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Preface

This book presents in a systematic manner a general nonparametric the-
ory of statistics on manifolds with emphasis on manifolds of shapes, and
with applications to diverse fields of science and engineering. Landmarks-
based shape spaces were first introduced by D. G. Kendall morethan three
decades ago, and pioneering statistical work on shapes withapplications
to morphometrics was carried out by F. Bookstein around the same time.
Statistics on spheres, or directional statistics, arose even earlier, and a very
substantial statistical literature on directional statistics exists, including a
seminal 1953 paper by R. A. Fisher, and books by G. Watson (1983), K.
Mardia and P. Jupp (2000), N. I. Fisher et al.(1987), and others. For statis-
tics on shape spaces, important parametric models have beendeveloped
by Kent, Dryden, Mardia and others, and a comprehensive treatment of
the literature may be found in a book by I. Dryden and K. Mardia (1998).
In contrast, the present book concerns nonparametric statistical inference,
much of which is of recent origin.

Although the past literature on manifolds, especially that on shape spaces,
has generally focused on parametric models, there have been anumber of
instances of the use of model independent procedures in the 1990s and ear-
lier. In particular, Hendriks and Landsman (1996), (1998), provided non-
parametric procedures for statistics on submanifolds of Euclidean spaces,
which are special cases of what are described as extrinsic analysis in this
book. Independently of this, Vic Patrangenaru in his 1998 dissertation ar-
rived at nonparametric extrinsic methods for statistics on general mani-
folds. Intrinsic statistical inference, as well as a further development of
general extrinsic inference, with particular emphasis on Kendall’s shape
spaces, appeared in two papers in the Annals of Statistics (2003), (2005)
by Patrangenaru and the second author of this monograph. Ouraim here is
to present the current state of this general theory and its advances, including
many new results that provide adequate tools of inference on shape spaces.
The monograph is primarily an edited, reorganized, and muchexpanded

x



Preface xi

version of the 2008 Ph.D. dissertation of the first author at the University
of Arizona.

We focus particularly on theFréchet meanof a probabilityQ on a man-
ifold, namely, the minimizer, if unique, of the expected squared distance
from a point of a manifold-valued random variable having the distribution
Q. If the distance chosen is the geodesic distance with respect to a natural
Riemannian structure, such a mean is calledintrinsic. If, on the other hand,
the manifold is embedded in an Euclidean space, or a vector space, then
the distance induced on the manifold by the Euclidean distance is called
extrinsic, and the corresponding Fréchet mean is termed an extrinsic mean.
One would generally prefer an equivariant embedding which preserves a
substantial amount of the geometry of the manifold. An advantage with
extrinsic means is that they are generally unique. On the other hand, suf-
ficiently broad conditions for the uniqueness of the intrinsic mean are not
known, thus impeding its use somewhat.

The manifolds of shapes arising in applications are of fairlyhigh di-
mensions, and the Fréchet means capture important and distinguishing fea-
tures of the distributions on them. In analyzing real data, the nonparamet-
ric methods developed in the monograph often seem to provide sharper
inference than do their parametric counterparts. One may perhaps suspect
model misspecification as the reason. The parametric modelsdo, however,
play a significant role in the construction of nonparametricBayes priors for
density estimation and shape classification in the last chapter.

There are many areas of significant application of statistics on mani-
folds. For example, directional statistics, i.e., statistics on the sphereS2,
are used to study shifts in the earth’s magnetic poles over geological times,
which have an important bearing on the subject of tectonics.Applica-
tions in morphometrics involve classification of biological species and sub-
species. There are many important applications to medical diagnostics,
image analysis (including scene recognition), and machine vision (e.g.,
robotics). We take a fresh look here in analyzing existing datapertaining
to a number of such applications. It is our goal to lay the ground work for
other future applications of this exciting emerging field of nonparametric
statistics.

The authors are indebted to the series editors Xiao-Li Meng and David
Cox for their kind suggestions for improving the substance of the book as
well as its presentation. We wish to thank Lizhen Lin for her help with edit-
ing. The authors gratefully acknowledge support from the National Science
Foundation grant DMS 0806011, and the National Institute ofEnvironmen-
tal Health Sciences grant R01ES017240.
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Readership.This monograph is suitable for graduate students who have
some background in statistics and geometry. For such students in statis-
tics, mathematics, and science and engineering, includingcomputer sci-
ence, special topics courses may be based on it. The book is also meant
to serve as a reference for researchers in these areas, and alsofor prac-
titioners of the type of applications indicated above, including those in
biology and medicine. For the benefit of general readers, extrinsic anal-
ysis, which requires only a rudimentary acquaintance with differentiable
manifolds, is separated from intrinsic inference for the most part. An ap-
pendix on differentiable manifolds provides the necessary background for
it. Only multivariate calculus is needed for its understanding, along with
some mathematical maturity perhaps. Necessary notions fromRiemannian
geometry are contained in another appendix . A third appendix on nonpara-
metric Bayes theory is meant to aid in the understanding of Chapter 12 on
density estimation and classification.

List of Contents. Here is a brief description of the contents of the book.
Chapter one provides a general introduction to the theory and its applica-
tions. Chapter 2 is devoted to data based examples, illustrating in a non-
technical manner some of the significant applications of thetheory, devel-
oped in detail in later chapters. Chapter 3 develops the basic notion of the
Fréchet mean and dispersion, and derives their properties such as unique-
ness, consistency, and asymptotic distribution. Chapter 4is on extrinsic in-
ference for Fŕechet means and dispersions. Here general confidence regions
for means, and two- and multi-sample tests, as well as matched pair tests,
based on extrinsic means are derived in order to discriminate between two
or more distributions on a manifold. It also develops bootstrap procedures
for such inference, a matter of some challenge in view of the non-Euclidean
nature of the manifold-valued observations. Chapter 5 on intrinsic analy-
sis provides the counterpart of Chapter 4 for the case of intrinsic means
and dispersions. Chapter 6 introduces general landmarks-based shape man-
ifolds. This is followed in Chapter 7 by a detailed descriptionof Kendall’s
shape spaces for landmarks in generalm-dimensional Euclidean spaces.
The 2− D Kendall shape manifold, which has the majority of applications
of statistical shape space theory, is considered in detail in Chapter 8, along
with detailed computations of test statistics and their applications. Chapter
9 begins with a description of the mathematical/statistical difficulties inher-
ent in the use of Kendall’s shape spaces for 3−D (and higher dimensional)
shape analysis, and constructs a new and more appropriate shape manifold
for it, as well as a proper embedding necessary for extrinsic analysis. An
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important 3− D application is also provided in this chapter. For purposes
of scene recognition and digital identification, statistical inference on affine
shape manifolds is derived in Chapter 10. Chapter 11 is devoted to projec-
tive shape spaces, considered to be especially suitable for machine vision
or robotics. The final Chapter 12 deals with the problem of density estima-
tion and classification of shapes based on nonparametric Bayes procedures,
which sets it somewhat apart from the preceding chapters in character. In
addition, the monograph has four appendices on differentiable manifolds,
Riemannian structures, nonparametric Bayes theory, and parametric mod-
els.

Authors. Abhishek Bhattacharya received his Ph.D. in Mathematics from
the University of Arizona in December, 2008. He received an M.Stat. de-
gree from the Indian Statistical Institute in 2004. He is currently a post-
doctoral fellow at Duke University. His Ph.D. dissertation and subsequent
research deal with the subject matter of this book. He is a member of the
IMS.

Rabi Bhattacharya is a Professor of Mathematics at the University of
Arizona. He is a member of the American Mathematical Societyand a
Fellow of the IMS. He has co-authored a number of graduate texts and
monographs: Normal Approximation and Asymptotic Expansions (with R.
Ranga Rao), Stochastic Processes with Applications (with Ed Waymire),
Asymptotic Statistics (with M. Denker) and, more recently, ABasic The-
ory of Probability (with Ed Waymire), and Random Dynamical Systems
(with M. Majumdar). He has served on editorial boards of several jour-
nals, including Annals of Probability, Annals of Applied Probability, Jour-
nal of Multivariate Analysis, Statistica Sinica, Journal of Statistical Plan-
ning and Inference, Econometric Theory, and Sankhya. He has held regular
faculty positions at UC, Berkeley, The University of Arizona, and Indi-
ana University. Bhattacharya is a recipient of an AlexanderVon Humboldt
Forschungspreis, and a Guggenheim Fellowship.

Ancillary Material. There may be 8/9 figures in color, and a number of
figures in black-and-white. For the benefit of the readers and users of the
book, the authors intend to provide computer codes (Matlab) for the vari-
ous substantial computations carried out for the examples.

Proposed Completion Date, and Length of the Book.The authors plan
to complete the final draft by the end of October, 2010. The length of the
book is expected to be about 200 pages.
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EXAMPLES

1.1 Data Example onS1

The wind direction and ozone concentration were observed ata weather
station for 19 days. Table 1.1 shows the wind directions in degrees. The
data can be found in Johnson and Wehrly (1977). The data viewed onS1

is plotted in Figure 1.1. From the plot, observation 11 seemsto be an out-
lier. We compute the sample extrinsic and intrinsic mean directions which
come out to be 16.71 and 5.68 degrees respectively. They are shown in Fig-
ure 1.1. If we use angular coordinates for the data in degrees lying between
[0◦, 360◦) as in Table 1.1, the sample mean of the coordinates turns outto
be 138.32◦ which suggests that it is very strongly affected by the outlier un-
like the extrinsic or intrinsic mean. An asymptotic 95% confidence region
for the intrinsic mean as obtained in§2.6, Chapter 3 turns out to be

{(cosθ, sinθ) : −0.434≤ θ ≤ 0.6324}.

The corresponding end points of this arc are also displayed in the figure.
Johnson and Wehrly computed the so-called angular-linear correlation

ρAL = maxα{ρ(cos(θ − d),X)}, whereX is the ozone concentration when
the direction of wind isθ. Hereρ denotes true coefficient of correlation.
Based on the sample counterpartrAL, the 95 % confidence interval forρAL

was found to be (0.32, 1.00). We will pursue this in a later chapter.

Table 1.1Wind directions in degrees

327 91 88 305 344 270 67
21 281 8 204 86 333 18
57 6 11 27 84

1
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Figure 1.1 Wind directions from table 1.1(.), Extrinsic mean
direction(+e), Intrinsic mean direction(*i), 95% C.R. end
points(*).

1.2 Data Example onS2

We consider here an application of so-calleddirectional statistics, i.e.,
statistics onSd, with d = 2 in the present case, that has an important bear-
ing on a fundamental issue inpaleomagnetism. Paleomagnetismis the field
of earth science that is devoted to the study of fossil magnetism as con-
tained in fossilized rock samples, known as remanent magnetism. It has
been theorized for many years that the earth’s magnetic poleshave shifted
over geological times. This is also related to the older theory of continen-
tal drifts, namely, that the continents have changed their relative positions
over a period of several hundred million years. If rock samples in differ-
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ent continents dating back to the same period exhibit different magnetic
polarities, that would be a confirmation of the theory of continental drifts.
As pointed out by the geophysicist E. Irving (1964) in the preface of his
book, over the years such confirmations have been achieved with the help
of rigorous statistical procedures. In chapter 4, section 4.7, a multi-sample
nonparametric test for the hypothesis of equality is provided for such pur-
poses. In a seminal paper, R. A. Fisher (1953) used a parametric model
known as Fisher-or Von Mises-Fisher distribution on the sphere S2 with a
density f (x; µ, τ) = c(τ)exp{τx′µ} with respect to the uniform distribution
on the sphere (See Appendix D), whereµ is the true direction (given by a
point on the unit sphereS2) andτ > 0 is the concentration parameter. The
MLE of the true positionµ, based on i.i.d observationsX1, . . . ,Xn onS2, is
given byX/|X|, assumingX , 0. Thus the MLE is the same as the extrinsic
mean of the sample (empirical) distribution onS2, whereµ is the extrinsic,
as well as the intrinsic, mean of Fisher’ s distribution.

From the icelandic lava flow of 1947− 48, nine specimens on remanent
magnetism were collected. The data can be viewed as an i.i.d.sample on
the manifoldS2 and can be found in Fisher (1953) (The data were supplied
by J. Hospers). Figure 2.1 shows the data plots. The sample extrinsic mean
is µ̂E = (.9449, .2984, .1346). The sample extrinsic and intrinsic mean are
very close, namely at a geodesic distance of 0.0007 from each other. They
are indistinguishable in Figure 2.1.

Based on his distribution, Fisher obtained a 95 % confidence region for
the mean directionµ. This region may be expressed as

{p ∈ S2 : dg(µ̂E, p) ≤ 0.1536}.

Our asymptotic confidence region for the population extrinsic mean de-
rived in Chapter 4 turns out to be

{p ∈ S2 : p′x > 0, n|x|2p′B(B′S B)−1B′p ≤ χ2
2(0.95)= 5.9915}. (1.1)

This former nearly contains the latter and is considerably large.
To study the possible shifts in the positions of earth’ s magnetic poles,

Fisher also analyzed a second set of data, supplied by Hospers, of rema-
nent magnetism from the early Quaternary period (between 10,000 and one
million years ago). The sample estimate (MLE) from this sample of 45 ob-
servations turns out to be ˆµE = (−.9545,−.2978,+.0172), which shows an
almost reversal of the magnetic pole from that for 1947− 48. The 95 %
confidence region for the true direction by Fisher’ s method isa geodesic
ball of radius .1536 around the MLE. Since we were unable to access the
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Figure 1.2 Projections of confidence regions for the direction of
earth’ s magnetic poles, using Fisher’ s method (red) and the
nonparametric extrinsic method (blue), in Fisher’ s first example.

original data from the second example in Fisher’s paper, the correspond-
ing extrinsic (or intrinsic) nonparametric confidence region could not be
computed.

We now consider another set of data from Irving (1963) from the Jurassic
period (138-180 million years ago). Based on 31 observations from Table
3 in the paper (each observation being the mean of two specimens from
the same sample), the MLE of the Von Mises-Fisher distribution, which is
also the extrinsic sample mean is ( ). Figure 1.3 shows Fisher’s confidence
region (red) covering an area of .0138, and the confidence region based on
the nonparametric extrinsic analysis (blue) covering an area .0127.

We see that the nonparametric methods, both extrinsic and intrinsic,
seem to provide sharper confidence regions than those based on Fisher’
s parametric model.
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Figure 1.3 Projections of confidence regions for the direction of
earth’ s magnetic poles, using Fisher’ s method (red) and the
nonparametric extrinsic method (blue), based on the Jurassic
period data of Irving (1963).

1.2.1 Shapes of Gorilla Skulls

In this example, we first discriminate between two planar shape distribu-
tions if their extrinsic (and intrinsic) means are the same (chapter 8). A
classifier is then built and applied (chapter 11).

Consider eight locations on a gorilla skull projected on a plane. There
are 29 male and 30 female gorillas and the eight landmarks are chosen on
the midline plane of the 2D image of the skulls. The data can befound in
Dryden and Mardia (1998). It is of interest to study the shapes of the skulls
and use that to detect difference in shapes between the sexes. This finds
application in morphometrics and other biological sciences. To analyze the
planar shapes of thek-ads, the observations lie inΣk

2, k = 8. Figure 1.4
shows preshapes of the shapes of female and male gorilla skulls.

To detect difference in the shapes of skulls between the two sexes, one
may compare the sample extrinsic mean shapes or dispersionsin shape.
Figure 1.5 shows the plots of the sample extrinsic means for the two sexes
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along with the pooled sample extrinsic mean. The sample intrinsic means
are very close to their extrinsic counterparts, the geodesic distance between
the intrinsic and extrinsic means being 5.54× 10−7 for the female sample
and 1.96× 10−6 for the male sample.

The value of the two sample test statistic defined through equation (4.21)
for comparing the intrinsic mean shapes and the asymptotic p-value for the
chi-squared test are

Tn1 = 391.63, p-value = P(X2
12 > 391.63)< 10−16.

Hence we reject the null hypothesis that the two sexes have the same in-
trinsic mean shape. The two sample test statistics defined through equa-
tions (3.16) and (3.20) for comparing the extrinsic mean shapesand the
corresponding asymptotic p-values are

T1 = 392.6, p-value = P(X2
12 > 392.6) < 10−16,

T2 = 392.0585, p-value < 10−16.

Hence we reject the null hypothesis that the two sexes have the same extrin-
sic mean shape. We can also compare the mean shapes by pivotalbootstrap
method using the test statisticT∗2 which is a bootstrap version ofT2. The
p-value for the bootstrap test using 105 simulations turns out to be 0. In
contrast, a parametric test carried out in Mdryder and Mardia (1998), pp.
168-172, has a p-value .0001.

The sample extrinsic variations for the female and male samples are
0.0038 and 0.005 respectively. The value of the two sample test statisticin
(7.18) for testing equality of extrinsic variations is 0.923, and the asymp-
totic p-value is

P(|Z| > 0.923)= 0.356 whereZ ∼ N(0, 1).

Hence we accept the null hypothesis that the two underlying distributions
have the same extrinsic dispersion. However since the mean shapes are
different, it is possible to distinguish between the distributions of shapes
for the two sexes.

The next goal is to study how the shapes of the skulls vary between
males and females, and build a classifier to predict gender. Weestimate the
shape densities for the two groups via non-parametric Bayesian methods
and use that to derive the conditional distribution of gender given shape,
as described in Chapter 12. Figure 1.6 shows the density estimates along
with 95% credible regions. We randomly pick 25 individuals of each gen-
der as a training sample, with the remaining 9 used as test data. Table 1.2
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presents the estimated posterior probabilities of being female for each of
the gorillas in the test sample along with a 95% credible interval. For most
of the gorillas, there is a high posterior probability of assigning the correct
gender. There is misclassification only in the 3rd female and 3rd male. For
the 3rd female, the credible interval includes 0.5, suggesting that there is
insufficient information to be confident in the classification. However, for
the 3rd male, the credible interval suggests a high degree ofconfidence that
this individual is female. Perhaps this individual is an outlier and there is
something unusual about the shape of his skull, with such characteristics
not represented in the training data, or alternatively he was labelled incor-
rectly. In addition, we display the extrinsic distance between the shape for
each gorilla and the female and male sample extrinsic means. Potentially
we could define a distance-based classifier, which allocates atest subject
to the group having mean shape closest to that subjects’ shape. The table
suggests that such a classifier will yield consistent results with our non-
parametric Bayes approach. However, this distance-based classifier may
be sub-optimal in not taking into account the variability within each group.
In addition, the approach is deterministic and there is no measure of uncer-
tainty in classification. Figure 1.7 shows the male and femaletraining sam-
ple preshape clouds, along with the two misclassified test samples. There
seems to be a substantial deviation in the coordinates of these misclassi-
fied subjects from their respective gender training groups, especially for
the male gorilla, even after having rotated each training preshape seper-
ately so as to bring each closest to the plotted test sample preshapes. It is
possible that classification performance could be improved in this applica-
tion by also taking into account skull size. The proposed method can be
easily extended to this case by using a Dirichlet process mixture density
with the kernel being the product of a complex Watson kernel for the shape
component and a log-Gaussian kernel for the size. Such a model induces a
prior with support on the space of densities on the manifoldΣk

2 ×ℜ+.

1.3 Brain scan shapes of Schizophrenic and Normal Children

In this example from Bookstein (1991), 13 landmarks are recorded on a
midsagittal two-dimensional slice from a Magnetic Resonancebrain scan
of each of 14 schizophrenic children and 14 normal children.It is of inter-
est to study differences in shapes of brains between the two groups which
can be used to detect schizophrenia. This is an application of disease detec-
tion. The shapes of the samplek-ads lie inΣk

2, k = 13. Figure 1.8(a) & (b)
show the preshapes of the shapes of the schizophrenic and normal children
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Table 1.2Posterior probability of being
female for each gorilla in the test sample.

gender ˆp([z]) 95% CI dE([zi ], µ̂1) dE([zi ], µ̂2)
F 1.000 (1.000,1.000) 0.041 0.111
F 1.000 (0.999,1.000) 0.036 0.093
F 0.023 (0.021, 0.678) 0.056 0.052
F 0.998 (0.987, 1.000) 0.050 0.095
F 1.000 (1.000, 1.000) 0.076 0.135
M 0.000 (0.000, 0.000) 0.167 0.103
M 0.001 (0.000, 0.004) 0.087 0.042
M 0.992 (0.934, 1.000) 0.091 0.121
M 0.000 (0.000, 0.000) 0.152 0.094

p̂([z]) = estimated prob. of meaing female for
shape [z], dE([zi ], µ̂i) = extrinsic distance from
the mean shape in groupi, with i = 1 for females
andi = 2 for males
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Figure 1.4 8 landmarks from skulls of 30 females (red) and 29
male gorillas
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Figure 1.5 Landmarks from preshapes of extrinsic means of
females(r), males(black) and pooled

respectively. In this example, we have two independent random samples of
size 14 each onΣk

2, k = 13. To distinguish between the underlying distribu-
tions, we compare the means and dispersions in shapes.

Figure 1.9 shows the sample extrinsic means’ preshapes for the two
group of children along with a preshape for the pooled sample extrin-
sic mean. As in the case of the gorilla skull images from the last sec-
tion, the sample intrinsic means are very close to their extrinsic counter-
parts, the geodesic distance between the intrinsic and extrinsic means being
1.65× 10−5 for the normal children sample and 4.29× 10−5 for the sample
of schizophrenic children.

The values of the two sample test statistic in equation (3.16)for testing
equality of the population intrinsic mean shapes, along with the asymptotic
p-values are
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Figure 1.6 Estimated shape densities of gorillas: Fe.(solid),
M.(dot). Estimate(r), 95% C.R.(b,g).

Densities evaluated at a dense grid of points drawn from the unit speed geodesic
starting at female extrinsic mean in direction of male extrinsic mean.

Tn1 = 95.4587, p-value= P(X2
22 > 95.4587)= 3.97× 10−11.

The values of the two sample test statistics defined through equations (3.16)
and (3.20) for comparing the extrinsic mean shapes and the corresponding
asymptotic p-values are

T1 = 95.5476, p-value = P(X2
22 > 95.5476)= 3.8× 10−11,

T2 = 95.2549, p-value = 4.3048× 10−11.

Hence we reject the null hypothesis that the two groups have the same
mean shape (both extrinsic and intrinsic) at asymptotic levels greater than
or equal to 10−10. The p-values above are smaller than the parametric con-
terparts (See Dryden and Mardia (1998), pp. 162-166) by orders ofmagni-
tude.

Next we compare the extrinsic means by bootstrap methods. Since the
dimension 22 of the underlying shape space is much higher than the sam-
ple sizes, it becomes difficult to construct a bootstrap test statistic as in the
earlier section. That is because the bootstrap estimate of the standard er-
ror Σ̂ defined in equation (7.15) tends to be singular in most simulations.
Hence we only compare the first few principal scores of the coordinates of
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Figure 1.7 Landmarks from preshapes of training (dot) &
mis-classified test samples (circle) for females (left) & males
(right).

the sample extrinsic means. Table 1.3 displays the percentage of variation
explained by each principal component ofΣ̂. The value ofT21 from equa-
tion (7.16) for comparing the first five principal scores ofL[P(µ̂1) − P(µ̂2)]
with 0 and the asymptotic p-value are

T21 = 12.1872, p-value = P(X2
5 > 12.1872)= 0.0323.

The bootstrap p-value from 104 simulations equals 0.0168 which is fairly
small.

Finally we test equality of extrinsic dispersions of the twogroup of chil-
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Table 1.3Percent of variation (P.V.) explained by different Principal
Components (P.C.) of̂Σ

P.C. 1 2 3 4 5 6 7 8 9 10 11
P.V. 21.6 18.4 12.1 10.0 9.9 6.3 5.3 3.6 3.0 2.5 2.1

P.C. 12 13 14 15 16 17 18 19 20 21 22
P.V. 1.5 1.0 0.7 0.5 0.5 0.3 0.2 0.2 0.1 0.1 0.0

dren. The sample extrinsic dispersions for patient and normal samples turn
out to be 0.0107 and 0.0093 respectively. The value of the two sample
test statistic in equation (7.18) for testing equality of population extrinsic
variations is 0.9461 and the asymptotic p-value using standard Normal ap-
proximation is 0.3441. The bootstrap p-value with 104 simulations equals
0.3564. Hence we conclude that the extrinsic variations in shapes for the
two distributions are not significantly different.

Since the mean shapes are different, we conclude that the probability
distributions of the shapes of brain scans of normal and schizophrenic chil-
dren are distinct.

1.4 Application to Handwritten Digit Recognition

A random sample of 30 handwritten digit ‘3’ were collected so as to devise
a scheme to automatically classify handwritten characters.13 landmarks
were recorded on each image by Anderson (1997). The landmark data can
be found in Dryden and Mardia (1998).

We analyze the affine shape of the sample points and estimate the mean
and dispersion in shape. This can be used as a prior model for digit recog-
nition from images of handwritten codes. Our observations lie on the affine
shape spaceAΣk

2, k = 13. Figure 1.10 shows the plot of the sample ex-
trinsic mean along with the sample clouds. What is actually plotted is a
representative of the mean in the Stiefel manifoldV2,13. The representative
of any sample is chosen to have shortest distance from the representative
of the mean. The sample extrinsic dispersion turns out to be 0.27, which is
fairly large. There seems to be a lot of variability in the data. Following are
the extrinsic distances squared of the sample points from themean affine



1.4 Application to Handwritten Digit Recognition 13

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4
14 normal children 13 landmarks, along with the mean shape

(a)

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4
14 schizophrenic children 13 landmarks, along with the mean shape

(b)

Figure 1.8 (a) and (b) show 13 landmarks for 14 normal and 14
schizophrenic children respectively along with the respective
mean shapes. * correspond to the mean shapes’ landmarks.
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Figure 1.9 The sample extrinsic means for the 2 groups along
with the pooled sample mean, corresponding to Figure 1.8.

shape:

(ρ2(Xj , µE), j = 1, . . . , n) = (1.64, 0.28, 1.00, 0.14, 0.13, 0.07, 0.20, 0.09, 0.17, 0.15,

0.26, 0.17, 0.14, 0.20, 0.42, 0.31, 0.14, 0.12, 0.51, 0.10, 0.06, 0.15, 0.05, 0.31, 0.08,

0.08, 0.11, 0.18, 0.64, 0.12).

Heren = 30 is the sample size. From these distances, it is clear that ob-
servations 1 and 3 are outliers. We remove them and recomputethe sample
extrinsic mean and dispersion. The sample dispersion now turns out to be
0.19. An asymptotic 95% confidence region (C.R.) for the extrinsic mean
µE as in equation (3.6) is given by

{µE = π
−1(P(µ)) : n{dX̄P(µ−X̄)}′BΣ̂−1{dX̄P(µ−X̄)}B ≤ X2

20(0.95)= 31.4104}.

The two outliers are not in this region, not even in a 99% C.R.,thereby
further justifying their status as outliers.

The dimension 20 ofAΣ13
2 is quite high compared to the sample size
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of 28. It is difficult to construct a bootstrap confidence region because the
bootstrap covariance estimatesΣ∗ tend to be singular or close to singular
in most simulations. Instead, we construct a nonpivotal bootstrap confi-

dence region by considering the linear projectionL[P(X̃) − P(X̃∗)] into the

tangent space ofP(X̃) and replacingΣ∗ by Σ̂. Then the 95th bootstrap per-
centilec∗(0.95) turns out be 1.077 using 105 simulations. Hence bootstrap
methods yield much smaller confidence region for the true meanshape
compared to that obtained from chi-squared approximation.

A 95% confidence interval for the extrinsic variationV by normal ap-
proximation as described in equation (3.13) is given byV ∈ [0.140, 0.243]
while a pivotal bootstrap confidence interval using 105 simulations turns
out to be [0.119, 0.264].

In Dryden and Mardia (1998), the 2D similarity shapes (planar shapes)
of the samplek-ads are analysed. A multivariate Normal distribution is
assumed for the Procrustes coordinates of the planar shapes of the sample
points, using which aF test is carried out to test if the population mean
shape corresponds to that of an idealized template. The testyields a p-value
of 0.0002 (see Example 7.1, Dryden and Mardia (1998)).

1.5 Glaucoma Detection

In this section, we see an application of 3D similarity shapeanalysis in
disease detection. Glaucoma is a leading cause of eye blindness. To detect
any shape change due to Glaucoma, 3D images of the Optic NerveHead
(ONH) of both eyes of 12 mature rhesus monkeys were collected.One of
the eyes was treated to increase the Intra Ocular Pressure (IOP) which is
often the cause of glaucoma onset, while the other was left untreated. Five
landmarks were recorded on each eye. For details on landmarkregistra-
tion, see Derado et al. (2004). The landmark coordinates can befound in
Bhattacharya and Patrangenaru (2005). In this section, we consider the re-
flection shape of thek-ads inRΣk

3, k = 5. We want to test if there is any
significant difference between the shapes of the treated and untreated eyes
by comparing the extrinsic means and variations.

Figure 1.12(a) and (b) show the preshapes of the untreated and treated
eyes, respectively, along with a preshape of the corresponding sample ex-
trinsic mean. Figure 1.13 shows the preshapes of the mean shapes for the
two eyes along with a preshape of the pooled sample extrinsicmean. The
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Figure 1.10 Extrinsic mean shape for handwritten digit 3 sample.

Figure 1.11 95% Confidence Region for extrinsic mean affine
shape

sample extrinsic variations for the untreated and treated eyes are 0.041 and
0.038 respectively.

This is an example of a matched pair sample. To compare the extrinsic
means and variations, we use the methodology of§3.6.2. The value of the
matched pair test statisticT1p in equation (3.25) is 36.29 and the asymptotic
p-value for testing if the shape distributions for the two eyes are the same
is

P(X2
8 > 36.29)= 1.55× 10−5.

The value of the test statisticT2p from equation (3.28) for testing whether
the extrinsic means are the same is 36.56 and the p-value of thechi-squared
test turns out to be 1.38×10−5. Hence we conclude that the mean shapes of
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the two eyes are significantly different. Because of lack of sufficient data
and high dimension, the bootstrap estimates of the covariance matrixΣ̂ in
(3.29) turn out to be singular or close to singular in many simulations. To
avoid that, we construct a pivotal bootstrap confidence region for the first
few principal scores ofLµ̃[P(µ1)−P(µ2)] and see if it includes0. HereP(µi)
is the embedding of the extrinsic mean ofQi , i = 1, 2 (see Section 3.6.2)
andµ̃ = (µ1 + µ2)/2. The first two principal components ofΣ̂ explain more
than 80% of its variation. A bootstrap confidence region for the first two
principal scores is given by the set

{nT′nΣ̂
−1
11Tn ≤ c∗(1− α)} where (1.2)

Tn = L[P(µ̂1) − P(µ̂2) − P(µ1) + P(µ2)]. (1.3)

Heren = 12 is the sample size andc∗(1−α) is the upper (1−α)-quantile of
the bootstrap distribution ofnv∗Σ∗−1

11 v∗, v∗ being defined in equation chap-
ter 9. If Σ̂ =

∑8
j=1 λ jU jU′j is a singular value decomposition forΣ̂, then

Σ̂−1
11 �

∑2
j=1 λ

−1
j U jU′j andΣ∗−1

11 is its bootstrap estimate. The bootstrap p-
value with 104 simulations turns out to be 0.0098. Hence we again reject
H0 : P(µ1) = P(µ2). The corresponding p-value usingX2

2 approximation
for the distribution ofnT′nΣ̂

−1
11Tn in (8.53) turns out to be 0.002. It may be

noted that the p-values are much smaller than those obtained by prelim-
inary methods in Bhattacharya and Patrangenaru (2005) and Bandulasiri
and Patrangenaru (2008).

Next we test if the two eye shapes have the same extrinsic dispersion.
The value of the test statisticT3p from equation (3.31) equals−0.5572 and
the asymptotic p-value equals

P(|Z| > 0.5572)= 0.577, Z ∼ N(0, 1).

The bootstrap p-value with 104 simulations equals 0.59. Hence we accept
H0 and conclude that the extrinsic variations are not significantly different.

Since the mean shapes for the two eyes are found to be different, we
conclude that the underlying probability distributions are distinct and hence
Glaucoma indeed changes the shape of the eyes, and may be diagnosed by
such changes.

1.6 References
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Figure 1.12 (a) and (b) show 5 landmarks from untreated and
treated eyes of 12 monkeys respectively, along with the mean
shapes. * correspond to the mean shapes’ landmarks.
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Figure 1.13 Extrinsic mean shapes for the 2 eyes along with the
pooled sample extrinsic mean.
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Location and Spread on Metric Spaces

2.1 Introduction

Much of this monograph is centered around the notion of a meanand dis-
persion of a probability measureQ on a manifoldM. Most often, it is the
minimizer of the expected squared distance of a point from aM-valued
random variableX with distribution Q. Such an idea has a long history.
Physicists have long considered the analogous notion of a center of mass
on a general submanifoldM of an Euclidean space, with the normalized
volume measure asQ. The extension to general metric spacesM and ar-
bitrary probability measuresQ on M was made by Fŕechet (1948). In this
chapter we begin with a generalization of Fréchet’s definition.

For general use, we consider a loss functionf which is an appropriate
continuous increasing function on [0,∞) and define the expected lossF of
a probability measureQ on a metric space (M, ρ) by

F(p) =
∫

M
f {ρ(p, x)}Q(dx), p ∈ M,

whereρ is a distance onM. In the case of squared distance,f (u) = u2. But
one may also consider the minimization with respect to the distance instead
of the squared distance, in which casef (u) = u. In an Euclidean space, for
example, this would be like considering the median rather than the mean
as a measure of location.

For purposes of statistical inferences that we pursue, it is important to
have a unique minimizer ofF, in which case the minimizer is called the
mean ofQ. The minimum value attained byF gives a measure of spread
of Q and is called the dispersion ofQ.

In Section 2.2, the set of minimizers ofF is shown to be nonempty and
compact under some general assumptions onM and f , and the asymptotic
behavior of the corresponding set for the empirical distribution Qn , based
on n i.i.d. observations, is derived (Theorems 2.2 and 2.3). It follows that
if the mean ofQ exists, i.e., the minimizer ofF is unique, then the sample

20
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mean (set) converges almost surely to it, asn → ∞ (consistency). Con-
sistency for the sample dispersion holds even when there is not a unique
mean, as is shown in Section 2.3.

As is usual, takef to be the squared loss function. That is, the mean ofQ
is the minimizer of expected squared distance. On a differentiable manifold
M, there are two classes of such means. If the distanceρ is induced onM
from an embedding in an Euclidean space, it is called the extrinsic distance
in this book, and the mean for the extrinsic distance is calledthe extrinsic
mean. As we will see in the coming chapters, the extrinsic mean exists as a
unique minimizer, and therefore consistency holds, under broad conditions,
If, on the other hand,M has, or is given, a Riemannian structure, then
we will take ρ to be the geodesic distance , and term the corresponding
mean as the intrinsic mean. Unfortunately, as attractive as this notion is,
sufficiently broad conditions for the existence of a unique minimizer in
intrinsic distance are not available.

Asymptotic inference, of course, is based on asymptotic distributions of
relevant statistics. For this, one needsM to be a differentiable manifold of
dimensiond, say. For the greater part of the book, a proper (equivariant)
embedding ofM into an Euclidean space of higher dimension is used, de-
riving the classical central limit theorem on this Euclidean space and lifting
it to M (See Chapter 3). For example, thed dimensional unit sphereSd may
be embedded inℜd+1 by the inclusion map.

For the present chapter, however, the CLT is derived by a different route,
which is more suitable for intrinsic analysis (Chapter 4), although it can be
applied to the extrinsic case as well. Here we require thatQ assign proba-
bility one to an open subset of the manifold, which is diffeomorphic to an
open subset ofℜd. In that case a central limit theorem on the image (un-
der diffeomorphism) provides the required asymptotic distribution (Theo-
rems 3.3-2.11). As restrictive as this hypothesis onQ may seem, it turns
out that a natural diffeomorphism of this kind exists for general complete
(Riemannian) manifolds whenQ is absolutely continuous. See Appendix
A in this regard.

2.2 Location on Metric Spaces

Let (M, ρ) be a metric space,ρ being the distance, and letf ≥ 0 be a given
continuous function on [0,∞). For a given probability measureQ on (the
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Borel sigmafield of)M, define itsexpected loss functionas

F(p) =
∫

M
f (ρ(p, x))Q(dx), p ∈ M. (2.1)

Definition 2.1 SupposeF(p) < ∞ for somep ∈ M. Then the set of allp
for whichF(p) is the minimum value ofF onM is called themean setof Q,
denoted byCQ. If this set is a singleton, say{µ}, thenµ is called themean
of Q. If X1,X2, . . . ,Xn are independent and identically distributed (iid)M-
valued random variables defined on some probability space (Ω,F ,P) with
common distributionQ, andQn �

1
n

∑n
j=1 δX j is the corresponding empir-

ical distribution, then the mean set ofQn is called thesample mean set,
denoted byCQn.

When M is compact, the sample mean set converges a.s. to the mean
set ofQ as the sample size grows to infinity. This is established in Theo-
rem 2.2.

Theorem 2.2 Let M be a compact metric space, f a continuous loss
function on[0,∞). Consider the expected loss function F of a probability
measure Q given by(2.1). Given anyǫ > 0, there exists a a P-null setΩ(ǫ)
and an integer-valued random variable N≡ N(ω, ǫ) such that

CQn ⊂ Cǫ
Q ≡ {p ∈ M : ρ(p,CQ) < ǫ}, ∀ n ≥ N (2.2)

outside ofΩ(ǫ).

Proof M being compact andf continuous implies thatCQ is non-empty
and compact. Chooseǫ > 0 arbitrarily. If Cǫ

Q = M, then (2.2) holds with
N = 1. If M1 = M \Cǫ

Q is nonempty, write

l = min{F(p) : p ∈ M} = F(q) ∀q ∈ CQ,

l + δ(ǫ) = min{F(p) : p ∈ M1}, δ(ǫ) > 0.

It is enough to show that

max{|Fn(p) − F(p)| : p ∈ M} −→ 0 a.s., asn→ ∞. (2.3)

For if (2.3) holds, then there exists a positive integer valued random vari-
ableN such that, outside aP-null setΩ(ǫ),

min{Fn(p) : p ∈ Cǫ
Q} ≤ l +

δ(ǫ)
3
,

min{Fn(p) : p ∈ M1} ≥ l +
δ(ǫ)
2
, ∀ n ≥ N. (2.4)
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Clearly (2.4) implies (2.2).

To prove (2.3), choose and fixǫ′ > 0, however small. Note that∀p, p′, x ∈
M, |ρ(p, x) − ρ(p′, x)| ≤ ρ(p, p′).. Hence

|F(p) − F(p′)| ≤ max{| f (ρ(p, x)) − f (ρ(p′, x))| : x ∈ M}
≤ max{| f (u) − f (u′)| : |u− u′| ≤ ρ(p, p′)},

|Fn(p) − Fn(p
′)| ≤ max{| f (u) − f (u′)| : |u− u′| ≤ ρ(p, p′)}. (2.5)

Since f is uniformly continuous on [0,R] whereR is the diameter ofM, so
areF andFn on M, and there existsδ(ǫ′) > 0 such that

|F(p) − F(p′)| ≤ ǫ′

4
, |Fn(p) − Fn(p

′)| ≤ ǫ′

4
(2.6)

if ρ(p, p′) < δ(ǫ′). Let {q1, . . . , qk} be aδ(ǫ′)−net of M, i.e.,∀ p ∈ M there
existsq(p) ∈ {q1, . . . , qk} such thatρ(p, q(p)) < δ(ǫ′). By the strong law
of large numbers, there exists an positive integer valued random variable
N(ω, ǫ′) such that outside of aP-null setΩ(ǫ′), one has

|Fn(qi) − F(qi)| ≤
ǫ′

4
∀i = 1, 2, . . . , k; if n ≥ N(ω, ǫ′). (2.7)

From (2.6) and (2.7) we get

|F(p) − Fn(p)| ≤ |F(p) − F(q(p))| + |F(q(p)) − Fn(q(p))| + |Fn(q(p)) − Fn(p)|

≤ 3ǫ′

4
< ǫ′, ∀p ∈ M,

if n ≥ N(ω, ǫ′) outside ofΩ(ǫ′). This proves (2.3). �

In view of Theorem 2.2, we define thesample meanto be any measur-
able selection from the sample mean set. Then as stated in Corollary 2.4,
the sample mean is a consistent estimator of the population mean if that
exists.

Most of the manifolds in this monograph, including the shape spaces,
are compact. Notable exceptions are the so-called size-and-shape spaces
of Chapter 10. We now turn to such non-compact spaces, taking the loss
function f (u) = uα (α ≥ 1),α = 2 being the most important.

Theorem 2.3 Let M be a metric space whose every closed and bounded
subset is compact. Suppose the expected loss function F corresponding to
f (u) = uα (α ≥ 1) in (2.1) is finite for some p. Then (a) the Fréchet mean
set CQ is nonempty and compact, and (b) given anyǫ > 0, there exists an
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positive integer valued random variable N= N(ω, ǫ) and a P-null setΩ(ǫ)
such that

CQn ⊆ Cǫ
Q � {p ∈ M : ρ(p,CQ) < ǫ} ∀ n ≥ N (2.8)

outside ofΩ(ǫ).

Proof (a) By triangular inequality onρ and by convexity of the function
u 7→ uα, u ≥ 0, we get that

ρα(q, x) ≤ {ρ(p, q) + ρ(p, x)}α ≤ 2α−1{ρα(p, q) + ρα(p, x)}

which implies that

F(q) ≤ 2α−1ρα(p, q) + 2α−1F(p). (2.9)

Hence ifF(p) < ∞ for somep, thenF(q) < ∞ ∀ q ∈ M. In caseα = 1,
(2.9) also implies thatF is continuous. Whenα > 1, it is simple to check
by Taylor expansion, that

|ρα(p, x) − ρα(q, x)| ≤ αρ(p, q){ρα−1(p, x) + ρα−1(q, x)}.

This implies, by Lyapunovs inequality for moments,

|F(p) − F(q)| ≤ αρ(p, q){Fα/(α−1)(p) + Fα/(α−1)(q)}.

This along with inequality (2.9) implies thatF is continuous everywhere.
Again, Lyapunovs inequality, together with the triangularinequality im-
plies

ρ(p, q) ≤
∫

ρ(p, x)Q(dx) +
∫

ρ(q, x)Q(dx) ≤ F1/α(p) + F1/α(q). (2.10)

SinceF is finite,

l = inf {F(q) : q ∈ M} < ∞.

To show that this infimum is attained, let{pn} be a sequence such that
F(pn)→ l. Use (2.10) withp = pn andq = p1 to get that

ρ(pn, p1) ≤ F1/α(pn) + F1/α(p1) −→ l1/α + F1/α(p1).

Hence the sequence{pn} is bounded, so that its closure is compact by the
theorem hypothesis. If, then{pn,k : k = 1, 2, . . .} is a Cauchy subsequence
of {pn}, converging top∞, say, one hasF(pn,k) −→ F(p∞) = l. Thus
CQ = {p : F(p) = l} is a nonempty closed set. Apply (2.10) again to
arbitrary p, q ∈ CQ to getρ(p, q) ≤ 2l1/α. ThusCQ is bounded and closed
and, therefore compact.
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(b) Given anyǫ > 0, the task is to find a compact setM1 containingCQ

and a positive integer valued random variableN1 ≡ N1(ω, ǫ) such that

inf
M\M1

F(p) ≥ l + ǫ, inf
M\M1

Fn(p) ≥ l + ǫ a.s.∀ n ≥ N1.

Then we can show as in case of compactM (Theorem 2.2), that

sup{|Fn(p) − F(p)| : p ∈ M1} −→ 0 a.s., asn→ ∞

and conclude that equation (2.8) holds. To get such aM1, note that from
equation (2.10) it follows that for anyp1 ∈ CQ andp ∈ M

F(p) ≥ [ρ(p, p1) − l1/α]α. (2.11)

Let

M1 = {p: ρ(p,CQ) ≤ 2(l + ǫ)1/α + l1/α}.

Then from equation (2.11), one can check thatF(p) ≥ 2(l+ǫ) ∀ p ∈ M\M1.
Also from equation (2.10), we get for anyp ∈ M \ M1

Fn(p) ≥ {ρ(p, p1) − F1/α
n (p1)}α.

From the definition ofM1,

ρ(p, p1) − F1/α
n (p1) > 2(l + ǫ)1/α + l1/α − F1/α

n (p1)

so that

inf
p∈M\M1

Fn(p) > {2(l + ǫ)1/α + l1/α − F1/α
n (p1)}α.

SinceFn(p1) → l a.s., it follows that there exists a positive integer valued
random variableN1(ǫ) and a null setΩ(ǫ) such that∀ n ≥ N1

inf
p∈M\M1

Fn(p) > l + ǫ

outside ofΩ(ǫ). This completes the proof. �

When M is compact, the hypothesis of Theorem 2.3 holds using any
continuous loss functionf and the conclusion that the Fréchet mean set is
non-empty and compact easily follows.

Corollary 2.4 Under the hypothesis of Theorem 2.2 or that of Theo-
rem 2.3, if CQ is a singleton{µ}, then the sample mean is a strongly consis-
tent estimator ofµ.
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Remark 2.5 Corollary 2.4 generalizes Theorem 2.3 in Bhattacharya &
Patrenganeru (2003) wheref is the squared loss function. In this case, con-
sistency also follows from Ziezold (1977) when the metric spaceis com-
pact. We will be mainly working with this loss function but will consider
other extensions as well (see Section 2.6 and Chapter 4).

Remark 2.6 From a generalization of the Hopf-Rinow theorem (see Hopf
and Rinow (1931)), it follows that a complete and locally compactmetric
space (M, ρ) satisfies the topological hypothesis of Theorem 2.3, that every
closed and bounded subset ofM is compact.

2.3 Spread on metric spaces

A notion of mean of a probability gives rise to a natural notion of spread
or dispersion. In this section we study its properties. Consider the expected
loss functionF of a probabilityQ on a metric spaceM as defined in (2.1).

Definition 2.7 The infimum ofF on M is called thedispersionof Q,
denoted byV. Given a iid sample fromQ, the dispersion of the empirical
Qn is called thesample dispersion, denoted byVn.

Proposition 2.8 proves the sample dispersion to be a consistent estimator
of the dispersion ofQ.

Proposition 2.8 Under the hypothesis of Theorem 2.2 or that of Theo-
rem 2.3, Vn is a strongly consistent estimator of V.

Proof In view of Theorem 2.2 or 2.3, for anyǫ > 0, there existsN =
N(ω, ǫ) such that

|Vn − V| = | inf
p∈Cǫ

Q

Fn(p) − inf
p∈Cǫ

Q

F(p)| ≤ sup
p∈Cǫ

Q

|Fn(p) − F(p)| (2.12)

for all n ≥ N almost surely. Also from the theorems’ proofs, it follows that

sup
p∈M1

|Fn(p) − F(p)| −→ 0 a.s. asn→ ∞

wheneverM1 is compact. Also shown is thatCǫ
Q is bounded and hence its

closure is compact. Hence from (2.12), it follows that

|Vn − V| −→ 0 a.s. asn→ ∞.

�
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Remark 2.9 In view of Proposition 2.8, the sample dispersion is con-
sistent even when the expected loss function ofQ does not have a unique
minimizer, i.e.Q does not have a mean.

2.4 Asymptotic distribution of the sample mean

In this section, we consider the asymptotic distribution ofthe sample mean
µn. From now on, we assumeM to be a differentiable manifold of dimen-
sion d. Let ρ be a distance metrizing the topology ofM. Theorem 2.10
below proves that under appropriate assumptions, the coordinates ofµn are
asymptotically normal. Here we denote by Dr the partial derivative with
respect to ther th coordinate (r = 1, . . . , d) and by D the vector of partial
derivatives.

Theorem 2.10 Suppose the following assumptions hold:
A1 Q has support in a single coordinate patch,(U, φ) (φ : U −→ ℜd). Let
X̃j = φ(Xj), j = 1, . . . , n.
A2 Q has a unique meanµ.
A3 For all x, y 7→ h(x, y) = f (ρ

(

φ−1(x), φ−1(y)
)

) is twice continuously
differentiable in a neighborhood ofφ(µ).
A4 E{Drh(X̃1, φ(µ))}2 < ∞ ∀r = 1, . . . , d.
A5 E{ sup

|u−v|≤ǫ
|DsDrh(X̃1, v) − DsDrh(X̃1, u)|} → 0 asǫ → 0 ∀ r, s.

A6 Λ = (( E{DsDrh(X̃1, φ(µ))} )) is nonsingular.
Letµn be a measurable selection from the sample mean set. Then under the
assumptionsA1-A6,

√
n(φ(µn) − φ(µ))

L−→ N(0,Λ−1Σ(Λ
′
)−1) (2.13)

whereΣ = Cov[Dh(X̃1, φ(µ))].

Proof Write ψ(r)(x, y) = Drh(x, y) ≡ ∂
∂yr

h(x, y) for x, y ∈ Rd. Let Qφ =

Q ◦ φ−1. Denote

F̃(y) =
∫

Rd

ρα(φ−1(x), φ−1(y))Qφ(dx), F̃n(y) =
1
n

n
∑

j=1

ρα(φ−1(X̃j), φ
−1(y))

for y ∈ ℜd. Then F̃ has unique minimizerφ(µ) while F̃n has minimizer
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φ(µn). Therefore

0 =
1√
n

n
∑

j=1

ψ(r)(X̃j , φ(µn)) =
1√
n

n
∑

j=1

ψ(r)(X̃j , φ(µ))

+

d
∑

s=1

√
n(φ(µn) − φ(µ))s

1
n

n
∑

j=1

Dsψ
(r)(X̃j , φ(µ))

+

d
∑

s=1

√
n(φ(µn) − φ(µ))s(ǫn)rs, 1 ≤ r ≤ d, (2.14)

where (ǫn)rs =
1
n

n
∑

j=1

[Dsψ
(r)(X̃j , θn) − Dsψ

(r)(X̃j , φ(µ))]

for someθn lying on the line segment joiningφ(µ) andφ(µn). Equation
(2.14) implies that
















































1
n

n
∑

j=1

DsDrh(X̃j , φ(µ)) + ǫn

















































√
n(φ(µn)−φ(µ)) = − 1√

n

n
∑

j=1

Dh(X̃j , φ(µ)).

In view of assumptions A5 and A6, it follows that

√
n(φ(µn) − φ(µ)) = −Λ−1

















1√
n

n
∑

j=1

Dh(X̃j , φ(µ))

















+ oP(1)

which implies that

√
n(φ(µn) − φ(µ))

L−→ −Λ−1N(0,Σ) = N(0,Λ−1Σ(Λ′)−1).

�

From Theorem 2.10, it follows that under assumptions A1-A6 andas-
sumingΣ to be nonsingular,

n(φ(µn) − φ(µ))′Λ′Σ−1Λ(φ(µn) − φ(µ))
L−→ X2

d asn→ ∞.

HereX2
d denotes the chi-squared distribution withd degrees of freedom.

This can be used to construct an asymptotic confidence set forµ, namely

{µ : n(φ(µn) − φ(µ))′Λ̂′Σ̂−1Λ̂(φ(µn) − φ(µ)) ≤ X2
d(1− θ)}. (2.15)

HereΛ̂ andΣ̂ are the sample estimates ofΛ andΣ respectively andX2
d(1−θ)

is the upper (1− θ)-quantile ofX2
d distribution. The corresponding pivotal

bootstrapped confidence region is given by

{µ : n(φ(µn) − φ(µ))′Λ̂′Σ̂−1Λ̂(φ(µn) − φ(µ)) ≤ c∗(1− θ)} (2.16)
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wherec∗(1− θ) is the upper (1− θ) quantile of the bootstrapped values of
the statistic in equation (2.15).

2.5 Asymptotic distribution of the sample dispersion

Next we derive the asymptotic distribution ofVn when Q has a unique
mean.

Theorem 2.11 Let M be a differentiable manifold. Using the notation of
Theorem 2.10, under assumptionsA1-A6 and assumingE[ρ2α(X1, µ)] <
∞, one has

√
n(Vn − V)

L−→ N (0, var(ρα(X1, µ))) . (2.17)

Proof Let

F̃(x) =
∫

M
ρα(φ−1(x),m)Q(dm), F̃n(x) =

1
n

n
∑

j=1

ρα(φ−1(x),Xj)

for x ∈ Rd. Let µn be a measurable selection from the sample mean set.
Then

√
n(Vn − V) =

√
n(F̃n(φ(µn)) − F̃(φ(µ)))

=
√

n(F̃n(φ(µn)) − F̃n(φ(µ))) +
√

n(F̃n(µ) − F̃(µ)),
(2.18)

√
n(F̃n(µn) − F̃n(µ)) =

1√
n

n
∑

j=1

d
∑

r=1

(φ(µn) − φ(µ))rDrh(X̃j , φ(µ))

+
1

2
√

n

n
∑

j=1

d
∑

r=1

d
∑

s=1

(φ(µn) − φ(µ))r (φ(µn) − φ(µ))sDsDrh(X̃j , θn)

(2.19)

for someθn in the line segment joiningφ(µ) andφ(µn). By assumption A5
of Theorem 2.10 and because

√
n(φ(µn) − φ(µ)) is asymptotically normal,

the second term on the right of equation (2.19) converges to 0 in probabil-
ity. Also

1
n

n
∑

j=1

Dh(X̃j , φ(µ))
P−→ E

(

Dh(X̃1, φ(µ))
)

= 0,

so that the first term on the right of equation (2.19) convergesto 0 in prob-
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ability. Hence (2.18) becomes
√

n(Vn − V) =
√

n(F̃n(φ(µ)) − F̃(φ(µ))) + oP(1)

=
1√
n

n
∑

j=1

(

ρα(Xj , µ) − E[ρα(X1, µ)]
)

+ oP(1). (2.20)

By the C.L.T. for the iid sequence{ρα(Xj , µ)}, √n(Vn − V) converges in
distribution toN(0, var(ρα(X1, µ)). �

Remark 2.12 Although Proposition 2.3 does not require the uniqueness
of the Fŕechet mean ofQ for Vn to be a consistent estimator ofV, Theo-
rem 2.11 requires the Fréchet mean ofQ to exist for the sample variation
to be asymptotically Normal. It may be shown by examples (see Section
3.9) that it fails to give the correct distribution when there is not a unique
mean.

Using Theorem 2.11, we can construct the following confidenceinterval
I for V:

I = {V ∈ [Vn −
s√
n

Z(1− θ
2

),Vn +
s√
n

Z(1− θ
2

)]}. (2.21)

The intervalI has asymptotic confidence level of (1− θ). Here s2 is the
sample variance ofρα(Xj , µn), j = 1, . . . , n and Z(1 − θ/2) denotes the
upper (1− θ

2)-quantile of standard Normal distribution. From the confidence
interval I , we can also construct a pivotal bootstrap confidence interval for
V, the details of which are left to the reader.

2.6 An Example: The Unit Circle

Perhaps the simplest interesting example of a non-flat manifold is the unit
circle S1 = {(x, y) ∈ ℜ2 : x2 + y2 = 1}. The goal in this section is to
briefly illustrate the notions introduced in Sections 2.2-2.5 with M = S1.
A comprehensive account of circular statistics, with many fascinating data
based examples, may be found in Fisher (1993).

A convenient parametrization ofS1 is given byθ 7→ (cosθ, sinθ), −π ≤
θ < π. One may refer toθ as the angular coordinate of (cosθ, sinθ). The
geodesic, or intrinsic, distanceρI , say, between two points on it is given
by the arc length between them (the smaller of the lengths of the two arcs
joining the points). This map is a local isometry (with respectto linear
distance on [π, π) and arc length onS1). For, as long as two pointsθ1 < θ2

in [π, π) are at a distance no more thanπ from each other, the arc length
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between the corresponding points on the circle is the same asthe linear
distanceθ2 − θ1.

Consider the following distributionsQ. Unless stated otherwise, we let
f (u) = u2 in (2.1).

1. Q is uniform onS1, i.e., Q is the normalized length measure onS1,
assigning probability proportional to length (l/(2π) to each arc of length
l). It is easy to see, by symmetry, that the Fréchet (or intrinsic) mean set
of Q is CQ = S1.

2. Q is uniform onS1 \ A, whereA is a nonempty open arc (A , S1). A
fairly simple direct calculation of the Fréchet function shows that the
mid-point of the arcS1 \ A is the unique intrinsic mean.

3. Q has support contained in an arcA = {(cosθ, sinθ) : θ1 ≤ θ ≤ θ2} (θ1 <

θ2) of length no more thanπ/3. The intrinsic mean is unique. To see this,
note that the mapθ 7→ (cosθ, sinθ) is an isometry on [θ1, θ2] (as a subset
ofℜ1) ontoA, sinceθ2−θ1 ≤ π/3 < π. If the Fŕechet mean of (the image
of) Q on [θ1, θ2] is θ0 (with ρ as the linear distance), i.e.,θ0 is the usual
mean ofQ regarded as a distribution on [θ1, θ2] then the Fŕechet mean
onA is µI = (cosθ0, sinθ0) (= µ), andF(µI ) < π2/9. Also (cosθ0, sinθ0)
is the (local) minimizer of the Fréchet functionF, restricted to the arc
B of arc lengthπ, corresponding to the linear interval [θ1 − c, θ2 + c],
with c = {π(θ2 − θ1)}/2 ≥ π/3. HereB is treated as the metric space
M with the distributionQ on it. As every pointp of S1 outside ofB
is at a distance larger thanπ/3 from A, F(p) > π/3. It follows that
(cosθ0, sinθ0) is indeed the intrinsic mean ofQ onS1.

4. LetQ be discrete with

Q({(1, 0)}) = α, Q({(−1, 0)}) = 1− α (0 < α < 1).

ThenCQ = {p1, p2}, wherep1 lies on the half circle joining (1, 0) to
(−1, 0) counter clockwise, whilep2 lies on the half circle joining the
points clockwise. This follows by restrictingQ to each of these half
circles, and finding the Fréchet mean on each half circle viewed as the
metric spaceM. The computation ofp1, p2 is simple, using the isometry
between a half circle and its angular image on a line of lengthπ.

5. If Q is absolutely continuous with a continuous non-constant density
g, then there are reasonably broad conditions under whichµI is unique
(see Chapter 4). For example, ifg is greater than 1/(2π) on an (open)
arc, equals 1/(2π) at its end points, and is smaller than 1/(2π) in the
complementary arc, then the intrinsic mean is unique.

Let us now turn briefly to the casef (u) = u. Then the Fŕechet mean
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minimizes the mean expected distanceρI underQ. One sometimes refers
to it as the intrinsic median ofQ, if unique. It is easy to see that whenQ is
uniform onS1, then the intrinsic median set isS1, the same as the intrinsic
mean set (see case 1). Similarly, the intrinsic median is unique and equals
the intrinsic mean, in case 2 above. The intrinsic median suffers from the
same issues of non-uniqueness in the case of discrete distributions onS1,
as it does onℜ1.

Consider next the embedding ofS1 intoℜ2 by the inclusion mapi(m) =
(x, y), m= (x, y) ∈ S1. The Euclidean distanceρE inherited byS1 from this
embedding is referred to as the extrinsic distance onS1: ρE((x1, y1), (x2, y2)) =
{(x1− x2)2+ (y1−y2)2)}1/2. ThusρE is the length of the line segment joining
the two points, and is sometimes called the chord distance (while ρI is the
arc distance). It will be shown in the next chapter that the extrinsic mean
µE exists as a unique minimizer of the expected squared extrinsic distance
if and only if the meanµ, say, ofQ, regarded as a distribution onℜ2, is
not the origin (0, 0), and in that case, one has the extrinsic mean given by
µE = µ/‖µ‖. Unfortunately, such a simple and broad criterion does not exist
for the intrinsic mean, thus making the use of the latter somewhat complex.

Coming to the asymptotic distribution of the sample means, let Q be
absolutely continuous, with a continuous densityg and unique intrinsic
meanµI . Let X1, . . . ,Xn be i.i.d. observations with common distribution
Q. Consider the open subset ofS1 given byU = S1 \ {µI } mapped onto
the line segment (−π, π) using angular coordinateφ aroundµI : φ−1(θ) =
(cos(θ0 + θ), sin(θ0 + θ)), whereµI = (cos(θ0), sin(θ0)). Then, withα = 2
andρ = ρI , the conditions of Theorem 2.10 are satisfied. The functionh in
the theorem is given by

h(u, θ) =















(u− θ)2 for − π + θ < u < π,

(2π + u− θ)2 for − π < u < −π + θ, (θ ≥ 0);

h(u, θ) =















(u− θ)2 for π + θ < u < π,

(2π − u+ θ)2 for − π < u < π + θ, (θ < 0).

Note that
[

(∂/∂θ)h(u, θ)
]

θ=0 = −2u. Hence

σ2 ≡ var{Dh(φ−1(X1), 0)} = 4var{φ−1(X1)}.

Also,
[

(∂2/∂θ2)h(u, θ)
]

θ=0 = 2. Hence, by Theorem 2.10, we have

√
n{φ−1(µnI) − φ−1(µI )}

L−→ N
(

0, var{φ−1(X1)}
)

.
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Table 2.1Wind directions in degrees

327 91 88 305 344 270 67
21 281 8 204 86 333 18
57 6 11 27 84

The asymptotic distribution of the extrinsic sample mean will be discussed
in detail in the next chapter.

2.7 Data Example onS1

The wind direction and ozone concentration were observed ata weather
station for 19 days. Table 2.1 shows the wind directions in degrees. The
data can be found in Johnson and Wehrly (1977). The data viewed onS1

is plotted in Figure 2.1. From the plot, observation 11 seemsto be an out-
lier. We compute the sample extrinsic and intrinsic mean directions which
come out to be 16.71 and 5.68 degrees respectively. They are shown in Fig-
ure 2.1. If we use angular coordinates for the data in degrees lying between
[0◦, 360◦) as in Table 2.1, the sample mean of the coordinates turns outto
be 138.32◦ which suggests that it is very strongly affected by the outlier un-
like the extrinsic or intrinsic mean. An asymptotic 95% confidence region
for the intrinsic mean as obtained in Section 2.6 turns out to be

{(cosθ, sinθ) : −0.434≤ θ ≤ 0.6324}.

The corresponding end points of this arc are also displayed in the figure.

2.8 References



34 Location and Spread on Metric Spaces

−1 −0.5 0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

e

i

Figure 2.1 Wind directions from table 2.10(.), Extrinsic mean
direction(+e), Intrinsic mean direction(*i), 95% C.R. end
points(*).
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EXTRINSIC ANALYSIS ON MANIFOLDS

3.1 Introduction

In this chapter we introduce the extrinsic distance onM obtained from
embedding it into some Euclidean space, compute the Fréchet mean and
dispersion and lay down the foundation of the corresponding statistical
analysis called theextrinsic analysison M. As we shall see in the follow-
ing sections, it is often simpler both mathematically and computationally
to carry out an extrinsic analysis onM, compared to that based on other
distances such as the intrinsic distance.

3.2 Extrinsic Mean and Dispersion

We assume thatM is a differentiable manifoldof dimensiond. Consider
anembeddingof M in to some Euclidean spaceE of dimensionD (which
can be identified withℜD) via an injective differentiable mapπ : M →
E whose derivative is also injective. The dimensionD is usually much
higher thand. Section?? of Chapter 13.6 gives a detailed description of
differentiable manifolds, their sub-manifolds, tangent spaces, differentiable
maps and embeddings. The embeddingπ induces the distance

ρ(x, y) = ‖π(x) − π(y)‖ (3.1)

on M, where‖.‖ denotes the EuclideanL2 norm. The distanceρ is called
theextrinsic distanceon M. Given a probability distributionQ on M, we
consider the Fŕechet function

F(x) =
∫

M
ρ2(x, y)Q(dy) (3.2)

with ρ as in equation (3.1). This choice of Fréchet function makes the
Fréchet mean and dispersion computable in a number of important exam-
ples using Proposition 3.2.

35
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Definition 3.1 Let (M, ρ), π be as above. LetQ be a probability distri-
bution with finite Fŕechet functionF. The Fŕechet mean set ofQ is called
the extrinsic mean setof Q and the Fŕechet dispersion ofQ is called the
extrinsic dispersionof Q. If xi , i = 1, . . . , n are iid observations fromQ
and Qn =

1
n

∑n
i=1 δxi is the corresponding empirical distribution, then the

Fréchet mean set ofQn is called thesample extrinsic mean setand the
Fréchet dispersion ofQ is called thesample extrinsic dispersion.

We say thatQ has anextrinsic meanµE if the extrinsic mean set ofQ
is a singleton. Proposition3.2 gives a necessary and sufficient condition for
Q to have an extrinsic mean. It also provides an analytic expression for the
extrinsic mean set and extrinsic dispersion ofQ. In the statement of the
proposition, we assume thatπ(M) = M̃ is a closed subset ofE. Then for
everyu ∈ E, there exists a compact set of points inM̃ whose distance from
u is the smallest among all points iñM. We call this set theprojection set
of u and denote it byPM̃(u). It is given by

PM̃(u) = {x ∈ M̃ : ‖x− u‖ ≤ ‖y− u‖ ∀y ∈ M̃}. (3.3)

If this set is a singleton,u is said to be anonfocal pointof E (w.r.t. M̃),
otherwise it is said to be afocal pointof E.

Proposition 3.2 Let Q̃ = Q ◦ π−1 be the image of Q in E. (a) Ifµ =
∫

E
uQ̃(du) is the mean ofQ̃, then the extrinsic mean set of Q is given by

π−1(PM̃(µ)). (b) The extrinsic dispersion of Q equals

V =
∫

E
‖x− µ‖2Q̃(dx) + ‖µ − µ̃‖2

whereµ̃ ∈ PM̃µ. (c) If µ is a nonfocal point of E, then the extrinsic mean of
Q exists.

Proof For c ∈ M̃, one has

F(c) =
∫

M̃
‖x− c‖2Q̃(dx) =

∫

E
‖x− µ‖2Q̃(dx) + ‖µ − c‖2

which is minimized onM̃ by c ∈ PM̃(µ). This proves the expression for
V in part (b) and also (a). Part (c) follows from the general consistency
(Corollary 2.3, Chapter 2). �

We define thesample extrinsic meanµnE to be any measurable selection
from the sample extrinsic mean set. In caseµ is a nonfocal point, it follows
from Proposition 2.3 thatµnE is a strongly consistent estimator ofµE.
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3.3 Asymptotic Distribution of the Sample Extrinsic Mean

From now on we assume that the extrinsic meanµE of Q is uniquely de-
fined. It follows from Theorem 2.10 that under suitable assumptions, the
coordinates of the sample extrinsic meanµnE have asymptotic Gaussian
distribution. However apart from other assumptions, the theorem requires
Q to have support in a single coordinate patch and the expression of the
asymptotic covariance depends on what coordinates we choose. In this sec-
tion, we derive the asymptotic Normality ofµnE via Proposition 3.3. This
proposition makes less restrictive assumptions onQ than Theorem 2.10
and the expression for the asymptotic covariance is easier tocompute, as
we shall see in following sections and chapters. When the meanµ of Q̃ is
a nonfocal point ofE, the projection set in (3.3) is a singleton and we can
define a projection map

P : E→ M̃, ‖µ − P(µ)‖ = min
p∈M̃
‖µ − p‖ (3.4)

in a neighborhood ofµ. Also in a neighborhood of a nonfocal point such as
µ, P is smooth. LetX̄ = 1

n

∑n
i=1 π(xi) be the mean of the embedded sample.

SinceX̄ converges toµ a.s., for sample size large enough,X̄ is nonfocal,
and one has

√
n{P(X̄) − P(µ)} =

√
n(dµP)(X̄ − µ) + oP(1) (3.5)

wheredµP is the differential (map) of the projectionP from the tangent
spaceTµE of E at µ (which can be identified canonically withE) to the
tangent spaceTP(µ)M̃ of M̃ at P(µ). HereTP(µ)M̃ is a subspace of aD-
dimensional Euclidean space, denoted also byE. In the matrix representa-
tion, the Jacobian of the linear mapdµP is a singularD × D matrix of rank
d. Since

√
n(X̄ − µ) has an asymptotic Gaussian distribution anddµP is

linear, from (3.5) it follows that
√

n{P(X̄) − P(µ)} has an asymptotic mean
zero Gaussian distribution on the tangent spaceTP(µ)M̃. This is stated in
Proposition 3.3 below.

Proposition 3.3 Supposeµ is a nonfocal point of E and P is continuously
differentiable in a neighborhood ofµ. Let {v}B denote the vector of coor-
dinates of v∈ TP(µ)M̃ with respect to some orthonormal basis B. Then if
Q ◦ π−1 has finite second moments,

√
n{(dµP)(X̄ − µ)}B

L−→ Nd(0,Σ)

whereΣ denotes the covariance matrix of{(dµP)(π(x1) − µ)}B.

Using this proposition, an asymptotic confidence region (C.R.) for the
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population extrinsic meanµE is derived in Corollary 13.2. By Cov(π(x1)),
we denote theD × D covariance matrix ofQ◦ π−1 when viewed as a prob-
ability on E (identified withRD).

Corollary 3.4 Letφ ≡ φµnE be a smooth coordinate in some neighborhood
N(µnE) of π(µnE), i.e.φ : N(µnE) → Rd, such that bothφ and N(.) depend
continuously onµnE. Then if Cov(π(x1)) is non-singular, the probablity of
the C.R.

{

µE ∈ M : π(µE) ∈ N(µnE), (3.6)

n
{

φ ◦ π(µnE) − φ ◦ π(µE)
}′
Σ̂−1{φ ◦ π(µnE) − φ ◦ π(µE)

} ≤ X2
d(1− α)

}

converges to(1 − α) a.s. HereΣ̂ = J(X̄)S J(X̄)′, J(p) being the d× D
Jacobian ofφ ◦ P : RD → Rd at p and S is the D× D sample covariance
of {π(xi)}.
Proof From the assumptions onφ andP, it follows that

φ ◦ P(X̄) − φ ◦ P(µ) = J(µ)(X̄ − µ) + o(‖X̄ − µ‖)
which implies that

√
n(φ ◦ P(X̄) − φ ◦ P(µ)) has an asymptotic Gaussian

distribution with non-singular covariance and hence the statistics in (3.6)
has an asymptoticX2

d distribution. �

The assumption Cov(π(x1)) is non-singular, holds when the distribution
Q̃ on M̃ has support in no smaller dimensional affine subspace ofE. A
simple choice for coordinateφp (p ∈ M̃) can be the coordinates of the
linear (orthogonal) projection intoTpM̃, with respect to some orthonormal
basisB(p) of TpM̃ chosen continuously inp. We call this coordinateL
(≡ Lp).

For sample size not large enough, a pivotal bootstrap confidence region
can be more effective which is obtained by replacingX2

d(1−α) by the upper
(1− α)-quantile of the bootstrapped values of the statistic in (3.6)

3.4 Asymptotic Distribution of the Sample Extrinsic Dispersion

Let V andVn denote the extrinsic dispersions ofQ and Qn respectively.
We can deduce the asymptotic distribution ofVn from Theorem 2.11 in
Chapter 2. However for the hypothesis of that theorem to hold,we need to
make a number of assumptions including thatQ has support in a single co-
ordinate patch. Theorem 3.5 proves the asymptotic normality of Vn under
less restrictive assumptions. In the statement of the theorem,ρ denotes the
extrinsic distance as defined in equation (3.1).



3.4 Asymptotic Distribution of the Sample Extrinsic Dispersion 39

Theorem 3.5 If Q has extrinsic meanµE and ifEρ4(x1, µE) < ∞, then

√
n(Vn − V) =

1√
n

n
∑

i=1

{ρ2(xi , µE) − V} + oP(1) (3.7)

which implies that
√

n(Vn − V)
L−→ N(0,Var(ρ2(x1, µE))).

Proof From definition ofVn andV, it follows that

Vn − V =
1
n

n
∑

i=1

ρ2(xi , µnE) −
∫

M
ρ2(x, µE)Q(dx)

=
1
n

n
∑

i=1

ρ2(xi , µnE) − 1
n

n
∑

i=1

ρ2(xi , µE)

+
1
n

n
∑

i=1

ρ2(xi , µE) − Eρ2(x1, µE) (3.8)

whereµnE is the sample extrinsic mean, i.e. some measurable selection
from the sample extrinsic mean set. Denote byXi the embedded sample
π(xi), i = 1, . . . , n. By definition of Extrinsic distance,

1
n

n
∑

i=1

ρ2(xi , µnE) =
1
n

n
∑

i=1

‖Xi − P(X̄)‖2 =

1
n

n
∑

i=1

‖Xi − P(µ)‖2 + ‖P(µ) − P(X̄)‖2 − 2〈X̄ − P(µ),P(X̄) − P(µ)〉, (3.9)

〈.〉 denoting the Euclidean inner product. Substitute (3.9) in (3.8) to get√
n(Vn − V) =

√
n
(

‖P(X̄) − P(µ)‖2 − 2〈X̄ − P(µ),P(X̄) − P(µ)〉
)

+
√

n
(

(1/n)
n

∑

i=1

ρ2(xi , µE) − Eρ2(x1, µE)
)

(3.10)

Denote the two terms in (3.10) asT1 andT2, i.e.

T1 =
√

n‖P(X̄) − P(µ)‖2 − 2
√

n〈X̄ − P(µ),P(X̄) − P(µ)〉,

T2 =
√

n
(

(1/n)
n

∑

i=1

ρ2(xi , µE) − Eρ2(x1, µE)
)

.

From the classical CLT, if Eρ4(x1, µE) < ∞, then

T2
L−→ N(0,Var(ρ2(x1, µE))). (3.11)
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Compare the expression ofT1 with identity (3.5) to get

T1 = −2〈dµP(X̄ − µ), µ − P(µ)〉 + oP(1). (3.12)

From the definition ofP, P(µ) = argminp∈M̃ ‖µ − p‖2. Hence the Euclidean
derivative of‖µ − p‖2 at p = P(µ) must be orthogonal toTP(µ)M̃, or µ −
P(µ) ∈ (TP(µ)M̃)⊥. SincedµP(X̄ − µ) ∈ TP(µ)M̃, the first term in the expres-
sion ofT1 in (3.12) is 0, and henceT1 = oP(1). From equations (3.10) and
(3.11), we conclude that

√
n(Vn − V) =

(1/
√

n)
n

∑

i=1

{

ρ2(xi , µE) − Eρ2(x1, µE)
}

+ oP(1)
L−→ N

(

0,Var(ρ2(x1, µE))
)

.

This completes the proof. �

Remark 3.6 Although Proposition 2.8 does not require the uniqueness
of the extrinsic mean ofQ for Vn to be a consistent estimator ofV, The-
orem 3.5 breaks down in the case of non-uniqueness. This is illustrated in
§3.9.

Using Theorem 3.5, one can construct an asymptotic confidence interval

[

Vn −
s√
n

Z(1− α
2

),Vn +
s√
n

Z(1− α
2

)
]

(3.13)

for V with asymptotic confidence level of (1− α). Heres2 is the sample
variance ofρ2(x, µnE) andZ(1− α/2) denotes the upper (1− α/2)-quantile
of N(0, 1) distribution. From equation (3.13), we can also construct aboot-
strap confidence interval forV, the details of which are left to the reader.

3.5 Asymptotic Joint Distribution of the Sample Extrinsic Mean
and Dispersion

In many applications, especially on non-compact manifolds such as size
and shape spaces, it is more effective to perform inference using the joint
distribution of location and spread rather than the marginals.

Proposition 3.7 Under the assumptions of Proposition 3.3 and Theorem
3.5,

√
n
({dµP(X̄ − µ)}B,Vn − V

) L−→ Nd+1(0,Σ)

with Σ =

(

Σ11 Σ12

Σ′12 σ2

)

, Σ11 = Cov(T), T = {(dµP)(π(x1) − µ)}B, Σ12 =

Cov(T, ρ2(x1, µE)) andσ2 = Var(ρ2(x1, µE)).
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Proof Shown in Theorem 3.5 is that

√
n(Vn − V) =

√
n















(1/n)
n

∑

i=1

ρ2(xi , µE) − Eρ2(x1, µE)















+ oP(1).

Now the result is immediate. �

3.6 Two Sample Extrinsic Tests

In this section, we will use the asymptotic distribution of the sample extrin-
sic mean and dispersion to construct nonparametric tests tocompare two
probability distributionsQ1 andQ2 on M.

3.6.1 Independent Samples

Let X1, . . . ,Xn1 andY1, . . . ,Yn2 be two iid samples fromQ1 andQ2 respec-
tively that are mutually independent. LetµiE andVi denote the extrinsic
means and dispersions ofQi , i = 1, 2 respectively. Similarly denote by
µ̂iE andV̂i the sample extrinsic means and dispersions. We want to test the
hypothesis,H0 : Q1 = Q2.

We start by comparing the sample extrinsic means. LetX̃i = π(Xi), Ỹi =

π(Yi) be the embeddings of the sample points intoE. Let µi be the mean
of Q̃i = Qi ◦ π−1. Then underH0, µ1 = µ2 = µ (say). Letµ̂i , i = 1, 2 be
the sample means of{X̃i} and{Ỹi} respectively. Then from equation (3.5),
it follows that

√
ni [P(µ̂i) − P(µ)] =

√
ni(dµP)(µ̂i − µ) + oP(1) i = 1, 2. (3.14)

Hence, ifni → ∞ such that ni

n1+n2
→ pi , 0 < pi < 1, p1 + p2 = 1, Proposi-

tion 3.3 implies that

√
n{dµP(µ̂1 − µ)}B −

√
n{dµP(µ̂2 − µ)}B

L−→ N(0,
Σ1

p1
+
Σ2

p2
). (3.15)

Here n = n1 + n2 is the pooled sample size,B = B(µ) an orthonormal
basis forTP(µ)M̃ continuous inµ, Σi , i = 1, 2 are the covariance matrices
of {dµP(X̃1 − µ)}B and{dµP(Ỹ1 − µ)}B. We estimateµ by the pooled sample
meanµ̂ = 1

n(n1µ̂1 + n2µ̂2), B by B̂ = B(µ̂) andΣi by Σ̂i , i = 1, 2. Then ifH0

is true, the statistic

T1 = {dµ̂P(µ̂1 − µ̂2)}′B̂
(

1
n1
Σ̂1 +

1
n2
Σ̂2

)−1

{dµ̂P(µ̂1 − µ̂2)}B̂ (3.16)
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converges in distribution toX2
d distribution, whered is the dimension of

M. Hence we rejectH0 at asymptotic levelα if T1 > X2
d(1− α). Note that

one could think of testing directly the equality of the meansµi (i = 1, 2) of
Q̃i = Qi ◦ π−1, in order to discriminate betweenQ1 andQ2. However the
dimensionD of E is almost always much larger thand, and the estimates
of the covariance matrices of̃Qi will be singular or nearly singular for
moderate sample sizes. The test based onT1 is, therefore, more effective,
although the discrimination is based ondµP(µi) rather thanµi (i = 1, 2).

Next we test the null hypothesisH0 : µ1E = µ2E = µE, say, against the
alternativeHa : µ1E , µ2E. From equation (3.5), it follows that

√
n[{P(µ̂1) − P(µ1)} − {P(µ̂2) − P(µ2)}]

=
√

ndµ1P(µ̂1 − µ1) −
√

ndµ2P(µ̂2 − µ2) + oP(1). (3.17)

Since the samples are independent, underH0, (3.17) converges to a Normal
distribution onTµE E, supported onTµE M̃, and with respect to an orthonor-
mal basisB, this limit is given by

√
n{dµ1P(µ̂1 − µ1)}B −

√
n{dµ2P(µ̂2 − µ2)}B

L−→ Nd(0, 1/p1Σ1 + 1/p2Σ2).

HereΣi , i = 1, 2, are the covariance matrices of the coordinates{dµ1P(X̃1 −
µ1)}B and {dµ2P(Ỹ1 − µ2)}B. Let L = LµE denotes the coordinates of the
orthogonal linear projection of vectors inTµE E ≡ E ontoTµE M̃. Then

L{P(µ̂1) − P(µ1)} = L{dµi P(µ̂i − µi)} + o(‖µ̂i − µi‖)
= {dµi P(µ̂i − µi)}B + o(‖µ̂i − µi‖) (i = 1, 2),

√
nL{P(µ̂1) − P(µ̂2)} =

√
nL{P(µ̂1) − P(µ1)} −

√
nL{P(µ̂2) − P(µ2)}

=
√

n{dµ1P(µ̂1 − µ1)}B −
√

n{dµ2P(µ̂2 − µ2)}B + oP(1).
(3.18)

Hence ifH0 is true, thenP(µ1) = P(µ2), and
√

nL{P(µ̂1) − P(µ̂2)}
L−→ N(0, 1/p1Σ1 + 1/p2Σ2). (3.19)

Using this one can construct the test statistic

T2 = L̂{P(µ̂1) − P(µ̂2)}′B(1/n1Σ̂1 + 1/n2Σ̂2)
−1L̂{P(µ̂1) − P(µ̂2)}B (3.20)

to test if H0 is true. In the statisticT2, L̂ is the linear projection fromE
on to Tµ̂E M̃, µ̂E is the pooled sample estimate ofµE, Σ̂i , i = 1, 2 denote
the sample covariance matrices of{dµ̂1P(X̃j − µ̂1)}B and {dµ̂2P(Ỹj − µ̂2)}B
respectively with respect to an orthonormal basisB for Tµ̂E M̃. UnderH0,

T2
L−→ X2

d. Hence we rejectH0 at asymptotic levelα if T2 > X2
d(1− α). In
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all our numerical examples, the two statistics (3.16) and (3.20) yield values
that are quite close to each other.

When the sample sizes are not very large, Effron’s bootstrap procedure
generally provides better estimates of the coverage probability than the
CLT-based methods. We describe now for bootstrapping the testT1. For
this, we first construct a ‘confidence region’ forµ2 − µ1. Let δ belong to a
neighborhood of 0∈ ℜd+1, and considerH0 : µ2 = µ1+ δ. The test statistic
T1δ, say, is analogous toT1. Let X̃i,δ = X̃i + n2/nδ, Ỹi,−δ = Ỹi − n1/nδ, then
underH0, EX̃1,δ = µ1 + n2/nδ = µ1 + δ − n1/nδ = EỸ1,−δ. Let T1δ be the
test statistic obtained by replacing̃Xi by X̃i,δ (i ≤ n1) andỸi by Ỹi,δ (i ≤ n2).
Note that the pooled estimate of the common mean for the new variables
is n1/n(µ̂1 + n2/nδ) + n2/n(µ̂2 − n1/nδ) = n1/nµ̂1 + n2/nµ̂2 = µ̂, the same
as that for the original data. The set ofδ such thatT1δ accepts the new
H0 : µ2 = µ1 + δ is

{δ : T1,δ < c},
c = X2

d(1− α) for the chi-squared based procedure. For bootstrapping, use
bootstrapped datãX∗i andỸ∗i and letX̃∗i,δ = X̃∗i + n2/nδ, Ỹ∗i,−δ = Ỹ∗i − n1/nδ,
with δ = µ̂2 − µ̂1, and use the bootstrapped estimate of the probability
P∗(T∗1,δ ≤ c), with c as the observed value ofT1. The bootstrap estimated
p-value of the test is 1− P∗(T∗1,δ ≤ c).

Next we test ifQ1 andQ2 have the same extrinsic dispersions, i.e.H0 :
V1 = V2. From Theorem 3.5 and using the fact that the samples are inde-
pendent, we get, underH0,

√
n(V̂1 − V̂2)

L−→ N

(

0,
σ2

1

p1
+
σ2

2

p2

)

(3.21)

⇒ V̂1 − V̂2
√

s2
1

n1
+

s2
2

n2

L−→ N(0, 1)

whereσ2
1 = Var

(

ρ2(X1, µ1E)
)

, σ2
2 = Varρ2(Y1, µ2E) and s2

1, s2
2 are their

sample estimates. Hence to test ifH0 is true, we can use the test statistic

T3 =
V̂1 − V̂2
√

s2
1

n1
+

s2
2

n2

. (3.22)

For a test of asymptotic sizeα, we rejectH0 if |T3| > Z
(

1− α
2

)

, where

Z
(

1− α
2

)

is the upper
(

1− α
2

)

-quantile ofN(0, 1) distribution. We can also
construct a bootstrap confidence interval forV1 − V2 and use that to test if
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V1 − V2 = 0. The details of that are left to the reader.

3.6.2 Matched Pair Samples

Next consider the case when (X1,Y1), . . ., (Xn,Yn) is an iid sample from
some distributionQ on M̄ = M × M. Such samples arise, when for exam-
ple we have two different observations from each subject (see Section 8.6).

Let Xj ’s have distributionQ1 while Yj ’s come from some distribution
Q2 on M. Our objective is to distinguishQ1 from Q2 by comparing the
sample extrinsic means and dispersions. Since theX andY samples are not
independent, we cannot apply the methods of the earlier section. Instead
we do our analyses on̄M. Note thatM̄ is a differentiable manifold which
can be embedded intoEN × EN via the map

J̄ : M̄ → EN × EN, J̄(x, y) = (J(x), J(y)).

Let Q̃ = Q ◦ J̄−1. Then if Q̃i has meanµi , i = 1, 2, thenQ̃ has mean
µ̄ = (µ1, µ2). The projection of ¯µ on ˜̄M ≡ J̄(M̄) is given by P̄(µ) =
(P(µ1),P(µ2)). Hence ifQi has extrinsic meanµiE, i = 1, 2, thenQ has
extrinsic mean ¯µE = (µ1E, µ2E). Denote the paired sample asZ j ≡ (Xj ,Yj),
j = 1, . . . , n and let ˆ̄µ = (µ̂1, µ̂2), ˆ̄µE = (µ̂1E, µ̂2E) be the sample estimates
of µ̄ andµ̄E respectively. From equation (3.5), it follows that

√
n(P̄( ˆ̄µ) − P̄(µ̄)) =

√
ndµ̄P̄( ˆ̄µ − µ̄) + oP(1)

which can be written as
√

n

(

P(µ̂1) − P(µ1)
P(µ̂2) − P(µ2)

)

=
√

n

(

dµ1P(µ̂1 − µ1)
dµ2P(µ̂2 − µ2)

)

+ oP(1) (3.23)

Hence ifH0: µ1 = µ2 = µ, then underH0, writing L for LP(µ), andB for an
orthonormal basis ofTP(µ)M̃,

√
n

(

L{P(µ̂1) − P(µ)}
L{P(µ̂2) − P(µ)}

)

=
√

n

(

{dµP(µ̂1 − µ)}B
{dµP(µ̂2 − µ)}B

)

+ oP(1)

L−→ N(0,Σ =

(

Σ1 Σ12

Σ21 Σ2

)

). (3.24)

In (3.24),Σi , i = 1, 2 are the same as in (3.34) andΣ12 = (Σ21)′ is the
covariance between{dµP(X̃1 − µ)}B and {dµP(Ỹ1 − µ)}B. From (3.24), it
follows that

√
n{dµP(µ̂1 − µ̂2)}B

L−→ N(0,Σ1 + Σ2 − Σ12 − Σ21).
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This gives rise to the test statistic

T1p = n(S̄1 − S̄2)′(Σ̂1 + Σ̂2 − Σ̂12 − Σ̂21)−1(S̄1 − S̄2) (3.25)

where, withµ̂, B̂ as in case ofT1, S̄1, S̄2, Σ̂1 and Σ̂2 are as in (3.16) and
Σ̂12 = (Σ̂21)′ is the sample covariance between{S1

i }ni=1 and{S2
i }ni=1. If H0 is

true,T1p converges in distribution toX2
d distribution. Hence we rejectH0

at asymptotic levelα if T1p > X2
d(1− α).

If we are testingH0 : µ1E = µ2E = µE (say), then from (3.23), it follows
that, underH0,
√

n[P(µ̂1) − P(µ̂2)] =
√

ndµ1P(µ̂1 − µ1) −
√

ndµ2P(µ̂2 − µ2) + oP(1) (3.26)

which implies that, underH0, writing L for Lπ(µE),
√

nL{P(µ̂1) − P(µ̂2)}
=
√

nL{dµ1P(µ̂1 − µ1)} −
√

nL{dµ2P(µ̂2 − µ2)} + oP(1)
L−→N(0,Σ = Σ1 + Σ2 − Σ12 − Σ21). (3.27)

In (3.27),Σ12 = Σ
′
21 denotes the covariance between the coordinates of

dµ1P(X̃1−µ1) anddµ2P(Ỹ1−µ2). Hence to test ifH0 is true, one can use the
test statistic

T2p = nL̂{P(µ̂1) − P(µ̂2)}′Σ̂−1L̂{P(µ̂1) − P(µ̂2)} where (3.28)

Σ̂ = L1Σ̂1L′1 + L2Σ̂2L′2 − L1Σ̂12L
′
2 − L2Σ̂21L

′
1. (3.29)

In the statisticT2p; L̂ andΣ̂i , i = 1, 2 are as in (3.20) and̂Σ12 = (Σ̂12)′ de-

notes the sample covariance estimate ofΣ12. UnderH0, T2p
L−→ X2

d. Hence
we rejectH0 at asymptotic levelα if T2p > X2

d(1 − α). In the application
considered in Section 8.6, the values for the two statisticsT1p andT2p are
very close to each other.

Let V1 and V2 denote the extrinsic dispersions ofQ1 and Q2 and let
V̂1, V̂2 be their sample analogues. Suppose we want to test the hypothesis
H0 : V1 = V2. From (3.7), we get that,

( √
n(V̂1 − V1)√
n(V̂2 − V2)

)

=
1√
n

(
∑n

j=1[ρ
2(Xj , µ1E) − Eρ2(X1, µ1E)]

∑n
j=1[ρ

2(Yj , µ2E) − Eρ2(Y1, µ2E)]

)

+ oP(1)

L−→ N

(

0,

(

σ2
1 σ12

σ12 σ2
2

))

(3.30)
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whereσ12 = Cov(ρ2(X1, µ1E), ρ2(Y1, µ2E)), σ2
1 andσ2

2 are as in (3.21).
Hence ifH0 is true,

√
n(V̂1 − V̂2)

L−→ N(0, σ2
1 + σ

2
2 − 2σ12).

This gives rise to the test statistic,

T3p =

√
n(V̂1 − V̂2)

√

s2
1 + s2

2 − 2s12

(3.31)

wheres2
1, s

2
2, s12 are sample estimates ofσ2

1, σ
2
2, σ12 respectively. We reject

H0 at asymptotic levelα if |T3p| > Z(1− α
2 ). We can also get a (1− α) level

confidence interval forV1 − V2 using bootstrap simulations and use that to
test if H0 is true.

3.7 Hypothesis testing using extrinsic mean and dispersion

Suppose we haves samplesx = {xi j }, i = 1, . . . , nj , nj being the sample
j size, j = 1, . . . , s on M. Observations{x. j} in sample j are assumed to
be drawn independently from common distributionQj , j = 1, . . . , s, those
distributions are unknown. In this section, we construct nonparametric tests
to compare those distributions or a sub-collection of them byusing the
asymptotic distribution of the sample extrinsic mean and dispersion.

3.7.1 Independent Samples

Consider the case when thes samples are jointly independent. We want
to test the null hypothesis,H0 : Qj are all same against the alternative
H1 which is its complement. We start by comparing the sample extrinsic
means. Denote byX = {Xi j } = π(x) the embedded sample and byX̄j the jth
embedded sample mean. Under the null,{xi j } are iid Q (say). Letµ be the
mean ofQ ◦ π−1 and X̄ = (1/n)

∑s
j=1 nj X̄j be its pooled sample estimate.

From Proposition 3.3, it follows that, asnj → ∞,

√
njΣ

−1/2T j
L−→ Nd(0, Id) independently∀ j ≤ s.

HereT j =
{

dµP(X̄j − µ)
}

B(P(µ))
, Σ is the covariance of

{

dµP(X11 − µ)
}

B(P(µ))
under the null andId denotes thed × d identity matrix. This implies that if
nj/n→ pj , 0 < pj < 1, then

s
∑

j=1

nj

{

dX̄P(X̄j − X̄)
}′
B(P(X̄))

Σ̂−1
{

dX̄P(X̄j − X̄)
}

B(P(X̄))

L−→ X2
(s−1)d (3.32)
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with Σ̂ being the sample covariance of{dX̄P(X)}B(P(X̄)). Hence we can reject
H0 with type 1 error at-mostα if the asymptotic p-valuePr(T > Tobs) turns
out to be smaller thanα whereT ∼ X2

(s−1)d andTobs is the observed value
of the statistic in (3.32). Similarly we can construct asymptotic chi-squared
tests for comparing the extrinsic means of a sub-collection ofsamples.

When the sample sizes are not too large, it is more efficient to perform
hypothesis testing by bootstrap methods. To do so, we need toexpress the
conditional p-value as an unconditional one and estimate it by pivotal boot-
strap methods. Suppose we want to test the point nullH0 : θ = 0 by boot-
strap (b.s.) means. To do so, we find a statisticsT(x, θ) whose asymptotic
distribution isθ free and construct the an asymptotic level (1− α) confi-
dence region (C.R.)

{θ : T(x, θ) < c1−α}
for θ. Denoting byx∗ a b.s. resample, bŷθ a consistent sample estimate of
θ, the corresponding b.s. C.R. will be

{θ : T(x, θ) < c∗1−α}
where

Pr(T(x∗, θ̂) < c∗1−α
∣

∣

∣x) = 1− α.
We rejectH0 at asymptotic levelα if 0 is not in the above C.R. The greatest
level at which we can rejectH0 is then

Pr(T(x∗, θ̂) > T(x, 0)
∣

∣

∣x) (3.33)

which is known as thebootstrap p-value.
When we have 2 samples and are testing equality of means, i.e.H0 :

P(µ1) = P(µ2), thenθ = P(µ1) − P(µ2). We take

T(x, θ) =L{P(X̄1) − P(X̄2) − θ}′Σ̂−1L{P(X̄1) − P(X̄2) − θ} (3.34)

=[{(L ◦ P)(X̄1) − (L ◦ P)(µ1)} − {(L ◦ P)(X̄2) − (L ◦ P)(µ2)}]′Σ̂−1

[{(L ◦ P)(X̄1) − (L ◦ P)(µ1)} − {(L ◦ P)(X̄2) − (L ◦ P)(µ2)}]
with L denoting the coordinates of linear projection fromE (≡ RD) into
TmM̃ (≡ Rd) for somem ∈ M̃, Σ̂ =

∑2
i=1 Σ̂i/ni , Σ̂i being the sample estimate

of J(µi)Cov(X1i)J(µi)′ whereJ(p) is thed × D Jacobian matrix ofL ◦ P at
p. Then from the proof of Corollary 13.2, it follows that thisT(x, θ) has an
asymptoticX2

d distribution irrespective of choice ofm or θ. Therefore the
b.s. p-value can be expressed as the unconditional probability Pr(T(x∗, θ̂) >
T(x, 0)

∣

∣

∣x), whereT(x, 0) = L{P(X̄1) − P(X̄2)}′Σ̂−1L{P(X̄1) − P(X̄2)} and



48 EXTRINSIC ANALYSIS ON MANIFOLDS

θ̂ = P(X̄1) − P(X̄2).

Using the asymptotic distribution of the sample extrinsic dispersion de-
rived in Theorem 3.5, we can construct multi-sample tests to compare the
spreads. Suppose we are in the general set-up where we haves independent
random samples onM. Under the null hypothesis that all the samples come
from some common distributionQ (say), it follows that

σ−1√nj(V̂j − V)
L−→ N(0, 1) independently∀ j ≤ s.

HereV̂j is the samplej extrinsic dispersion,V is the extrinsic dispersion
of Q andσ2 = Var{ρ2(x11, µE)}, µE being the extrinsic mean ofQ. This
implies that ifnj/n → pj , 0 < pj < 1, then the null distribution of the
test-statistic

σ̂−2
s

∑

j=1

nj(V̂j − V̂)2 (3.35)

is asymptoticallyX2
s−1. HereV̂ = (1/n)

∑

j njV̂j andσ̂2 is the pooled sample
variance of{ρ2(x, µ̂E)}, µ̂E being the pooled sample extrinsic mean.

Proposition 3.7 can be used to compare the group means and disper-
sions jointly via an asymptoticX2

(s−1)(d+1) statistic. The details are left to
the reader.

3.8 Equivariant Embedding

Among the possible embeddings, we seek outequivariant embeddingswhich
preserve many of the geometric features ofM.

Definition 3.8 For a Lie groupH acting on a manifoldM, an embedding
π : M → ℜD is H-equivariant if there exists a group homomorphism
φ : H → GL(D,ℜ) such that

π(hp) = φ(h)π(p) ∀p ∈ M, ∀h ∈ H.

HereGL(D,ℜ) is thegeneral linear groupof all D × D non-singular ma-
trices.

3.9 Extrinsic Analysis on the unit sphereSd

An important and perhaps the simplest non-Euclidean manifoldis the space
of all directions inℜd+1 which can be identified with the unit sphereSd.
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Directional data analysis finds lots of applications in paleomegnetism and
spatial statistics and we shall see some such applications in this chapter.

The sphere can be embedded in toℜd+1 via the inclusion map

i : Sd →ℜd+1, i(x) = x.

The extrinsic mean set of a probability measureQ onSd is then the projec-
tion set ofµ =

∫

ℜd+1 xQ̃(dx) on Sd, whereQ̃ is Q regarded as a probability
measure onℜd+1. Note thatµ is nonfocal iff µ , 0. ThenP(µ) = µ

‖µ‖ and if
µ = 0, then its projection set is the entire sphere. The extrinsic dispersion
of Q is

V =
∫

Rd+1

‖x− µ‖2Q̃(dx) + (‖µ‖ − 1)2 = 2(1− ‖µ‖).

If Vn denotes the sample extrinsic dispersion, it is easy to checkthat
√

n(Vn−
V) is asymptotically Normal iff µ , 0.

The projection mapP : ℜd+1 → Sd is smooth onℜd+1 \ {0}. The Jaco-
bian of its derivative atµ ∈ ℜd+1 can be derived to be‖µ‖−1(Id+1−‖µ‖−2µµT)
whereIm is the identity matrix of orderm. We will use justI for identity
when its order is obvious. The tangent space atm ∈ Sd is

TmSd = {v ∈ ℜd+1 : vtm= 0},

i.e. all vectors orthogonal tom. Then the derivative ofP at µ can be ex-
pressed as

dµP : ℜd+1→ TP(µ)S
d, dµP(x) = ‖µ‖−1(Id+1 − ‖µ‖−2µµ′)x.

Using an orthonormal basisB(µ) (continuous inµ) for the tangent space,
represented as a (d+ 1)× d matrix satisfyingµT B(µ) = 0 andB(µ)T B(µ) =
Id, the coordinates ofdµP(x) are

{dµP(x)}B(µ) = B(µ)′dµP(x) = ‖µ‖−1B(µ)′x.

Suppose we haves samplesx on Sd and want to perform hypothesis
testing as in§3.7. We present the details of the tests from§3.7.1, the ones
in §3.6.2 can be obtained analogously. The asymptotic chi-squared statistic
derived in (3.32) simplifies to

T1 =

s
∑

j=1

nj x̄
′
j B(B′S B)−1B′ x̄j (3.36)

where x̄j = (1/nj)
∑

i xi j , x̄ = (1/n)
∑

j nj x̄j , B ≡ B(x̄) is an (consistent)
orthonormal basis forTP(x̄)Sd andS = (1/n)

∑

i j (xi j − x̄)(xi j − x̄)′.
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When we have two groups and are only interested in testing thehypoth-
esis that the group extrinsic means are the same, the asymptotic X2

d test
statistic derived in (3.18) simplifies to

T2 =
(

x̄1/‖x̄1‖ − x̄2/‖x̄2‖
)′BΣ̂−1B′

(

x̄1/‖x̄1‖ − x̄2/‖x̄2‖
)

(3.37)

whereB is as before,

Σ̂ = B′
{

∑

j

n−1
j ‖x̄j‖−2(I − ‖x̄j‖−2x̄j x̄

′
j)S j(I − ‖x̄j‖−2x̄j x̄

′
j)
}

B

andS j = (1/nj)
∑

i(xi j − x̄j)′(xi j − x̄j), j = 1, 2. The bootstrap p-value (3.33)
can be expressed as

Pr
(∥

∥

∥ x̄∗1/‖x̄∗1‖ − x̄∗2/‖x̄∗2‖ − x̄1/‖x̄1‖ + x̄2/‖x̄2‖
∥

∥

∥

BΣ̂∗−1B′
> T2o

∣

∣

∣x
)

(3.38)

where ‖v‖A = (v′Av)1/2, x̄∗j denotes the mean of a bootstrap samplex∗. j
drawn with replacement fromjth samplex. j ( j = 1, 2), Σ̂∗ is similar to Σ̂
but with x replaced by resamplex∗, andT2o is the observed value ofT2 in
(3.37). The other asymptoticX2

d statistic for comparing the two distribu-
tions derived in (3.14) simplifies to

T̃1 = (x̄1 − x̄2)
′BΣ̂−1B′(x̄1 − x̄2) (3.39)

whereΣ̂ is nowB′(
∑

j n−1
j S j)B. Note thatT2 becomesT̃1 when we replace

‖x̄j‖ by ‖x̄‖ everywhere.
The asymptoticX2

s−1 test statistic for comparing the extrinsic dispersions
in (3.35) can be expressed as

T3 = 4σ̂−2
s

∑

j=1

nj

(

‖x̄j‖ − (1/n)
∑

nj‖x̄j‖
)2
, (3.40)

σ̂2 being the pooled sample variance of
∥

∥

∥x− x̄/‖x̄‖
∥

∥

∥

2
.

Since the extrinsic mean is the direction of the Euclidean mean while the
dispersion is a bijection of its magnitude, comparing the mean and disper-
sion jointly is equivalent to comparing the Euclidean meansvia aX2

(s−1)(d+1)
test.

In the next section, we present some real life data on the 2D sphere,
where we apply these estimation and inference techniques.

An extension of the sphere is the manifold of allk mutually orthogonal
directions inℜm which is known as the Steifel manifold orS tk(m) and is

S tk(m) = {A ∈ M(m, k) : A′A = Ik}, k ≤ m,
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M(m, k) being the space of allm× k real matrices. HenceSd = S t1(d+ 1).
We will study this manifold in detail and perform statistical analysis on it
in Chapter ***.

3.10 Applications on Sphere

3.10.1 Magnetization direction data

In this example from Embleton and McDonnell (1980), measurements of
remanent magnetization in red silts and claystones are madeat 4 locations.
This results in independent samples from four group of directions on the
sphereS2, the sample sizes are 36, 39, 16 and 16. Figure 3.1 shows the 3D
plot of the sample clouds.

The goal is to compare the magnetization direction distributions across
the groups and test for any significant difference. We use test-statisticT1

derived in (3.36) to compare the extrinsic mean directions and obtain the
asymptoticX2

6 p-value. The p-value is slightly high suggesting not enough
evidence for significant differences in magnetization directions across the
4 locations. The test statistic value and p-value are listed in Table 3.1. In
Example 7.7 of Fisher et al. (1987), a coordinate-based parametric test is
conducted to compare mean directions in these data using aX2

6 statistic
whose value turns out to be 0.089, a very small value. Hence they reach
the same conclusion. However, according to that book, sincetwo of the
samples are little too small (16), in Example 7.10 , a two sampleparametric
test is performed to compare groups 1 and 2, obtaining a p-valuearound
0.05 (the exact value is not presented). They are inconclusiveabout what
decision to take as they comment, “..the hypothesis of a common mean
direction is just tenable”. When we compare the extrinsic means using test-
statisticsT2 and T̃1 derived in (3.37) and (3.39) respectively, we obtain
asymptoticX2

2 p-value of 0.38 which is very high. The two statistics are
same up to 4 decimal places,T2 being slightly smaller. Hence we reach
the conclusion that there is no difference in mean directions. Just to make
sure, we also find the bootstrap p-value derived in (3.38). Basedon 105

simulations, its value is 0.3684. We repeat the simulationsseveral times,
each time the p-value exceeds 0.35. It is natural to expect no differences
in distributions of a sub-collection after having reached this conclusion
from comparing all the groups simultaneously. This is strongreflected by
our various p-values. However the analysis in Fisher et al. (1987) could
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Table 3.1Test results from§3.10.1

Group: (1,2,3,4)

T1=12.03 p-val=0.06 T3=10.09 p-val=0.02 T5=24.96 p-val=0.003

Group: (1,2)

T̃1=T2=1.94 X2p-val=0.38 B.S.p-val=0.37 T4=1.24 Z p-val=0.22 B.S.p-val=0.25

not reach the same conclusion, suggesting that non-parametric methods
perform much better than the parametric analogues.

Figure 3.1 however suggests some differences in spreads. To test that
statistically, we next compare the extrinsic means and dispersions for the
4 groups jointly which is equivalent to comparing the group Euclidean
means. We get a very low p-value using an asymptoticX2

9 test suggest-
ing strong evidence for differences. In Table 3.1, the statistics is calledT5.
To confirm that this difference is due to spread and not mean, we use theX2

3

statisticT3 obtained in (3.40) to compare the 4 group extrinsic dispersions.
The asymptotic p-value is low but not as low as that of the formertest.

Figure 3.1 may suggest that this difference in spread is caused mainly
by one observation in group 3 which may be an outlier. Howevergiven that
the sphere is compact and only 16 observations in that group,it becomes
difficult to be conclusive.

Our final conclusion is that there is significant difference in magnetiza-
tion directional distributions across the 4 locations caused due by differ-
ences in spreads and not means. This example is interesting in being the
only data set where difference in distributions are caused by dispersions
and not means. We will return back to the example in Chapter *** where
we use full likelihood based nonparametric Bayes methods for discrimina-
tion.

When comparing the extrinsic dispersions for the first two groups, the
asymptotically normal p-value and various b.s. p-values from 105 simula-
tions are pretty high suggesting no difference. The various test statistics
values and p-values from this section are listed in Table 3.1.

3.10.2 Volcano location data

The NOAA National Geophysical Data Center Volcano LocationDatabase
contains information on locations and characteristics of volcanoes across
the globe. The locations using latitude-longitude coordinates are plotted
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Figure 3.1 3D coordinates of 4 groups in§3.10.1: 1(r), 2(b),
3(g), 4(c).

in Figure 3.2. We are interested in testing if there is any association be-
tween the location and type of the volcano. We consider the most common
three types which are Strato, Shield and Submarine volcanoes, with data
available for 999 volcanoes of these types worldwide. Their location coor-
dinates are shown in Figure 3.3. Denoting by{xi j } (i = 1, . . . , nj) the sample
locations of typej (j=1,2,3) volcanoes which are onS2, we are interested
in testing the hypothesis that these 3 samples come from a common distri-
bution. The 3 samples sizes (nj) are 713, 172 and 114 respectively which
are very large, thereby justifying the use of asymptotic theory.

Figure 3.3 suggests differences in the locations of the means correspond-
ing to different types. The asymptoticX2

4 testT1 for comparing the extrinsic
means, obtained in (3.36), yields a very small p-value which favorsH1 that
there is significant differences in the locations of the groups means and
hence location and type are not independent.

The sample extrinsic dispersions corresponding to the 3 volcano types
are 1.49, 1.29 and 1.13 respectively. To test if they differ significantly, we
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Figure 3.2 Longitude-Latitude coordinates of volcano locations
in §3.10.2.

Table 3.2Test results from§3.10.2

Test stat. T1 = 35.54 T3 = 12.04 T6 = 17.07
P-val. 3.6e− 7 2.4e− 3 1.9e− 3

use the asymptoticX2
s−1 statisticsT3 as in (3.40). It also yields very low

p-value suggesting significant differences.
For comparison, we perform a coordinate based test by comparing the

means of the latitude longitude coordinates of the three samples using aX2
4

statistic, we call itT6. The asymptotic p-value is larger by orders of mag-
nitude than its coordinate-free counterpart, but still significant. Coordinate
based methods, however, can be very misleading because of the disconti-
nuity at the boundaries. They heavily distort the geometry of the sphere
which is evident from the figures. All the statistics values and p-values are
listed together in Table 3.2.

We will return back to this example in Chapter*** where we compare
the distributions via nonparametric Bayes methods.
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Figure 3.3 Coordinates of 3 major type volcano locations:
Strato(r), Shield(b), Submarine(g). Their sample extrinsic mean
locations:1, 2, 3. Full sample extrinsic mean:o
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INTRINSIC ANALYSIS ON MANIFOLDS

4.1 Introduction

Let (M, g) be a complete connected Riemannian manifold of dimensiond
with metric tensorg. Then the natural choice for the distance metricρ in
Chapter 2 is the geodesic distancedg on M. The statistical analysis onM
using this distance is calledintrinsic analysis. Unless otherwise stated, we
consider f (u) = u2 in the definition of the Fŕechet function in equation
(2.2). However we will consider other Fréchet functionsf (u) = uα as well
for suitableα ≥ 1 (see Section 7.5).

4.2 Intrinsic Mean and Dispersion

Let Q be a probability distribution onM with finite Fŕechet function

F(p) =
∫

M
d2

g(p,m)Q(dm). (4.1)

Let X1, . . . ,Xn be an independent and identically distributed (iid) sample
from Q.

Definition 4.1 The Fŕechet mean set ofQ for the Fŕechet function (4.1) is
called theintrinsic mean setof Q, and the Fŕechet dispersion ofQ is called
the intrinsic dispersionof Q. The Fŕechet mean set of the empirical distri-
bution Qn is called thesample intrinsic mean set, and the sample Fréchet
dispersion is called thesample intrinsic dispersion.

Before proceeding further, let us define a few technical terms related to
Riemannian manifolds which we will use extensively in this chapter. For
an introduction to Riemannian manifolds, see Appendix B, andfor details,
see DoCarmo (1992), Gallot et al. (1993) or Lee (1997).

1. Geodesic: These are curvesγ on the manifold with zero acceleration.

56
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They are locally length minimizing curves. For example, thegreat cir-
cles are the geodesics on the sphere and straight lines are geodesics in
R

d.
2. Exponential map: For p ∈ M, v ∈ TpM, we define expp(v) = γ(1),

whereγ is a geodesic withγ(0) = p andγ̇(0) = v.
3. Cut locus: For a pointp ∈ M, we define the cut locusC(p) of p as

the set of points of the formγ(t0), whereγ is a unit speed geodesic
starting atp andt0 is the supremum of allt > 0 such thatγ is distance
minimizing from p to γ(t). For example,C(p) = {−p} on the sphere.

4. Sectional Curvature: Recall the notion of Gaussian curvature of two
dimensional surfaces. On a Riemannian manifoldM, choose a pair of
linearly independent vectorsu, v ∈ TpM. A two dimensional submani-
fold of M is swept out by the set of all geodesics starting atp and with
initial velocities lying in the two-dimensional sectionπ spanned beu, v.
The Gaussian curvature of this submanifold is called the sectional cur-
vature atp of the sectionπ.

5. Injectivity Radius : The injectivity radius ofM is defined as

inj(M) = inf{dg(p,C(p)) : p ∈ M}.
For example, the sphere of radius 1 has injectivity radius equal toπ.

6. Convex Set: A subsetS of M is said to be convex if for anyx, y ∈ S,
there exists a unique shortest geodesic inM joining x andy which lies
entirely inS.

Also let r∗ = min{inj(M), π√
C
}, whereC is the least upper bound of sec-

tional curvatures ofM if this upper bound is positive, andC = 0 otherwise.
The exponential map atp is injective on{v ∈ Tp(M) : |v| < r∗}. By B(p, r)
we will denote an open ball with centerp ∈ M and geodesic radiusr, and
B̄(p, r) will denote its closure. It is known thatB(p, r) is convex whenever
r ≤ r∗

2 (see ***).

In caseQ has a unique intrinsic meanµI , it follows from Proposition 2.3
and Remark 1.2.3 that thesample intrinsic meanµnI, that is, a measurable
selection from the sample intrinsic mean set is a consistent estimator of
µI . Broad conditions for the existence of a unique intrinsic mean are not
known. From results due to Karchar (1977) and Le (2001), it follows that
if the support ofQ is in a geodesic ball of radiusr∗4 , i.e. supp(Q) ⊆ B(p, r∗

4 ),
thenQ has a unique intrinsic mean. This result has been substantially ex-
tended by Kendall (1990) which shows that if supp(Q) ⊆ B(p, r∗

2 ), then
there is a unique local minimum of the Fréchet functionF in that ball.
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Then we define thelocal intrinsic meanof Q as that unique minimizer in
the ball. In that case one can show that the local sample intrinsic mean is a
consistent estimator of the intrinsic mean ofQ. This is stated in Proposition
4.2 below.

Proposition 4.2 Let Q have support in B(p, r∗
2 ) for some p∈ M. Then (a)

Q has a unique local intrinsic meanµI in B(p, r∗
2 ) and (b) the local sample

intrinsic meanµnI in B(p, r∗
2 ) is a strongly consistent estimator ofµI .

Proof (a) Follows from Kendall (1990).
(b) Since supp(Q) is compact, supp(Q) ⊆ B(p, r) for somer < r∗

2 . It is
shown in Karchar (1977) (see (4.6)) that

grad(F)(q) = −2
∫

exp−1
q (m)Q(dm), q ∈ B̄(p,

r∗
2

).

It can be shown that ifq ∈ B(p, r∗
2 ) \ B(p, r), then there exists a hyperplane

in TqM such that exp−1
q (m) lies on one side of that hyperplane for allm ∈

B(p, r) (see Lemma 1, Le (2001)). Hence gradF(q) cannot be equal to zero.
ThereforeµI ∈ B(p, r) and it is the unique intrinsic mean ofQ restricted to
B̄(p, r). Now consistency follows by applying Corollary 2.3 to the compact
metric spacēB(p, r). �

4.3 Asymptotic Distribution of the Sample Intrinsic Mean

The asymptotic distribution of the sample intrinsic mean follows from The-
orem 2.10 once we verify assumptions A1-A6. Theorem 4.3 gives sufficient
conditions for those assumptions to hold. In the statement ofthe theorem,
the usual partial orderA ≥ Bbetweend×d symmetric matricesA, B, means
thatA− B is nonnegative definite.

Theorem 4.3 Supposesupp(Q) ⊆ B(p, r∗
2 ) for some p∈ M. Let φ =

exp−1
µI

: B(p, r∗
2 ) −→ TµI M(≈ Rd). Then the map y7→ h(x, y) = d2

g(φ−1x, φ−1y)
is twice continuously differentiable in a neighborhood of0. In terms of nor-
mal coordinates with respect to a chosen orthonormal basis for TµI M, one
has

Drh(x, 0) = −2xr , 1 ≤ r ≤ d, (4.2)

[DrDsh(x, 0)] ≥
[

2{
(

1− f (|x|)
|x|2

)

xr xs + f (|x|)δrs}
]

1≤r,s≤d

. (4.3)
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Here x= (x1, . . . , xd)′, |x| =
√

(x1)2 + (x2)2 + . . . (xd)2 and

f (y) =







































1 if C = 0
√

Cycos(
√

Cy)

sin(
√

Cy)
if C > 0

√

−Cycosh(
√
−Cy)

sinh(
√
−Cy)

if C < 0.

(4.4)

There is equality in equation(4.3) when M has constant sectional curva-
tureC, and in this caseΛ in Theorem 2.10 has the expression

Λrs = 2E{
(

1− f (|X̃1|)
|X̃1|2

)

X̃r
1X̃s

1 + f (|X̃1|)δrs}, 1 ≤ r, s≤ d, (4.5)

It is positive definite ifsupp(Q) ⊆ B(µI ,
r∗
2 ).

Proof Letγ(s) be a geodesic,γ(0) = µI . Definec(s, t) = expm(texp−1
m γ(s)),

s ∈ [0, ǫ], t ∈ [0, 1], as a smooth dispersion ofγ through geodesics lying
entirely in B(p, r∗

2 ). Let T = ∂
∂t c(s, t), S = ∂

∂sc(s, t). Sincec(s, 0) = m,
S(s, 0) = 0; and sincec(s, 1) = γ(s), S(s, 1) = γ̇(s). Also 〈T,T〉 =
d2

g(γ(s),m) is independent oft, and the covariant derivativeDtT vanishes
becauset 7→ c(s, t) is a geodesic (for eachs). Then

d2
g(γ(s),m) = 〈T(s, t),T(s, t)〉 =

∫ 1

0
〈T(s, t),T(s, t)〉dt.

Henced2
g(γ(s),m) isC∞ smooth, and using the symmetry of the connection

on a parametrized surface (see Lemma 3.4, Do Carmo (1992)), we get

d
ds

d2
g(γ(s),m) = 2

∫ 1

0
〈DsT,T〉dt = 2

∫ 1

0

d
dt
〈T,S〉dt

= 2〈T(s, 1),S(s, 1)〉 = −2〈exp−1
γ(s)m, γ̇(s)〉. (4.6)

Substitutings= 0 in equation (4.6), we get expressions forDrh(x, 0) as in
equation (4.2). Also

d2

ds2
d2

g(γ(s),m) = 2〈DsT(s, 1),S(s, 1)〉

= 2〈DtS(s, 1),S(s, 1)〉 = 2〈DtJs(1), Js(1)〉 (4.7)

whereJs(t) = S(s, t). Note thatJs is a Jacobi field alongc(s, .) with Js(0) =
0, Js(1) = γ̇(s). Let J⊥s andJ−s be the normal and tangential components of
Js. Let η be a unit speed geodesic inM andJ a normal Jacobi field along
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η, J(0) = 0. Define

u(t) =































t if C̄ = 0
sin(
√

C̄t)√
C̄

if C̄ > 0
sinh(

√
−C̄t)√
−C̄

if C̄ < 0.

Thenu′′(t) = −C̄u(t) and

(|J|′u− |J|u′)′(t) = (|J|′′ + C̄|J|)u(t).

By exact differentiation and Schwartz inequality, it is easy to show that
|J|′′+C̄|J| ≥ 0. Hence (|J|′u− |J|u′)′(t) ≥ 0 wheneveru(t) ≥ 0. This implies
that |J|′u− |J|u′ ≥ 0 if t ≤ t0, whereu is positive on (0, t0). Also |J|′ = 〈J′,J〉|J| .

Therefore〈J(t),DtJ(t)〉 ≥ u′(t)
u(t) |J(t)|2 ∀ t < t0. If we drop the unit speed

assumption onη, we get

〈J(1),DtJ(1)〉 ≥ |η̇|u
′
(|η̇|)

u(|η̇|) |J(1)|2 if |η̇| < t0. (4.8)

Here t0 = ∞ if C̄ ≤ 0 and equals π√
C̄

if C̄ > 0. WhenM has constant

sectional curvaturēC, J(t) = u(t)E(t) whereE is a parallel normal vector
field alongη. Hence

〈J(t),DtJ(t)〉 = u(t)u
′
(t)|E(t)|2 = u

′
(t)

u(t)
|J(t)|2.

If we drop the unit speed assumption, we get

〈J(t),DtJ(t)〉 = |η̇|u
′
(|η̇|t)

u(|η̇|t) |J(t)|2. (4.9)

SinceJ⊥s is a normal Jacobi field along the geodesicc(s, .), from equations
(4.8) and (4.9), it follows that

〈J⊥s (1),DtJ
⊥
s (1)〉 ≥ f (d(γ(s),m))|J⊥s (1)|2 (4.10)

with equality in equation (4.10) whenM has constant sectional curvature
C̄, f being defined in equation (4.4).

Next supposeJ is a Jacobi field along a geodesicη, J(0) = 0 and let
J−(t) be its tangential component. ThenJ−(t) = λtη̇(t) whereλt = 〈J(t),η̇(t)〉

|η̇|2 ,
λ being independent oft. Hence

(DtJ)−(t) =
〈DtJ(t), η̇(t)〉
|η̇|2 η̇(t)

=
d
dt

( 〈J(t), η̇(t)〉
|η|2

)

η̇(t) = λη̇(t) = Dt(J
−)(t) (4.11)
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and

Dt|J−|2(1) = 2λ2|η̇|2 = 2
〈J(1), η̇(1)〉2
|η̇(1)|2

= Dt〈J, J−〉(1) = 〈DtJ(1), J−(1)〉 + |J−(1)|2

which implies that

〈DtJ(1), J−(1)〉 = 2
〈J(1), η̇(1)〉2
|η̇(1)|2 − |J−(1)|2 = 〈J(1), η̇(1)〉2

|η̇(1)|2 . (4.12)

Apply (4.11) and (4.12) to the Jacobi fieldJs to get

Dt(J
−
s )(1) = (DtJs)

−(1) = J−s (1) =
〈Js(1),T(s, 1)〉
|T(s, 1)|2 T(s, 1), (4.13)

〈DtJs(1), J−s (1)〉 = 〈Js(1),T(s, 1)〉2
|T(s, 1)|2 . (4.14)

Using (4.10), (4.13) and (4.14), equation (4.7) becomes

d2

ds2
d2

g(γ(s),m) = 2〈DtJs(1), Js(1)〉

= 2〈DtJs(1), J−s (1)〉 + 2〈DtJs(1), J⊥s (1)〉
= 2〈DtJs(1), J−s (1)〉 + 2〈Dt(J

⊥
s )(1), J⊥s (1)〉

≥ 2
< Js(1),T(s, 1) >2

|T(s, 1)|2 + 2 f (|T(s, 1)|)|J⊥s (1)|2 (4.15)

= 2
〈Js(1),T(s, 1)〉2
|T(s, 1)|2 + 2 f (|T(s, 1)|)|Js(1)|2

− 2 f (|T(s, 1)|) 〈Js(1),T(s, 1)〉2
|T(s, 1)|2

= 2 f (dg(γ(s),m))|γ̇(s)|2

+ 2(1− f (dg(γ(s),m))
〈γ̇(s), exp−1

γ(s)m〉2

d2
g(γ(s),m)

(4.16)

with equality in (4.15) whenM has constant sectional curvaturēC. Substi-
tuting s = 0 in equation (4.16), we get a lower bound for [DrDsh(x, 0)] as
in equation (4.3) and an exact expression for DrDsh(x, 0) whenM has con-
stant sectional curvature. To see this, let ˙γ(0) = v. Then writingm= φ−1(x),
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γ(s) = φ−1(sv), one has

d2

ds2
d2

g(γ(s),m)
∣

∣

∣

s=0
=

d2

ds2
d2

g(φ−1(x), φ−1(sv))
∣

∣

∣

s=0

=
d2

ds2
h(x, sv)

∣

∣

∣

s=0
=

d
∑

r,s=1

vrvsDr Dsh(x, 0).

Sinced2(γ(s),m) is twice continuously differentiable andQ has compact
support, using the Lebesgue DCT, we get,

d2

ds2
F(γ(s))|s=0 =

∫

d2

ds2
d2(γ(s),m)|s=0Q(dm). (4.17)

Then (4.5) follows from (4.16). If supp(Q) ⊆ B(µI ,
r∗
2 ), then the expression

in equation (4.16) is strictly positive ats= 0 for all m ∈ supp(Q), henceΛ
is positive definite. This completes the proof. �

Corollary 4.4 Supposesupp(Q) ⊆ B(µI ,
r∗
2 ), µI being the local intrinsic

mean of Q. Let X1, . . . ,Xn be an iid sample from Q and̃Xj = φ(Xj), j =
1, . . . , n be the normal coordinates of the sample withφ as in Theorem 4.3.
Let µnI be the sample intrinsic mean in B(µI ,

r∗
2 ). Then (a)E(X̃1) = 0 and

(b)
√

nφ(µnI)
L−→ N(0,Λ−1ΣΛ−1)

whereΣ = 4E(X̃1X̃′1) andΛ being derived in Theorem 4.3.

Proof Follows from Theorem 4.3 and Theorem 2.10. �

Remark 4.5 Result (a) of Corollary 4.4 can be proved even without the
support restriction onQ as long asQ(C(µI )) = 0, whereµI can be any local
minimum of the Fŕechet function (4.1) andC(µI ) denotes its cut locus. This
holds for example on compact Riemannian manifolds for all absolutely
continuous distributionsQ.

From Corollary 4.4, it follows that the sample extrinsic meanµnI satisfies
1/n

∑n
i=1 exp−1

µnI
(Xi) = 0 and hence is a fixed point off : M → M, f (p) =

expp

{

1/n
∑n

i=1 exp−1
p (Xi)

}

. Using this, we can build a fixed point algorithm
to computeµnI. This is derived in Le(2001). There it is also shown using
the Banch Fixed Point Theorem that this algorithm will converge if the data
lies in a geodesic ball of radiusr∗/8.

As in §2.4, if Σ is nonsingular, we can construct asymptotic chi-squared
and pivotal bootstrapped confidence regions forµI . Σ is nonsingular ifQ ◦
φ−1 has support in no smaller dimensional affine subspace ofRd. That holds
if for exampleQ has a density with respect to the volume measure onM.
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Alternatively one may consider the statistic

Tn = d2
g(µnI , µI ).

ThenTn = ‖φ(µnI)‖2, hence from Corollary 4.4, it follows that

nTn
L−→

d
∑

i=1

λiZ
2
i

whereλ1 ≤ λ2 ≤ . . . ≤ λd are the eigenvalues ofΛ−1ΣΛ−1 andZ1, . . . ,Zd

are iid N(0, 1). Using this statistic, an asymptotic level (1− α) confidence
set forµI can be given by

{µI : nTn ≤ ĉ1−α} (4.18)

where ĉ1−α is the estimated upper (1− α) quantile of the distribution of
∑d

i=1 λ̂iZ2
i , λ̂i being the sample estimate ofλi , i = 1, 2, . . . , d and (Z1,Z2, . . .)

is a sample of iidN(0, 1) random variables independent of the original
sampleX1, . . . ,Xn. A corresponding bootstrapped confidence region can be
obtained by replacing ˆc1−α by the upper (1−α) quantile of the bootstrapped
values ofnTn. The advantage of using this confidence region over that in
(2.16) is that it is easier to compute and visualize, and does not requireΣ
to be nonsingular. However, the test based on the CLT is generally to be
preferred under the hypothesis of Corollary 4.4.

4.4 Intrinsic Analysis on Sd

Consider the space of all directions inRd+1. Since any direction has a
unique point of intersection with the unit sphereSd in Rd+1, this space
can be identified withSd which is

Sd = {p ∈ Rd+1 : ‖p‖ = 1}.

At eachp ∈ Sd, we endow the tangent space

TpS
d = {v ∈ Rd+1 : v′p = 0}

with the metric tensorgp : TpSd × TpSd → R as the restriction of the
scaler product atp of the tangent space ofRd: gp(v1, v2) = v′1v2. Theng is
a smooth metric tensor on the tangent bundle

TSd = {(p, v) : p ∈ Sd, v ∈ Rd+1 : v′p = 0}.
The geodesics are the great circles,

γp,v(t) = cos(t)p+ sin(t)v, −π < t ≤ π
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Hereγp,v(.) is the great circle starting atp at t = 0 in the direction of the
unit vectorv. The exponential map, exp :TpSd → Sd is given by

expp(0) = p,

expp(v) = cos(‖v‖)p+ sin(‖v‖) v
‖v‖ , v , 0.

The inverse of the exponential map onSd \ {−p} into TpSd has the expres-
sion

exp−1
p (q) =

arccos(p′q)
√

1− (p′q)2
[q− (p′q)p] (q , p,−p),

exp−1
p (p) = 0.

The geodesic distance betweenp andq is given by

dg(p, q) = arccos(p′q)

which lies in [0, π]. HenceSd has a injectivity radius ofπ. Also it has a
constant sectional curvature of 1, thereforer∗ = π.

Let Q be a probability distribution onSd. It follows from Proposition 4.2
that if supp(Q) lies in an open geodesic ball of radiusπ2 , then it has a unique
intrinsic meanµI in that ball. If X1, . . . ,Xn is an iid random sample from
Q, then the sample intrinsic meanµnI in that ball is a strongly consistent
estimator ofµI . From Corollary 4.4 it follows that

√
nφ(µnI)

L−→ N(0,Λ−1ΣΛ−1)

whereΣ = 4E[φ(X1)φ(X1)′]. To get expression forφ, pick an orthonormal
basis{v1, . . . , vd} for TµI S

d. For x ∈ Sd, |x′µI | < 1, we have

exp−1
µI

(x) =
arccos(x′µI )
√

1− (x′µI )2
[x− (x′µI )µI ].

Then

φ(x) = y ≡ (y1, . . . , yd)′

where exp−1
µI

(x) =
∑d

r=1 yrvr , so that

yr =
arccos(x′µI )
√

1− (x′µI )2
(x′vr ), r = 1, 2, . . . , d.
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From Theorem 4.3, we get the expression forΛ as

Λrs = 2E[
1

[1 − (X′1µI )2]















1−
arccos(X′1µI )
√

1− (X′1µI )2
(X′1µI )















(X′1vr)(X
′
1vs)

+
arccos(X′1µI )
√

1− (X′1µI )2
(X′1µI )δrs], 1 ≤ r ≤ s≤ d.

Λ is non-singular if supp(Q) ⊆ B(µI ,
π
2).

4.5 Two Sample Intrinsic Tests

In this section, we will construct nonparametric tests to compare the intrin-
sic means and variations of two probability distributionsQ1 andQ2 on M.
This can be used to distinguish between the two distributions.

4.5.1 Independent Samples

Let X1, . . . ,Xn1 andY1, . . . ,Yn2 be two iid samples fromQ1 andQ2 respec-
tively that are mutually independent. Letµi and Vi denote the intrinsic
means and variations ofQi , i = 1, 2 respectively. Similarly denote by ˆµi

andV̂i the sample intrinsic means and variations.

First we test the hypothesis,H0 : µ1 = µ2 = µ, say, againstH1 : µ1 , µ2.
We assume that underH0, both Q1 and Q2 have support inB(µ, r∗

2 ), so
that the normal coordinates of the sample intrinsic means have asymptotic
Normal distribution. Letφ(µ̂i), i = 1, 2 whereφ = exp−1

µ be the normal
coordinates of the sample means inTµM (≈ Rd). It follows from Corollary
4.4 that

√
niφ(µ̂i)

L−→ N(0,Λ−1
i ΣiΛ

−1
i ), i = 1, 2 (4.19)

asni → ∞. Let n = n1 + n2 be the pooled sample size. Then ifn1/n→ θ,
0 < θ < 1, it follows from (4.19) assumingH0 to be true that,

√
n(φ(µ̂1) − φ(µ̂2))

L−→ N

(

0,
1
θ
Λ−1

1 Σ1Λ
−1
1 +

1
1− θΛ

−1
2 Σ2Λ

−1
2

)

. (4.20)

Estimateµ by the pooled sample intrinsic mean ˆµ, coordinatesφ by φ̂ ≡
exp−1

µ̂
, Λi andΣi be their sample analogŝΛi andΣ̂i respectively. Denote by

µni the coordinateŝφ(µ̂i), i = 1, 2, of the two sample intrinsic means. Since
underH0, µ̂ is a consistent estimator ofµ, it follows from equation (4.20)
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that the statistic

Tn1 = n(µn1 − µn2)
′Σ̂−1(µn1 − µn2) (4.21)

where

Σ̂ = n

(

1
n1
Λ̂−1

1 Σ̂1Λ̂
−1
1 +

1
n2
Λ̂−1

2 Σ̂2Λ̂
−1
2

)

converges in distribution to chi-squared distribution withd degrees of free-
dom,d being the dimension ofM, i.e.,

Tn1
L−→ X2

d.

Hence we rejectH0 at asymptotic levelα if Tn1 > X2
d(1− α).

Next we test the hypothesisH0 : V1 = V2 = V, say, againstH1 : V1 , V2.
We assume that the hypothesis of Theorem 2.11 hold so that thesample
intrinsic variations have asymptotic Normal distribution. Then underH0,
asni → ∞,

√
ni(V̂i − V)

L−→ N(0, σ2
i ) (4.22)

whereσ2
i =

∫

M
(d2

g(x, µi)−V)2Qi(dx) , i = 1, 2. Supposen1/n→ θ, 0 < θ <
1. Then it follows from (4.22) assumingH0 to be true that,

√
n(V̂1 − V̂2)

L−→ N(0,

(

σ2
1

θ
+

σ2
2

1− θ

)

)

so that

Tn2 =
V̂1 − V̂2
√

s2
1

n1
+

s2
2

n2

L−→ N(0, 1)

asn→ ∞. Heres2
1 =

1
n1

∑n1

j=1(d
2
g(Xj , µ1)−V̂1)2 ands2

2 =
1
n2

∑n2

j=1(d
2
g(Yj , µ2)−

V̂2)2 are the sample estimates ofσ2
1 and σ2

2 respectively. For a test of
asymptotic sizeα, we rejectH0 if |Tn2| > Z(1 − α

2 ) whereZ(1 − α
2 ) is

the upper
(

1− α
2

)

-quantile of standard Normal distribution.

4.5.2 Matched Pair Samples

Next consider the case when (X1,Y1), . . ., (Xn,Yn) is an iid sample from
some distributionQ on M̄ = M × M. Such a sample is called a matched
pair sample and arises when, for example, two different treatments are ap-
plied to each subject in the sample. An example of a matched pair sample
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of shapes is considered in Chapter 8.

Let Xj ’s come from some distributionQ1 while Yj ’s come from some
distributionQ2 on M. Our objective is to distinguish betweenQ1 andQ2

by comparing the sample intrinsic means and variations. Since theX and
Y samples are not independent, we cannot apply the methods of Section
4.5.1. Instead we do our analyses on the Riemannian manifoldM̄. As in
Section 4.5.1, we will denote byµi andVi the intrinsic means and varia-
tions ofQi , i = 1, 2 respectively and by ˆµi andV̂i the sample intrinsic means
and variations.

First we test the hypothesisH0 : µ1 = µ2 = µ, say, againstH1 : µ1 ,

µ2. We assume that underH0, both Q1 and Q2 have support inB(µ, r∗
2 ).

Consider the coordinate mapΦ on M̄ given by

Φ(m1,m2) = (φ(m1), φ(m2)), m1,m2 ∈ M

whereφ = exp−1
µ . It follows from Corollary 4.4 that underH0,

√
n

(

φ(µ̂1)
φ(µ̂2)

)

L−→ N(0, Γ) (4.23)

whereΓ = Λ−1ΣΛ−1 andΣ,Λ are obtained from Theorem 4.3 as follows.
For x = (x1, x2)′, y = (y1, y2)′, x1, x2, y1, y2 ∈ Rd, define

H(x, y) = d2
g(Φ−1(x),Φ−1(y))

= d2
g(φ−1(x1), φ

−1(y1)) + d2
g(φ−1(x2), φ

−1(y2))

= h(x1, y1) + h(x2, y2).

Then

Λ = E[(DrDsH(Φ(X1,Y1), 0))] =

(

Λ1 0
0 Λ2

)

and

Σ = Cov[(Dr H(Φ(X1,Y1), 0))] =

(

Σ1 Σ12

Σ21 Σ2

)

.

Note thatΛ1,Λ2,Σ1,Σ2 are as in Section 4.5.1 and

Σ12 = Σ
′
21 = Cov[(Drh(φ(X1), 0)),Drh(φ(Y1), 0))].
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Therefore

Γ = Λ−1ΣΛ−1 =

(

Λ−1
1 0
0 Λ−1

2

) (

Σ1 Σ12

Σ21 Σ2

) (

Λ−1
1 0
0 Λ−1

2

)

=

(

Λ−1
1 Σ1Λ

−1
1 Λ−1

1 Σ12Λ
−1
2

Λ−1
2 Σ21Λ

−1
1 Λ−1

2 Σ2Λ
−1
2

)

.

It follows from equation (4.23) that ifH0 is true, then,
√

n(φ(µ̂1) − φ(µ̂1))
L−→ N(0, Σ̃)

where

Σ̃ = Λ−1
1 Σ1Λ

−1
1 + Λ

−1
2 Σ2Λ

−1
2 − (Λ−1

1 Σ12Λ
−1
2 + Λ

−1
2 Σ21Λ

−1
1 ).

Estimateφ(µ̂i) by µni, i = 1, 2, as in Section 4.5.1 and̃Σ by its sample
analogˆ̃Σ. Then, underH0, the test statistic

Tn3 = n(µn1 − µn2)
′ ˆ̃Σ−1(µn1 − µn2)

converges in distribution to chi-squared distribution withd degrees of free-

dom, i.e.Tn3
L−→ X2

d. Therefore one rejectsH0 at asymptotic levelα if
Tn3 > X2

d(1− α).

Next we test the null hypothesisH0 : V1 = V2 against the alternative
H1 : V1 , V2. From equation (2.20), it follows that

( √
n(V̂1 − V1)√
n(V̂2 − V2)

)

=
1√
n

(
∑n

j=1[d
2
g(Xj , µ1) − V1]

∑n
j=1[d

2
g(Yj , µ2) − V2]

)

+ oP(1)

L−→ N

(

0,

(

σ2
1 σ12

σ12 σ2
2

))

whereσ2
1 = Var(d2

g(X1, µ1)),σ2
2 = Var(d2

g(Y1, µ2)) andσ12 = Cov(d2
g(X1, µ1), d2

g(Y1, µ2)).
Hence ifH0 is true, then

√
n(V̂1 − V̂2)

L−→ N(0, σ2
1 + σ

2
2 − 2σ12)

which implies that the statistic

Tn4 =

√
n(V̂1 − V̂2)

√

s2
1 + s2

2 − 2s12

has asymptotic standard Normal distribution. Heres2
1, s2

2 ands12 are sam-
ple estimates ofσ2

1, σ
2
2 andσ12 respectively. Therefore we rejectH0 at

asymptotic levelα if |Tn4| > Z(1− α
2 ).
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4.6 Data Example onS2

From the recent lava flow of 1947-48, nine specimens on the directions
of flow were collected. The data can be viewed as an iid sample on the
manifoldS2 and can be found in Fisher(1953). Figure 4.1 shows the data
plots. The sample extrinsic and intrinsic means are very close, namely at a
geodesic distance of 0.0007 from each other. They are

µ̂E = (0.2984, 0.1346, 0.9449)′ andµ̂I = (0.2990, 0.1349, 0.9447)′

respectively. They are indistinguishable in Figure 4.1.
In Fisher(1953), a von-Mises-Fisher distribution (see AppendixD) is fit-

ted to the data and a 95% confidence region based on the MLEs is obtained
for the mean direction of flow (extrinsic or intrinsic). It turnsout to be

{p ∈ S2 : dg(µ̂E, p) ≤ 0.1536}. (4.24)

Our asymptotic confidence region for the population extrinsic mean de-
rived in Chapter 3 turns out to be

{p ∈ S2 : p′ x̄ > 0, n|x̄|2p′B(B′S B)−1B′p ≤ X2
2(0.95)= 5.9915}. (4.25)

The linear projection of this region ontoTµ̂ES2 is an ellipse centered around
the origin while that of (4.24) is a disc. Figure 4.2 plots those projections.
As it shows, the latter nearly contains the former and is considerably larger.

Since the sample size is not large, bootstrap may be more effective
than asymptotic or parametric methods for inference. The cut-off in region
(4.25) estimated by b.s. methods turns out to be 17.1015.

We also derive 95% confidence regions for the intrinsic mean asin §4.3.
The cut-off ĉ(0.95) for the region (4.18) turns out to be 0.1778 and hence
the region is

{µI : dg(µI , µnI) ≤ 0.1405} (4.26)

which is smaller than that in (4.24). The ellipsoidal region in (2.15) be-
comes

{µI : nφ(µI )
′Λ̂Σ̂−1Λ̂φ(µI ) ≤ 5.992}. (4.27)

where φ gives the normal coordinates intoTµnI S
2 (identified with R2),

Λ̂ =
[ 1.987 −0.001
−0.001 1.979

]

and Σ̂ =
[ 0.143 −0.005
−0.005 0.087

]

. As Figure 4.3

suggests, the two regions are close to each other.
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Figure 4.1 Lava flow directions onS2 in §4.6
(a)3D sample cloud along with extrinsic(r), intrinsic(g) sample means, (b)Sample

projected along ˆµE, (c)Projections ontoTµ̂ES2.

4.7 Some Remarks on the Uniqueness of the Intrinsic Mean and
the Nonsingularity of the Asymptotic Distribution of the

Sample Mean

An outstanding problem in intrinsic inference is to find broadconditions for
the uniqueness of the minimizer of the Fréchet function (4.1) with respect
to the geodesic distancedg. Applications of intrinsic analysis are hindered
by the lack of such conditions. Here we describe sources of the difficul-
ties that arise and indicate possible routes that may prove fruitful for their
resolution.

Consider a complete connected Riemannian manifoldM with metric
tensorg and geodesic distancedg. For any probability measureQ on M
with a finite Fŕechet functionF, the set of minimizers ofF is a nonempty
compact set (Theorem 3.2). To prove the uniqueness of the minimizer, one
may first consider a local minimizerµ. Suppose the cut locusC(µ) of µ
has zero probability, which is always the case ifQ is absolutely continuous
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Figure 4.2 95% C.R. for extrinsic mean lava flow direction in
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with respect to the volume measure onM (See Gallot et al. (1990), P.141).
Then this minimizer satisfies the first order condition

∫

M
vλµ,Q(dv) = 0, (4.28)

whereλµ,Q is the image measure ofQ on TµM under the exponential map
EXPµ (See Bhattacharya and Patrangenaru (2003), Theorem 2.1). It is im-
portant to find conditions that guarantee that such a minimizer is also the
global minimizer, or that at least the minimizer is the minimum of F over
a reasonably large geodesic ball. The smoothness ofF is also important in
deriving the asymptotic distribution of the sample Fréchet mean. The most
general result for uniqueness of such a local minimizer is dueto Karcher
(1977), with an improvement due to Kendall (1990), requiring rather re-
strictive conditions on the support ofQ. These restrictions arise mainly
from the fact thatd2

g is smooth and convex (along geodesics) only in a
relatively small ball.

In general,p → d2
g(p, p′) is neither twice continuously differentiable,

nor convex (along geodesics), for allp′ ∈ M\C(p). Therefore, the corre-
sponding properties of the Fréchet functionF are also in question. Con-
cerning smoothness note that the squared geodesic distancefrom p gen-
erally loses its smoothness as it reaches the critical pointat its cut point
along any given geodesic. The simplest example, namely, that of a circle,
already illustrates this. Letp = (cosθ0, sinθ0) be a point on the unit circle;
then its squared geodesic distance, sayf (x), to the pointp = (cos(θ0 + π +

x), sin(θ0 + π + x)) is given, forx close to zero, byf (x) = (π + x)2 if x < 0,
and (π − x)2 for x > 0. Thus f ′(x) is discontinuous atx = 0. In general,
discontinuities occur at the cut locus. Suppose then that one considers an
open geodesic ballB = B(p0, r I ) of centerp0 and radius equal to the in-
jectivity radiusr I , thus excluding the cut locus ofp0. If the dimensiond
of the Riemannian manifold is larger than 1, then the squared distance be-
tween points in this ball is still not smooth, since there aremany points in
B whose cut points are still inB (Consider, e.g., the sphereS2; B is then the
sphere minus the antipodal point-p0. There are many great circles entirely
contained inB, together with their antipodal points.). In an open geodesic
ball of radiusr I/2, this can not happen, in view of the triangle inequality,
and therefore the squared distance is smooth in it. For strictconvexity of
the squared distance along geodesics, one needs a further restriction that
the radius of the geodesic ball be no more thanπ/4

√
C, whereC is the

least upper bound of sectional curvatures onM, if nonnegative, or zero if
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all sectional curvatures ofM are negative. From this, the classic result of
Karcher (1977) follows for the existence of a unique (local) minimizerµ
in the closed ball of radiusr∗/2, wherer∗ = min{r I/2, π/2

√
C}. In an im-

provement of this, W.S.Kendall (1990) has shown, by a Jensen inequality
type argument, that if the support is contained in a geodesicball of ra-
dius r∗, then there is a unique minimizerµ of F in this ball. Hence, by the
triangle inequality, it follows thatthe local minimizer under Karcher’s con-
dition is alsothe global minimizer of F. The last support condition is still
restrictive, but can not be relaxed in general, even in the case of a circle.
Kendall’s result, however, does not imply convexity ofF in the larger ball,
and without this theHessianΛ (atµ) of the averaged squared geodesic dis-
tance in normal coordinates atµ may not be of full rank and, therefore, the
asymptotic distribution of the sample Fréchet mean may be singular. It is
shown in Theorem 4.3 that the nonsingularity condition holds if the sup-
port of Q is contained in a geodesic ball with centerµ and radiusr∗, and
this existence of a unique (local) minimizer in a geodesic ball containing
the support ofQ is adequate for statistical purposes.

For most statistical applications, one may assume the existence of a den-
sity q of Q (w.r.t. the volume measure). It may be noted that the only sig-
nificant result in that direction has been of H.Le, who showedthat, for the
special case of the planar shape spaceΣk

2, a sufficient condition for a point
µ to be the unique minimizer ofF is thatq is a decreasing function of the
geodesic distance fromµ. (See Kendall et al. (1999), p.211). Le’ s proof
is elegant and makes use of the symmetries ofΣk

2; but the very restrictive
hypothesis of a radialq makes it unusable in real statistical problems. one
plausible approach to circumvent this is to pursue a different general path
whose underlying ideas are the following:

(1) Smoothness of F. If q is the density ofQ w.r.t the volume measure
dvon M, then althoughd2

g is not smooth on all ofM, the Fŕechet function

F(p) =
∫

M
d2

g(p, p′)q(p′)dv(p′) (4.29)

is expected to be smooth (i.e., twice continuously differentiable) on all of
M if q is smooth. For example, we check below that for the circleS1, F is
smooth ifq is continuous. One may think of this situation to be somewhat
analogous to that of convolution of a non-smooth function witha smooth
one. Since the Kendall shape spaces are quotient spaces of the formSd/G,
whereG is the special orthogonal groupS O(m) (m=2 or 3), one may arrive
at results for these spaces by using densitiesq on Sd which are invariant
under the action of the groupS O(m).
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We now turn to the special case of the circleS1. Here, writingLogp0

for the inverse exponential mapexp−1
p0

, one has forp0 := (cosθ0, sinθ0),
Logp0(cos(θ0+θ), sin(θ0+θ)) = θv0, θ ∈ (−π, π), wherev0 ≡ (− sinθ0, cosθ0)
is a unit tangent vector atp0. We identifyθv0 with θ. The Fŕechet function
for the case of a continuous densityq on the tangent space atp0 is then
given by

F(θ) =
∫ π

−π+θ
(u− θ)2q(u)du+

∫ −π+θ

−π
(2π + u− θ)2q(u)du

F′(θ) = −2
∫ π

−π
(u− θ)q(u)du− 4π

∫ −π+θ

−π
q(u)du 0 ≤ θ ≤ π;

F(θ) =
∫ π

π+θ

(u− θ)2q(u)du+
∫ π+θ

−π
(2π + u− θ)2q(u)du

F′(θ) = −2
∫ π

−π
(u− θ)q(u)du+ 4π

∫ π

π+θ

q(u)du − π < θ < 0.

