:141 32:0069 35:1725 38:0756 41:6384 44:1813 49:7282 52:0002 57:074624 23:337 28:241 33:1962 36:4150 39:3641 42:9798 45:5585 51:1786 53:4788 58:613025 24:337 29:339 34:3816 37:6525 40:6465 44:3141 46:9279 52:6197 54:9475 60:140326 25:336 30:435 35:5632 38:8851 41:9232 45:6417 48:2899 54:0520 56:4069 61:657327 26:336 31:528 36:7412 40:1133 43:1945 46:9629 49:6449 55:4760 57:8576 63:164528 27:336 32:620 37:9159 41:3371 44:4608 48:2782 50:9934 56:8923 59:3000 64:662429 28:336 33:711 39:0875 42:5570 45:7223 49:5879 52:3356 58:3012 60:7346 66:151730 29:336 34:800 40:2560 43:7730 46:9792 50:8922 53:6720 59:7031 62:1619 67:632640 39:336 45:616 51:8051 55:7585 59:3417 63:6907 66:7660 73:4020 76:0946 82:062350 49:335 56:334 63:1671 67:5048 71:4202 76:1539 79:4900 86:6608 89:5605 95:968760 59:335 66:981 74:3970 79:0819 83:2977 88:3794 91:9517 99:6072 102:695 109:50370 69:335 77:577 85:5270 90:5312 95:0232 100:425 104:215 112:317 115:578 122:75580 79:334 88:130 96:5782 101:879 106:629 112:329 116:321 124:839 128:261 135:78290 89:334 98:650 107:565 113:145 118:136 124:116 128:299 137:208 140:782 148:627100 99:334 109:14 118:498 124:342 129:561 135:807 140:169 149:449 153:167 161:319



Name Notation pdf/pmf Range Mean � Varian
e �2Beta Be(�; �) f(x) = �(�+�)�(�)�(�)x��1(1� x)��1 x 2 (0; 1) ��+� ��(�+�)2(�+�+1)Binomial Bi(n; p) f(x) = �nx�pxq(n�x) x 2 0; � � � ; n n p n p q (q = 1� p)Exponential Ex(�) f(x) = � e��x x 2 R+ 1=� 1=�2Gamma Ga(�; �) f(x) = ���(�)x��1 e��x x 2 R+ �=� �=�2Geometri
 Ge(p) f(x) = p qx x 2 Z+ q=p q=p2 (q = 1� p)f(y) = p qy�1 y 2 f1; :::g 1=p q=p2 (y = x+ 1)HyperGeo. HG(n;A;B) f(x) = (Ax)( Bn�x)(A+Bn ) x 2 0; � � � ; n nP nP (1�P )N�nN�1 (P = AA+B )Logisti
 Lo(�; �) f(x) = e�(x��)=��[1+e�(x��)=�℄2 x 2 R � �2�2=3Log Normal LN(�; �2) f(x) = 1xp2��2 e�(log x��)2=2�2 x 2 R+ e�+�2=2 e2�+�2�e�2�1�Neg. Binom. NB(�; p) f(x) = �x+��1x �p� qx x 2 Z+ �q=p �q=p2 (q = 1� p)f(y) = �y�1y���p� qy�� y 2 f�; :::g �=p �q=p2 (y = x+ �)Normal No(�; �2) f(x) = 1p2��2 e�(x��)2=2�2 x 2 R � �2Pareto Pa(�; �) f(x) = � ��=x�+1 x 2 (�;1) � ���1 �2�(��1)2(��2)Poisson Po(�) f(x) = �xx! e�� x 2 Z+ � �Snede
or F F (�1; �2) f(x) = �( �1+�22 )(�1=�2)�1=2�( �12 )�( �22 ) � x 2 R+ �2�2�2 � �2�2�2�2 2(�1+�2�2)�1(�2�4)x �1�22 h1 + �1�2 xi� �1+�22Student t t(�) f(x) = �( �+12 )�( �2 )p�� [1 + x2=�℄�(�+1)=2 x 2 R 0 �=(� � 2)Uniform Un(a; b) f(x) = 1b�a x 2 (a; b) a+b2 (b�a)212Weibull We(�; �) f(x) = �� x��1 e�� x� x 2 R+ �(1+��1)�1=� �(1+2=�)��2(1+1=�)�2=�


