Midterm Examination I

STA 250/MTH 342: Statistics
Friday, 2015 Feb 27, 10:05 — 11:20am

This is a closed-book exam. You may use a single sheet of
prepared notes, if you wish, but you may not share materials.

If a question seems ambiguous or confusing, please ask me to
clarify it. Unless a problem states otherwise, you must show
your work. There is a blank worksheet at the end of the test
if you need more room for this (also a pdf/pmf sheet and some
tables for Z, t, and x?).

It is to your advantage to write your solutions as clearly as
possible, and to answers [ might not find.

For full credit, give answers in closed form (no unevalu-
ated sums, integrals, maxima, unreduced fractions, etc.) where

possible and simplify.
Good luck!

Please initial or sign here to indicate your acknowledgment of the Duke Com-

munity Standard:

To uphold the Duke Community Standard:
[ will not lie, cheat, or steal in my academic endeavors;
I will conduct myself honorably in all my endeavors; and
I will act if the Standard is compromised.

Print Name Clearly:




L /20
2. 720
3. /20
) /20
5. /20
Total: /100




Name: STA 250/MTH 342: Statistics

Problem 1: A sample {X,};<, of size n = 9 is drawn from the normal
No(u, 0?) distribution with mean p and variance 0. The MLEs are

A_l _ A2_1 v \2 __ _ 2
M_EZXZ-_E).O & _EZ(Xi—Xn) =32/3 =102

i<n i<n

a) (4) Find: 3 X? =

b) (6) Find a central 80% Confidence Interval (A(x), B(x)) for u by
specifying the left and right end-points « = A(x) and b = B(x) for this
sample, if the variance o2 is unknown:

a = b:

¢) (6) Same question if the variance o = 16 is known:

a = b:

d) (4) What is Pla < p < 0] for the interval from c)?
O A: 0.90 O B: 0.80 (O C: Meaningless, once x is observed
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Name: STA 250/MTH 342: Statistics

Problem 2: M&Ms are milk chocolate buttons coated in hard candy of
various colors. They were developed in 1941 by the Mars candy company
to supply soldiers in World War Il with candy snacks that wouldn’t melt in
their pockets.

A seven-ounce bag contains about 210 M&Ms, on average, a random mix
of the six standard colors (red, yellow, blue, green, orange, and brown). Other
colors available on special-order. Consider a bag with exactly 210 M&Ms.

a) (8) Let 8 € © = {0,...,210} be the number of green M&Ms in the
bag, and let X be the number of green M&Ms that appear in a sample of
size n = 25 taken with replacement. Find the likelihood function for # and
its maximum likelihood estimator:

f(z]0) = s () =

b) (4) Find the mean square error (MSE) for the MLE:
E (|65 — 0] =

¢) (8) Use a normal approximation to fy; with variance estimated by
its MLE to find an approximate 80% Confidence Interval [A(x), B(x)] for 6
from these data, based on a sample of size n = 25 that contains X = 5 green
M&Ms:

Alx) = B(x) =
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Name: STA 250/MTH 342: Statistics

Problem 3:  These data
{1,16,13,9,30,6,2,21,1} (%)
are an iid sample from the Geometric Ge(1 — ) distribution with pmf
PolX =2]=(1-0)¢", v €Z, ={0,1,2,...}

for some # € © = (0,1) (this is the Geometric distribution but parametrized
in terms of the failure probability = ¢ instead of the more usual success
probability p = (1 — ¢)).

a) (8) Find the likelihood function and MLE for # with data (%):

>
Il

L0 | x) =

b) (8) Using a uniform prior density m(¢) = 1jo<g<1}, find the posterior
distribution for # for data (x) by specifying the name and the value(s) of any
parameter(s):

(0 | x) ~

c) (4) If you had R available and got part b) correct, you could find
quantiles a = 0.873 and b = 0.942 that satisfy P[# < a | x| = 0.10 and that
P[# < b|x]=0.90. For the data in (x), what is Pla < § < b]?

O A:0.90 O B: 0.80 (O C: Meaningless, once x is observed
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Name: STA 250/MTH 342: Statistics

Problem 4:  Again consider the Ge(1 — 6) distribution with pmf

a0 =1-00, veZ, ={0,1,2,.}, 0c0=/(01).

a) (12) Verify that this is an exponential family, i.e., can be written in
the form

[ [ 0) = exp{n(0)T () — B(0)} h(x),

by specifying each of the four functions below:

b) (4) Find the MLE for the natural parameter 7, for a sample of size n:

fn(x) =

¢) (4) Find the mean and variance of the natural sufficient statistic 7y,
for a sample of size n (Hint: First, find T;,, ET, VT’; use pmf table on p. 10).

Ey[T,] = Vo[T,] =

d) (XC) What is the probability distribution of 1,7 Give its name and

the value(s) of any parameter(s):
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Name: STA 250/MTH 342: Statistics

Problem 5: Toby and Zach are trying to find interval estimates for the
mean ; and variance o? of a normal distribution on the basis of a random
sample X1, ..., Xg. They use Maximum Likelihood Estimation to find esti-
mates 1

o1 i
fo=Xo =35> X;=125.0 oy =52 (X; = X)* =80

a) (5) Which of the following is the distribution of the MLE 63 for 02?
Mark all that are correct (if any are). The subscripts on ¢ and x? indicate
degrees of freedom. No explanations needed.

ONo(m0?)  OGa(4,%3) OGaB3:) Ots Oxix%

b) (5) Find a 90% one-sided confidence interval satisfying

0.90 < Py {0* € [L(x),0)}

L(x) =

¢) (5) Each tries to construct 80% confidence intervals for p, Toby using
the ¢ distribution and Zach using the Z (i.e., normal). Here are their results:

Toby: [125-1.397, 125+1.397] Zach: [125-1.282,/8.0/9, 125+1.282,/8.0/9]

What is the approximate probability that an interval formed using Toby’s
method will include 7 Choose one and explain briefly:
(O Less than 80% O About 80% (O More than 80%?

d) (5) What is the approximate probability that an interval formed using
Zach’s method will include p? Choose one and explain briefly:
(O Less than 80% (O About 80% (O More than 80%?
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Extra worksheet, if needed:



STA 250/MTH 342 Normal Distribution Table™

Tl 2
q)(x):/ —— e 2 dz:

—oo V2T

-3 -2 -1 0,1 2 3
Table 5.1Area ®(z) under the Standard Normal Curve to the left of z.

0o 01 02 03 .04 .05 .06 .07 .08 .09
.5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753
5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
6179 6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
1257 7291 7324 7357 7389 .7422 .7454 .7486 .7517 .7549
7580 7611 .7642 7673 .7704 7734 .7764 .7794 .7823 .7852
7881 .7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133

9 1.8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0 1.8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1].8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.21.8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.31.9032 .9049 .9066 .9082 .9099 .9115 .9131 .9147 .9162 .9177
1.41.9192 .9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319
1.51.9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441
1.6 |.9452 9463 .9474 .9484 .9495 .9505 .9515 .9525 .9535 .9545
1.71.9554 .9564 .9573 .9582 .9591 .9599 .9608 .9616 .9625 .9633
1.8 1.9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706
1.91.9713 9719 .9726 .9732 .9738 .9744 .9750 .9756 .9761 .9767
2.01.9772 9778 9783 .9788 .9793 .9798 .9803 .9808 .9812 .9817
2.1].9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857
2.21.9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 .9887 .9890
2.31.9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 .9913 .9916
2.41.9918 .9920 .9922 .9925 .9927 .9929 .9931 .9932 .9934 .9936
2.51.9938 .9940 .9941 .9943 .9945 .9946 .9948 .9949 .9951 .9952
2.61.9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 .9963 .9964
2.71.9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 9973 .9974
2.81.9974 9975 .9976 .9977 9977 .9978 .9979 .9979 .9980 .9981
2.91.9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.01.9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.11.9990 .9991 .9991 .9991 .9992 .9992 .9992 .9992 .9993 .9993
3.21.9993 .9993 .9994 .9994 .9994 .9994 .9994 .9995 .9995 .9995
3.31.9995 .9995 .9995 .9996 .9996 .9996 .9996 .9996 .9996 .9997
3.41.9997 .9997 .9997 .9997 .9997 .9997 .9997 .9997 .9997 .9998

©(0.6745) = 0.75 ©(1.6449) =0.95 @(2.3263) =0.99  (3.0902) = 0.999
$(1.2816) = 0.90 P(1.9600) = 0.975 P(2.5758) = 0.995 P(3.2905) = 0.9995
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Critical Values for Student’s ¢
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1.0877
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1.0640
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1.0603
1.0593

1.0584
1.0575
1.0567
1.0560
1.0553

1.0547
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1.0455
1.0409
1.0364

3.078
1.886
1.638
1.533

1.476
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1.397
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6.314
2.920
2.353
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12.76
4.303
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2.776
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2.228
2.201
2.179
2.160
2.145

2.131
2.120
2.110
2.101
2.093

2.086
2.080
2.074
2.069
2.064

2.060
2.056
2.052
2.048
2.045

2.042
2.021
2.000
1.980
1.960

31.82
6.965
4.541
3.747

3.365
3.143
2.998
2.896
2.821

2.764
2.718
2.681
2.650
2.624

2.602
2.583
2.567
2.552
2.539

2.528
2.518
2.508
2.500
2.492

2.485
2.479
2473
2.467
2.462

2.457
2.423
2.390
2.358
2.326

63.66
9.925
5.841
4.604

4.032
3.707
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3.250

3.169
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2977

2.947
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2.845
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2.617
2.576

