Final Examination®

STA 532: Statistical Inference
Friday, 2016 May 6, 7:00 — 10:00pm

o This is a closed book exam— books & phones on the floor.

o You may use a calculator and two pages of your own notes.
Do not share calculators or notes.

o Show your work. Neatness counts. | Boxing answers| helps.

o Simplify all expressions for full credit.
No unevaluated sums, integrals, maxima, or unreduced fractions.

o Dist'n & pdf/pmf tables and blank worksheet are attached.

Good luck!

Print Name Clearly:




1. /2015, /20
2. /20 6. /20
3. /2017, 720
i /201 8. /20
/80 /80

Total: /160




STA 532: Statistical Inference
iid

Problem 1:  The random variables x = { X, }1<;<,, ~ Ex(6) have independent exponential
distributions with pdf fp(z) = 06*93”1{90}, for some € > 0 and n € N.

a) (8) Write the (joint) pdf for x in exponential family form

£ 1 6) = exp (n(O)Tu() =0 BO) ) hn(x)

by identifying the:
Natural Parameter n(f) = Sufficient Stat.T),(x) =

Normalizing Const. B(f) = Data Function h,(x) =

b) (4) Using a Gamma prior distribution § ~ Ga(a, \), find the posterior distribution,
by name & parameter value(s):
(0 [ xp) ~

c¢) (4) Find the Bayes posterior mean estimator for the prior above

0(xn) = E[0 | x| =

~d) (4) Find the Maximum Likelihood Estimator:
0(xn) =

e) (4) Which (if either) is Consistent? Why?
(O Bayes OMLE (O Both (O Neither

f) (4) Which (if either) is Unbiased? Why?
(O Bayes (OMLE (O Both (O Neither
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STA 532: Statistical Inference

Problem 2: In each part of this problem the following statistics are from a random
sample of n iid random variables {X;} from some specified probability distribution, but the
specific distribution may vary:
> X, =A | >logX; =C | maxX;=F
N(X;—X,)2=B | Ylog(l-X;)=D | minX;=F
In each case, find a statistic 7" that is a function of one or more of n, A, B, C, D, E, F' for which
the Rejection Region of the indicated LRT or GLRT is of the form R = {z : T(z) > t}.
Express T' explicitly as a function of n, A, B,C, D, E, F. Note T isn’t unique; full credit
(4 pts each) for any function that works. For full credit, Simplify!

iid

a) {X;} ~No(0,1); Hy: 0 =3vs. H :0=0.
T:

b)  {X:} " No(0,0); Hy:0=4vs. Hy:0=1.
T =

c) {Xi} S Ex(A); Ho: A=1vs. Hy: A # 1.
T:

d) {X:} X Be(2,8); Hy: B=1vs. Hy:5=A4.
T:

e) Hy:{X;} " Un(0,10) vs. Hy : {X;} " Un(1,6).
T =
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STA 532: Statistical Inference
Problem 3: A new randomized clinical trial of Brain Rotation (or BR) as a proposed
treatment for Lufthansa (that’s the medical term for the illness of left-handedness) led to
the following outcomes:

Succ | Fail
Trtmt: 8 4
Cntrl: 4 8

a) (5) Evaluate the statistic Q used for x? tests of independence or homogeneity, to help
see if treatment and outcome are related or not:

Q(x) =

b) (5) If BR is completely ineffective, i.e., if the hypothesis Hy of independence is true,
what is the (approximate) probability distribution of Q(x)?

Qx) ~

¢) (5) Give R code to find the P-value for this test, and the best approximate numerical
value you can from one of the tables attached to this exam. Which table did you use?

P(x) = Table: Ot O x> O 7

d) (5) Give R code to find the P-value for a different hypothesis: that the 24 subjects in
this trial each had probability 1/2 of success and probability 1/2 of treatment, independently.
Also give your best approximate value from the attached tables. Which table did you use?

P(x) ~ Table: Ot O x* O ~Z
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STA 532: Statistical Inference
id

Problem 4:  The random variables {X;}1<i<, ~ Bi(2,0) have the Binomial distribution
with success probability 6 € (0,1) and size parameter 2.

a) (2) Find the Likelihood Function for a sample of size n. Simplify!
fx|8) o

~

b) (6) Find the MLE and its Variance and Bias:

0r(x) Var(6,) = p0) =
c) (3) Find the squared-error Risk Function for the MLE:
R(0,,0) =

d) (6) Find the Fisher Information for a sample of size n:
1(0) =

e) (3) Does the MLE attain the Info. Ineq. lower bound? ) Yes (O No Why?
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STA 532: Statistical Inference
Problem 5:  The Poisson distribution is often parametrized by the logarithm ¢ = log(0)
of the mean 6. In that parameterization the pmf for X ~ Po( exp(qb)) is

Py[X = k] = e " Jk!, k€N,

a) (5) Find the Likelihood Function (of ¢) for a sample x = {X; }1<;<,, of size n. Simplify!
fn(x ] ¢) =

b) (5) Derive the MLE directly from part a), and verify that it satisfies bn = log(6,,) for
the usual Poisson MLE 6, = X,,.

¢En (X> =

¢) (5) Find the Fisher Information for a sample of size n:

1()

d) (5) The MLE ¢, has infinite negative bias, because P[Xy = 0] > 0 and log(0) = —o0.
Use the Delta Method to find the approximate bias and variance of T),(x) := log(1 + X,,),
a small modification of the MLE, as an estimate of ¢. You may give your answers either as
functions of ¢ or of 6.

Var(T,,) ~ B(9) = [Ey(Tn) — ¢] =
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STA 532: Statistical Inference
Tid id

Problem 6:  Let {X;}1<i<, ~ Po(\) and {Y] }1<j<; ~ Po(6) be independent samples. We
would like to find an interval estimate for the difference in means, A := (A —0). Denote the
Poisson sums by Xy := >, ;. Xiand Y, := >, Y, andset X, := X /n, Yy, := Y, /m.

a) (5) Recall that the Fisher Information for the Poisson distribution is I,,(A) = n/\,
I,,(8) = m/0. With independent Jeffreys’ Rule prior distributions for A and 6, find the
posterior distributions including parameter value(s).

(A | x) = (0 |y) =

b) (4) Give the means and variances of these posterior distributions:

E/[\ | x] = Var/[\ | x] =

E’[0 | y] = Var’[f | y] =

¢) (6) Use a normal approximation to the posterior distribution of A := (A — ) to find
an approximate 90% Credible Interval 0.90 ~ P[A(x,y) < (A —0) < B(x,y) | x,y]:

Alx,y) = B(x,y) =

d) (5) Comment on the use of a normal approximation above. Is that approximation
justified here? Why? As an alternative, it’s easy to draw samples of (say) 1000 replicates
{Ai, 0;} from their joint posterior distribution. How could you use those to get an approximate
90% credible interval?

Spring 2016 6 May 06, 7:00—10:00pm



STA 532: Statistical Inference
Problem 7:  Let X ~ Ex(f) have an exponential distribution. On the basis of a single
sample X =z, find:

) (3) The MLE,
0(z) =

b) (6) A central 50% Confidence Interval for §: 0.50 = Py[A(X) < 0 < B(X)]
Afr) = B(x) =

c¢) (6) The posterior distribution of #, for Gamma prior w(0) = Ga(a, A).
Give its name and parameter(s):
(0 | x) =

d) (5) An integral expression for the MSE of the Bayes estimator §(z) = E[f | 2], for
prior 7(¢) = Ga(a, ). You need not evaluate the integral:
Eo[(6(X) —0)*] =
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STA 532: Statistical Inference

Problem 8:

a. TF

i. TF

j- TF

Spring 2016

For two points each, True or False? No explanations needed.

Even without a parametric model, we can build a 90% Con-
fidence Interval for a population mean using the bootstrap.

With a P-value between 0.04 and 0.05, P[H, | x] could still
be as high as 20-30%.

If X ~ No(7,10%) and Y ~ Ex(1) are independent random
variables, then (X — 7)/v/100Y ~ t.

iid

If {X;} ~ Ga(a, 1) then Y X; is sufficient for a.

If we test Hp @ X; ~ No(48,1) against H; : X; ~ No(52,1)
and observe X,, = 50, then the P-value is P = 1/2.

If we test Hy : X; ~ No(48,1) against H; : X; ~ No(52,1)
and observe X,, = 50, then P[Hj | x] = 1/2 for my = 7 = 2

5.

If X ~t, and Y ~ t, are independent, then (X +Y) ~ t, .

Since MSE(T') = Var(T') + 3(T')?, unbiased estimators always
have lower MSE than biased ones.

For small normal samples with unknown variance, use the
t distribution to construct confidence intervals or hypothesis
tests about the mean.

It 7, % No(0,1), then (Z; + -+ + Z,)? ~ x2.

8 May 06, 7:00—10:00pm



Extra worksheet, if needed:



STA 532 x N?rmal Distribution
Blz) — R NS ot
(2) T

7Z2/2 dz: '''''''''''''''''''

-3 -2 -1 0,1 2 3
Table 5.1Area ®(x) under the Standard Normal Curve to the left of x.

00 01 02 .03 .04 .05 .06 .07 .08 .09
.5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
5398 5438 .5478 5517 5557 .5596 .5636 .5675 .5714 .5753
5793 5832 .B871 5910 .5948 5987 .6026 .6064 .6103 .6141
6179 6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
.6554 6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
1257 7291 7324 7357 .T389 7422 7454 7486 .7517 .7549
L7580 7611 .7642 7673 .7704 7734 7764 7794 .7823 .7852
L7881 7910 .7939 7967 .7995 .8023 .8051 .8078 .8106 .8133

9 1.8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0].8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1].8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.2].8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.31.9032 .9049 .9066 .9082 .9099 .9115 .9131 .9147 .9162 .9177
1.41.9192 9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319
1.51.9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 9441
1.6 ].9452 9463 .9474 .9484 .9495 .9505 .9515 .9525 .9535 .9545
1.71.9554 .9564 .9573 .9582 .9591 .9599 .9608 .9616 .9625 .9633
1.81.9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706
1.91.9713 9719 9726 .9732 .9738 .9744 9750 .9756 .9761 .9767
2.0].9772 9778 9783 .9788 .9793 .9798 .9803 .9808 .9812 9817
2.11.9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857
2.2].9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 .9887 .9890
2.31.9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 .9913 .9916
2.41.9918 .9920 .9922 .9925 .9927 .9929 .9931 .9932 .9934 .9936
2.5].9938 .9940 .9941 .9943 .9945 .9946 .9948 .9949 .9951 .9952
2.6 1.9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 .9963 .9964
2.71.9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 9973 .9974
2.81.9974 9975 .9976 .9977 .9977 .9978 .9979 .9979 .9980 .9981
2.9].9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.01.9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.11.9990 .9991 .9991 .9991 .9992 .9992 .9992 .9992 .9993 .9993
3.21.9993 .9993 .9994 .9994 .9994 .9994 .9994 .9995 .9995 .9995
3.31.9995 .9995 .9995 .9996 .9996 .9996 .9996 .9996 .9996 .9997
3.41.9997 9997 9997 .9997 .9997 .9997 .9997 .9997 .9997 .9998

®(0.6745) = 0.75 $(1.6449) =0.95 P(2.3263) =0.99 P(3.0902) = 0.999
$(1.2816) = 0.90 @(1.9600) = 0.975 P(2.5758) = 0.995 P(3.2905) = 0.9995
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Critical Values for Student’s t
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0.533
0.532
0.532
0.532
0.531

0.531
0.531
0.531
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0.529
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1.376
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0.856
0.855
0.855
0.854

0.854
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0.848
0.845
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1.9626
1.3862
1.2498
1.1896