318.3
22.33
10.22
7.173

5.893
5.208
4.785
4.501
4.297

4.144
4.025
3.930
3.852
3.787

3.733
3.686
3.646
3.610
3.579

3.592
3.527
3.505
3.485
3.467

3.450
3.435
3.421
3.408
3.396

3.385
3.307
3.232
3.160
3.090

636.6
31.60
12.92
8.610

6.869
5.959
5.408
5.041
4.781

4.587
4.437
4.318
4.221
4.140

4.073
4.015
3.965
3.922
3.883

3.85
3.819
3.792
3.768
3.745

3.725
3.707
3.690
3.674
3.659

3.646
3.551
3.460
3.373
3.291

3183.
70.70
22.20
13.03

9.678
8.025
7.063
6.442
6.010

5.694
5.453
5.263
5.111
4.985

4.880
4.791
4.714
4.648
4.590

4.539
4.493
4.452
4.415
4.382

4.352
4.324
4.299
4.275
4.254

4.234
4.094
3.962
3.837
3.719
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Critical Values for y?
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19.337
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23.337
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39.336
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1.3233
2.7726
4.1083
5.3853

6.6257
7.8408
9.0371
10.219
11.389

12.549
13.701
14.845
15.984
17.117

18.245
19.369
20.489
21.605
22.718

23.828
24.935
26.039
27.141
28.241

29.339
30.435
31.528
32.620
33.711

34.800
45.616
56.334
66.981
77.577
88.130
98.650
109.14

2.7055
4.6052
6.2514
7.7794

9.2364
10.6446
12.0170
13.3616
14.6837

15.9872
17.2750
18.5493
19.8119
21.0641

22.3071
23.5418
24.7690
25.9894
27.2036

28.4120
29.6151
30.8133
32.0069
33.1962

34.3816
35.5632
36.7412
37.9159
39.0875

40.2560
51.8051
63.1671
74.3970
85.5270
96.5782
107.565
118.498

3.8415
9.9915
7.8147
9.4877

11.0705
12.5916
14.0671
15.5073
16.9190

18.3070
19.6751
21.0260
22.3620
23.6848

24.9958
26.2962
27.5871
28.8693
30.1435

31.4104
32.6706
33.9244
35.1725
36.4150

37.6525
38.8851
40.1133
41.3371
42.5570

43.7730
55.7585
67.5048
79.0819
90.5312
101.879
113.145
124.342

5.0239
7.3778
9.3484
11.1433

12.8325
14.4494
16.0128
17.5345
19.0228

20.4831
21.9200
23.3366
24.7356
26.1189

27.4884
28.8453
30.1910
31.5264
32.8523

34.1696
35.4789
36.7807
38.0756
39.3641

40.6465
41.9232
43.1945
44.4608
45.7223

46.9792
59.3417
71.4202
83.2977
95.0232
106.629
118.136
129.561

6.6349
9.2103
11.3449
13.2767

15.0863
16.8119
18.4753
20.0902
21.6660

23.2092
24.7249
26.2169
27.6882
29.1412

30.5779
31.9999
33.4087
34.8053
36.1909

37.5662
38.9322
40.2894
41.6384
42.9798

44.3141
45.6417
46.9629
48.2782
49.5879

50.8922
63.6907
76.1539
88.3794
100.425
112.329
124.116
135.807

7.87940
10.5966
12.8382
14.8603

16.7496
18.5476
20.2777
21.9550
23.5894

25.1882
26.7568
28.2995
29.8195
31.3193

32.8013
34.2672
35.7185
37.1565
38.5823

39.9968
41.4011
42.7957
44.1813
45.5585

46.9279
48.2899
49.6449
50.9934
92.3356

93.6720
66.7660
79.4900
91.9517
104.215
116.321
128.299
140.169

10.8276
13.8155
16.2662
18.4668

20.5150
22.4577
24.3219
26.1245
27.8772

29.5883
31.2641
32.9095
34.5282
36.1233

37.6973
39.2524
40.7902
42.3124
43.8202

45.3147
46.7970
48.2679
49.7282
51.1786

52.6197
54.0520
55.4760
96.8923
58.3012

99.7031
73.4020
86.6608
99.6072
112.317
124.839
137.208
149.449

12.1157
15.2018
17.7300
19.9974

22.1053
24.1028
26.0178
27.8680
29.6658

31.4198
33.1366
34.8213
36.4778
38.1094

39.7188
41.3081
42.8792
44.4338
45.9731

47.4985
49.0108
50.5111
52.0002
53.4788

94.9475
96.4069
97.8576
59.3000
60.7346

62.1619
76.0946
89.5605
102.695
115.578
128.261
140.782
153.167

15.1367
18.4207
21.1075
23.5127

25.7448
27.8563
29.8775
31.8276
33.7199

35.5640
37.3670
39.1344
40.8707
42.5793

44.2632
45.9249
47.5664
49.1894
50.7955

52.3860
53.9620
95.5246
57.0746
58.6130

60.1403
61.6573
63.1645
64.6624
66.1517

67.6326
82.0623
95.9687
109.503
122.755
135.782
148.627
161.319



Name

Beta

Binomial
Exponential

Gamma

Geometric

HyperGeo.
Logistic
Log Normal

Neg. Binom.

Normal
Pareto

Poisson

Snedecor F

Student ¢

Uniform

Weibull

Notation
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