1.1558
1.1342
1.1192
1.1081
1.0997

1.0931
1.0877
1.0832
1.0795
1.0763

1.0735
1.0711
1.0690
1.0672
1.0655

1.0640
1.0627
1.0614
1.0603
1.0593

1.0584
1.0575
1.0567
1.0560
1.0553

1.0547
1.0500
1.0455
1.0409
1.0364

3.078
1.886
1.638
1.533

1.476
1.440
1.415
1.397
1.383

1.372
1.363
1.356
1.350
1.345

1.341
1.337
1.333
1.330
1.328

1.325
1.323
1.321
1.319
1.318

1.316
1.315
1.314
1.313
1.311

1.310
1.303
1.296
1.289
1.282

6.314
2.920
2.353
2.132

2.015
1.943
1.895
1.860
1.833

1.812
1.796
1.782
1.771
1.761

1.753
1.746
1.740
1.734
1.729

1.725
1.721
1.717
1.714
1.711

1.708
1.706
1.703
1.701
1.699

1.697
1.684
1.671
1.658
1.645

12.76
4.303
3.182
2.776

2.571
2.447
2.365
2.306
2.262

2.228
2.201
2.179
2.160
2.145

2.131
2.120
2.110
2.101
2.093

2.086
2.080
2.074
2.069
2.064

2.060
2.056
2.052
2.048
2.045

2.042
2.021
2.000
1.980
1.960

31.82
6.965
4.541
3.747

3.365
3.143
2.998
2.896
2.821

2.764
2.718
2.681
2.650
2.624

2.602
2.583
2.567
2.552
2.539

2.528
2.518
2.508
2.500
2.492

2.485
2.479
2.473
2.467
2.462

2.457
2.423
2.390
2.358
2.326

63.66
9.925
5.841
4.604

4.032
3.707
3.499
3.355
3.250

3.169
3.106
3.055
3.012
2.977

2.947
2.921
2.898
2.878
2.861

2.845
2.831
2.819
2.807
2.797

2.787
2.779
2.771
2.763
2.756

2.750
2.704
2.660
2.617
2.576

318.3
22.33
10.22
7.173

5.893
5.208
4.785
4.501
4.297

4.144
4.025
3.930
3.852
3.787

3.733
3.686
3.646
3.610
3.579

3.552
3.527
3.505
3.485
3.467

3.450
3.435
3.421
3.408
3.396

3.385
3.307
3.232
3.160
3.090

636.6
31.60
12.92
8.610

6.869
5.959
5.408
5.041
4.781

4.587
4.437
4.318
4.221
4.140

4.073
4.015
3.965
3.922
3.883

3.85
3.819
3.792
3.768
3.745

3.725
3.707
3.690
3.674
3.659

3.646
3.551
3.460
3.373
3.291

3183.
70.70
22.20
13.03

9.678
8.025
7.063
6.442
6.010

5.694
5.453
5.263
5.111
4.985

4.880
4.791
4.714
4.648
4.590

4.539
4.493
4.452
4.415
4.382

4.352
4.324
4.299
4.275
4.254

4.234
4.094
3.962
3.837
3.719



Critical Values for y?
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0.4549
1.3863
2.3660
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4.3515
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10.341
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15.338
16.338
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19.337
20.337
21.337
22.337
23.337

24.337
25.336
26.336
27.336
28.336

29.336
39.336
49.335
59.335
69.335
79.334
89.334
99.334

1.3233
2.7726
4.1083
5.3853

6.6257
7.8408
9.0371
10.219
11.389

12.549
13.701
14.845
15.984
17.117

18.245
19.369
20.489
21.605
22.718

23.828
24.935
26.039
27.141
28.241

29.339
30.435
31.528
32.620
33.711

34.800
45.616
56.334
66.981
77577
88.130
98.650
109.14

2.7055
4.6052
6.2514
7.7794

9.2364
10.6446
12.0170
13.3616
14.6837

15.9872
17.2750
18.5493
19.8119
21.0641

22.3071
23.5418
24.7690
25.9894
27.2036

28.4120
29.6151
30.8133
32.0069
33.1962

34.3816
35.5632
36.7412
37.9159
39.0875

40.2560
51.8051
63.1671
74.3970
85.5270
96.5782
107.565
118.498

3.8415
5.9915
7.8147
9.4877

11.0705
12.5916
14.0671
15.5073
16.9190

18.3070
19.6751
21.0260
22.3620
23.6848

24.9958
26.2962
27.5871
28.8693
30.1435

31.4104
32.6706
33.9244
35.1725
36.4150

37.6525
38.8851
40.1133
41.3371
42.5570

43.7730
55.7585
67.5048
79.0819
90.5312
101.879
113.145
124.342

5.0239
7.3778
9.3484
11.1433

12.8325
14.4494
16.0128
17.5345
19.0228

20.4831
21.9200
23.3366
24.7356
26.1189

27.4884
28.8453
30.1910
31.5264
32.8523

34.1696
35.4789
36.7807
38.0756
39.3641

40.6465
41.9232
43.1945
44.4608
45.7223

46.9792
59.3417
71.4202
83.2977
95.0232
106.629
118.136
129.561

6.6349
9.2103
11.3449
13.2767

15.0863
16.8119
18.4753
20.0902
21.6660

23.2092
24.7249
26.2169
27.6882
29.1412

30.5779
31.9999
33.4087
34.8053
36.1909

37.5662
38.9322
40.2894
41.6384
42.9798

44.3141
45.6417
46.9629
48.2782
49.5879

50.8922
63.6907
76.1539
88.3794
100.425
112.329
124.116
135.807

7.87940
10.5966
12.8382
14.8603

16.7496
18.5476
20.2777
21.9550
23.5894

25.1882
26.7568
28.2995
29.8195
31.3193

32.8013
34.2672
35.7185
37.1565
38.5823

39.9968
41.4011
42.7957
44.1813
45.5585

46.9279
48.2899
49.6449
50.9934
52.3356

53.6720
66.7660
79.4900
91.9517
104.215
116.321
128.299
140.169

10.8276
13.8155
16.2662
18.4668

20.5150
22.4577
24.3219
26.1245
27.8772

29.5883
31.2641
32.9095
34.5282
36.1233

37.6973
39.2524
40.7902
42.3124
43.8202

45.3147
46.7970
48.2679
49.7282
51.1786

52.6197
54.0520
55.4760
56.8923
58.3012

59.7031
73.4020
86.6608
99.6072
112.317
124.839
137.208
149.449

12.1157
15.2018
17.7300
19.9974

22.1053
24.1028
26.0178
27.8680
29.6658

31.4198
33.1366
34.8213
36.4778
38.1094

39.7188
41.3081
42.8792
44.4338
45.9731

47.4985
49.0108
50.5111
52.0002
53.4788

54.9475
56.4069
57.8576
59.3000
60.7346

62.1619
76.0946
89.5605
102.695
115.578
128.261
140.782
153.167

15.1367
18.4207
21.1075
23.5127

25.7448
27.8563
29.8775
31.8276
33.7199

35.5640
37.3670
39.1344
40.8707
42.5793

44.2632
45.9249
47.5664
49.1894
50.7955

52.3860
53.9620
55.5246
57.0746
58.6130

60.1403
61.6573
63.1645
64.6624
66.1517

67.6326
82.0623
95.9687
109.503
122.755
135.782
148.627
161.319



Name

Beta

Binomial

Exponential

Gamma

Geometric

HyperGeo.

Logistic

Log Normal

Neg. Binom.

Normal

Pareto

Poisson

Snedecor F

Student ¢

Uniform

Weibull

Notation

Be(a, 5)
Bi(n, p)
Ex(A)

Ga(a, \)

Ge(p)

G

e—(z—n)/B
B[1+e~(@=n)/B]2

—_ 1 ,—(log z—p)? /20
zV2mo?

(
(
fla)y= ("o Hprg®
(
(

(y) = (V)™ gV

— 1 e—(:c—,u)2/2cr2

)= Vor?
z) = (afe)(1+x/e)~ !

fly) = cce® Jyot!

) =2
) = D(AE2) (1 Jug)1/?

L()r(5)

_vitro

zeR
x € (a,b)

$€R+

Mean p Variance o2
o o
atB (at+B)2(a+p+1)
np npq (g=1-p)
/A 1/\2
a/A a/X\?
q/p q/p° (g=1-p)
1/p q/p° (y=x+1)
nP nP(1-P)R=1 (P =445)
7 m*5%/3
e,u+0'2/2 e2,u+cr2 (602 1)
aq/p aq/p® (g=1-p)
a/p aq/p? (y=z+a)
[ o?
€k E2Oé *
a—1 (a—1)2(a—2)
ea * Ea * ( — 4 )
a—1 (a—1)2(a—2) y=xTe
A A
vy % ( Vo )2 2(v1+v2—2)*
vo—2 vo—2 v1(r2—4)
0* v/(v—2)*
a+b (b—a)?
2 12
I(1+a~!)  TO42/a)-T?(1+1/a)
Bl/a BZ/a