(4.30)

It is simple to check thatF′ is continuous on (−π, π]. Also,

F
′′
(θ) =















2− 4πq(−π + θ) for 0 ≤ θ ≤ π,
2− 4πq(π + θ) for − π < θ < 0,

(4.31)

Thus the second derivative of F is also continuous on (−π, π]. Also F is
convex at p iff q(−p) < 1/2π, andconcave if q(−p) > 1/2π.

It follows from (4.30) that a necessary condition forF to have a local
minimum atp0 is that

∫ π

−π
uq(u)du= 0 (4.32)

For p0 to be the unique global minimizer one must check thatF(0) < F(θ)
for all θ > 0 and for allθ < 0. Taylor’s theorem in calculus then yields
the conditions (5.33) below. Thus, irrespective of the region of convexity
of F, a necessary and sufficient condition for a local minimizerp0 to be the
global minimizeris that, in addition to (5.31), the following hold under the
log mapLogp0:
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∫ 1

0
(1− c)q(−π + vθ)dv< 1/4π, θ > 0,

∫ 1

0
(1− c)q(π + vθ)dv< 1/4π, θ < 0, (4.33)

i.e., iff the average valueof q with respect to (2/θ)(1 − [u + π]/θ)du on
(−π, θ − π), for θ > 0, (and similarly on (θ + π, π), for θ < 0), is less than
the uniform density 1/2π.

It is perhaps reasonable to expect that, for a general Riemannian man-
ifold the existence of a Fréchet mean (i.e., of a unique global minimizer)
may be related to similar average values ofq.

(2) Convexity of F. In general,F is not convex on all ofM. However,
all that is needed for non-singularity of the asymptotic distribution of the
sample mean shape are (i) the non-degeneracy ofQ in normal coordinates
at the (local) minimizer, which is automatic whenQ has a density, and (ii)
the non-singularity of the average Hessian of the squared geodesic distance
measured from this minimizer.

In the case of the circle, with the arcθ measured from a fixed pointp0,
F′′(θ) = 2− 4πq(π + θ), θ ≤ 0, andF′′(θ) = 2− 4πq(−π + θ), θ > 0, from
which one can easily determine the region of convexity. It follows thatF′′

is positive at the (local) minimizer iff at the cut lotus of this minimizer the
density is less than 1/2π.

The existing approach (see, e.g., Karcher (1977)) of establishing strict
convexity pointwise (i.e., of the squared distance along each geodesic) re-
quires the imposition of a severe restriction on the supportof Q, and it is
clearly unsuitable for absolutely continuousQ with a continuous density.

4.8 References
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LANDMARK BASED SHAPE SPACES

5.1 Introduction

The statistical analysis of shape distributions based on random samples is
important in many areas such as morphometrics (discrimination and classi-
fication of biological shapes), medical diagnostics (detection of change or
deformation of shapes in some organs due to some disease, for example),
machine vision (e.g., digital recording and analysis based on planar views
of 3-D objects) and robotics (for robots to visually recognize ascene).
Among the pioneers on foundational studies leading to such applications,
we mention Kendall (1977, 1984) and Bookstein (1991). In this chapter
and the chapters that follow, we will be mostly interested in the analysis
of shapes of landmark based data, in which each observation consists of
k > m points inm-dimension, representingk locations on an object, called
a k-ad. The choice of landmarks is generally made with expert help in the
particular field of application. Depending on the way the data are collected
or recorded, the appropriate shape of ak-ad is the maximal invariant spec-
ified by the space of orbits under a group of transformations.

For example, one may look atk-ads modulo size and Euclidean rigid
body motions of translation and rotation. The analysis of shapes under this
invariance was pioneered by Kendall (1977, 1984) and Bookstein (1978).
Bookstein’s approach is primarily registration-based requiring two or three
landmarks to be brought into a standard position by translation, rotation
and scaling of thek-ad. For these shapes, we would prefer Kendall’s more
invariant view of a shape identified with the orbit under rotation (in m-
dimension) of thek-ad centered at the origin and scaled to have unit size.
The resulting shape spaces are called thesimilarity shape spaces. A fairly
comprehensive account of parametric inference on these spaces, with many
references to the literature, may be found in Dryden and Mardia(1998). We
also explore other shape spaces such as thereflection shape spaces, whose
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orbits are generated by the class of all orthogonal transformations - rota-
tions and reflection.

Recently there has been much emphasis on the statistical analysis of
other notions of shapes ofk-ads, namely,affine shapesinvariant under
affine transformations, andprojective shapesinvariant under projective trans-
formations. Reconstruction of a scene from two (or more) aerialphotographs
taken from a plane is one of the research problems in affine shape analysis.
Potential applications of projective shape analysis include face recognition
and robotics.

In this chapter, we will briefly describe the geometry of the above shape
spaces and return to them one by one in the subsequent chapters.

5.2 Geometry of Shape Manifolds

Many differentiable manifoldsM naturally occur as submanifolds, or sur-
faces or hypersurfaces, of an Euclidean space. One example of this is the
sphereSd = {p ∈ Rd+1 : ‖p‖ = 1}. The shape spaces of interest here are
not of this type. They are quotients of a Riemannian manifoldN under the
action of a transformation groupG, i.e., M = N/G. A number of them are
quotient spaces ofN = Sd under the action of a compact groupG, i.e., the
elements of the space are orbits inSd traced out by the application ofG.
Among important examples of this kind are the Kendall’s shape spaces and
reflection shape spaces.

When theaction of the group is free, which means thatgp= ponly holds
for the identity elementg = e, the elements of the orbitOp = {gp: g ∈ G}
are in one-one correspondence with elements ofG. Then one can identify
the orbit with the group and the orbit inherits the differential structure of
G. The tangent spaceTpN at a pointp may then be decomposed into a
vertical subspace Vp of dimension that of the groupG along the orbit space
to which p belongs, and ahorizontal subspace Hp which is orthogonal to
it. The vertical subspace is isomorphic to the tangent spaceof G and the
horizontal one can be identified with the tangent space ofM at the orbitOp.
With this identification,M is a differentiable manifold of dimension that of
N minus the dimension ofG.

To carry out anextrinsic analysison M, we use a smooth mapπ from
N into some Euclidean spaceE which is an embedding ofM into that
Euclidean space. Then the imageπ(M) of M is a differentiable submanifold
of E. The tangent space atπ(Op) is dπ(Hp) wheredπ is the differential, or
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Jacobian, of the mapπ : N → E. Among all possible embeddings, we
chooseπ to be equivariant under the action of a large groupH on M. In
most cases,H is compact.

For intrinsic analysison M = N/G, one considers a Riemannian struc-
ture onN, providing a metric tensor smoothly on its tangent spaces. The
Lie groupG has its own natural Riemannian structure. IfG acts as isome-
tries ofN, then the projectionσ,σ(p) = Op, is aRiemannian submersionof
N onto the quotient spaceM. In other words,〈dσ(v), dσ(w)〉σ(p) = 〈v,w〉p
for horizontal vectorsv,w ∈ TpN, wheredσ : TpN → Tσ(p)M denotes the
differential of the projectionσ. With this metric tensor,M has the natu-
ral structure of a Riemannian manifold. This provides the framework for
carrying out an intrinsic analysis.

5.2.1 (Direct) Similarity Shape SpacesΣk
m

Consider ak-ad in 2D or 3D with not all landmarks identical. Its(direct)
similarity shapeis what remains after removing the effects of translation,
one dimensional scaling and rotation. The space of all similarity shapes
forms the(Direct) Similarity Shape SpaceΣk

m, with mbeing the dimension
of the Euclidean space where the landmarks lie, which is usually 2 or 3.
Similarity shape analysis finds many applications in morphometrics - clas-
sification of biological species based on their shapes, medical diagnostics
- disease detection based on change in shape of an organ due todisease or
deformation, evolution studies - studying the change in shape of an organ
or organism with time, age etc, and many more. Some such applications
will be considered in subsequent chapters.

For m = 2, the action of (direct) similarity transformations is free on
the space of planark-ads (excluding those with allk elements of thek-ad
identical). The resulting quotient spaceΣk

2 is then a compact differentiable
manifold.

5.2.2 Reflection Similarity Shape SpacesRΣk
m

When thek-ads lie inRm for somem > 2, the action of the group of sim-
ilarity transformations is not free. In other words, in different parts ofΣk

m,
the orbits have different dimensions andΣk

m is not a manifold. In this case
one considers thereflection similarity shapeof a k-ad, that is, features in-
variant under translation, scaling and all orthogonal transformations. After
excluding a singular set, it is possible to embed the resulting shape space in
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some higher dimensional Euclidean space and carry out an extrinsic anal-
ysis. Such an embedding which is equivariant under a large group action is
known for the similarity shape spaces only whenm= 2. Thus considering
the reflection shape makes it possible to extend the results of nonparametric
inference on shapes from 2 tom (in particular 3) dimensions.

5.2.3 Affine Shape SpacesAΣk
m

An application in bioinformatics consists in matching two marked elec-
trophoresis gels. Proteins are subjected to stretches in two directions. Due
to their molecular mass and electrical charge, the amount ofstretching de-
pends on the strength and duration of the electrical fields applied. For this
reason, the same tissue analyzed by different laboratories may yield dif-
ferent constellations of protein spots. The two configurations differ by a
change of coordinates that can be approximately given by anaffine trans-
formationwhich may not be a similarity transformation as considered in
§5.2.1 and§5.2.2.

Another application ofaffine shapeanalysis is in scene recognition: to
reconstruct a larger image from partial views in a number of aerial im-
ages of that scene. For a remote scene, the image acquisitionprocess will
involve a parallel projection, which in general is not orthogonal. Two com-
mon parts of the same scene seen in different images will essentially differ
by an affine transformation but not a similarity.

5.2.4 Projective Shape SpacesPΣk
m

In machine vision, if images are taken from a great distance, affine shape
analysis is appropriate. Otherwise,projective shapeis a more appropri-
ate choice. If images are obtained through a central projection, a ray is
received as a point on the image plane. Since axes in 3D comprise thepro-
jective spaceRP2, k-ads in this view are valued inRP2. To have invariance
with regard to camera angles, one may first look at the original 3D k-ad
and achieve affine invariance by its affine shape and finally take the corre-
sponding equivalence class of axes inRP2, to define the projective shape
of thek-ad invariant with respect to all projective transformationsonRP2.
Potential applications of projective shape analysis arisein robotics, partic-
ularly in machine vision for robots to visually recognize a scene, avoid an
obstacle, etc.
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For a remote view, the rays falling on the image plane are moreor less
parallel, and then a projective transformation can be approximated by an
affine transformation. Further, if it is assumed that the rays fall perpendic-
ular to the image plane, then similarity or reflection similarity shape space
analysis becomes appropriate.

5.3 References
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KENDALL’S (DIRECT) SIMILARITY
SHAPE SPACESΣk

m.

6.1 Introduction

Kendall’s shape spaces are quotient spacesSd/G, under the action of the
special orthogonal groupG = S O(m) of m× m orthogonal matrices with
determinant+1. Important cases includem= 2, 3.

For the casem = 2, consider the space of all planark-ads (z1, z2, . . . , zk)
(zj = (xj , yj)), k > 2, excluding those withk identical points. The set of all
centered and normed k-ads, sayu = (u1, u2, . . . , uk) comprise a unit sphere
in a (2k − 2) dimensional vector space and is, therefore, a (2k − 3) dimen-
sional sphereS2k−3, called thepreshape sphere. The groupG = S O(2)
acts on the sphere by rotating each landmark by the same angle. The orbit
underG of a pointu in the preshape sphere can thus be seen to be a circle
S1, so that Kendall’splanar shape spaceΣk

2 can be viewed as the quotient
spaceS2k−3/G ∼ S2k−3/S1, a (2k−4) dimensional compact manifold. An al-
gebraically simpler representation ofΣk

2 is given by the complex projective
spaceCPk−2. For nonparametric inference onΣk

2, see Bhattacharya and Pa-
trangenaru (2003, 2005), Bhattacharya and Bhattacharya (2008a, 2008b).
For many applications in archaeology, astronomy, morphometrics, medical
diagnostics etc, see Bookstein (1986, 1997), Kendall (1989), Dryden and
Mardia (1998), Bhattacharya and Patrangenaru (2003, 2005), Bhattacharya
and Bhattacharya (2008a, c) and Small (1996). We will return back to this
shape space in the next chapter.

Whenm > 2, consider a set ofk points inRm, not all points being the
same. Such a set is called ak-ad or a configuration ofk landmarks. We
will denote ak-ad by them × k matrix, x = (x1, . . . , xk) where xi , i =
1, . . . , k are thek landmarks from the object of interest. Assumek > m.
Thedirect similarity shape of thek-ad is what remains after we remove
the effects of translation, rotation and scaling. To remove translation, we
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m.

subtract the mean ¯x = 1
k

∑k
i=1 xi from each landmark to get the centered

k-adu = (x1 − x̄, . . . , xk − x̄). We remove the effect of scaling by dividingu
by its Euclidean norm to get

z= (
x1 − x̄
‖u‖ , . . . ,

xk − x̄
‖u‖ ) = (z1, z2, . . . , zk). (6.1)

This z is called thepreshapeof thek-adx and it lies in the unit sphereSk
m

in the hyperplaneHk
m = {z ∈ Rm×k : z1k = 0}. Hence

Sk
m = {z ∈ Rm×k : Trace(zz′) = 1, z1k = 0} (6.2)

Here1k denotes thek× 1 vector of all ones. Thus thepreshape sphereSk
m

may be identified with the sphereSkm−m−1. Then the shape of thek-ad x is
the orbit ofz under left multiplication bym×m rotation matrices. In other
wordsΣk

m = Sk
m/S O(m). One can also remove the effect of translation from

the originalk-ad x by postmultiplying the centeredk-ad u by a Helmert
matrix H which is ak× (k− 1) matrix satisfyingH′H = Ik−1 and1′kH = 0.
The resultingk-ad ũ = uH lies inRm×(k−1) and is called theHelmertized
k-ad. Then the preshape ofx or ũ is z̃= ũ/‖ũ‖ and the preshape sphere is

Sk
m = {z ∈ Rm×(k−1) : Trace(zz′) = 1}. (6.3)

The advantage of using this representation ofSk
m is that there is no lin-

ear constraint on the coordinates ofz and hence analysis becomes simpler.
However, now the choice of the preshape depends on the choiceof H which
can vary. In most cases, including applications, we will represent the pre-
shape ofx as in equation (9.1) and the preshape sphere as in (9.2).

6.2 Geometry of Similarity Shape Spaces

In this section, we study the topological and geometrical properties ofΣk
m

represented asSk
m/S O(m). We are interested in the case whenm > 2. The

casem= 2 is studied in Chapter 7.

For m > 2, the direct similarity shape spaceΣk
m fails to be a manifold.

That is because the action ofS O(m) is not in general free. Indeed, the orbits
of preshapes underS O(m) have different dimensions in different regions
(see, e.g., Kendall et al. (1999) and Small (1996)). To avoid that,one may
consider the shape of only thosek-ads whose preshapes have rank at least
m− 1. Define

NSk
m = {z ∈ Sk

m : rank(z) ≥ m− 1}
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as thenonsingular part of Sk
m andΣk

0m = NSk
m/S O(m). Then, since the

action ofS O(m) on NSk
m is free,Σk

0m is a differentiable manifold of dimen-
sionkm−m−1− m(m−1)

2 . Also sinceS O(m) acts as isometries of the sphere,
Σk

0m inherits the Riemannian metric tensor of the sphere and hence is a
Riemannnian manifold. However it is not complete because of the ‘holes’
created by removing the singular part.

Consider the projection map

π : NSk
m→ Σk

0m, π(z) = {Az : A ∈ S O(m)}.

This map is shown to be aRiemannian submersion(see Kendall et. al.
(1999)). This means that if we writeTzSk

m as the direct sum of the hori-
zontal subspaceHz and vertical subspaceVz, thendπ is a isometry fromHz

into Tπ(z)Σ
k
0m. The tangent spaceTzSk

m is

TzS
k
m = {v ∈ Hk

m : Trace(vz′) = 0}.

The vertical subspaceVz consists of initial velocity vectors of curves inSk
m

starting atzand remaining in the orbitπ(z). Such a curve will have the form
γ(t) = γ̃(t)z whereγ̃(t) is a curve inS O(m) starting at the identity matrix
Im. Geodesics inS O(m) starting atIm have the form ˜γ(t) = exp(tA) where

exp(A) = I + A+
A2

2
+

A3

3!
+ . . .

andA is skew-symmetric (A+A′ = 0). For such a curve,̃̇γ(0) = A, therefore
γ̇(0) = Azwhich implies that

Vz = {Az : A+ A′ = 0}.

The horizontal subspace is its ortho-complement, which is

Hz = {v ∈ Hk
m : Trace(vz′) = 0, vz′ = zv′}.

Sinceπ is a Riemannian submersion,Tπ(z)Σ
k
0m is isometric toHz.

The geodesic distance between two shapesπ(x) andπ(y), wherex, y ∈
Sk

m, is given by

dg(π(x), π(y)) = min
T∈S O(m)

dgs(x,Ty).

Heredgs(., .) is the geodesic distance onSk
m which is

dgs(x, y) = arccos(Trace(yx′)).



84 KENDALL’S (DIRECT) SIMILARITY SHAPE SPACESΣk
m.

Therefore

dg(π(x), π(y)) = arccos( max
T∈S O(m)

Trace(Tyx′)). (6.4)

Consider thepseudo-singular value decompositionof yx′ which is

yx′ = UΛV; U,V ∈ S O(m),

Λ = diag(λ1, . . . , λm), λ1 ≥ λ2 ≥ . . . ≥ λm−1 ≥ |λm|, sign(λm) = sign(det(yx′)).

Then the value ofT for which Trace(Tyx′) in equation (9.3) is maximized
is T = V′U′ and then

dg(π(x), π(y)) = arccos(Trace(Λ)) = arccos(
m

∑

j=1

λ j)

which lies between 0 andπ2 .

Define the singular partDm−2 of Sk
m as the set of all preshapes with rank

less thanm − 1. Then it is shown in Kendall et. al. (1999) that forx ∈
Sk

m \ Dm−2 ≡ NSk
m, the cut-locus ofπ(x) in Σk

0m is given by

C(π(x)) = π(Dm−2) ∪C0(π(X))

whereC0(π(X)) is defined to be the set of all shapesπ(y) ∈ Σk
0m such that

there exists more than one length minimizing geodesic joining π(x) and
π(y). It is also shown that the least upper bound on all sectional curvatures
of Σk

0m is +∞. Hence we cannot apply the results of Chapter 4 to carry out
intrinsic analysis on this space.

Once we remove the effects of reflections along with rotations from the
preshapes, we can embed the shape space into a higher dimensional Eu-
clidean space and carry out extrinsic analysis of shapes. This is done in
Chapter 8.

6.3 References
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THE PLANAR SHAPE SPACE Σk
2

7.1 Introduction

Consider a set ofk points on the plane, not all points being the same. We
will assumek > 2 and refer to such a set as ak-ad or a set ofk landmarks.
For convenience we will denote ak-ad byk complex numbers (zj = xj +

iy j , 1 ≤ j ≤ k), i.e., we will representk-ads on a complex plane. Then the
similarity shape of ak-ad z = (z1, z2, . . . , zk)′ represents the equivalence
class, or orbit ofz under translation, one dimensional scaling and rotation.
To remove translation, one subtracts

〈z〉 ≡ (z̄, z̄, . . . , z̄)′ (z̄=
1
k

k
∑

j=1

zj)

from z to getz− 〈z〉. Rotation of thek-ad by an angleθ and scaling by a
factor r > 0 are achieved by multiplyingz− 〈z〉 by the complex number
λ = reiθ. Hence one may represent the shape of thek-ad as the complex
line passing throughz− 〈z〉, namely,{λ(z− 〈z〉) : λ ∈ C \ {0}}. Thus the
space of similarity shapes ofk-ads is the set of all complex lines on the
(complex (k− 1)-dimensional) hyperplane,Hk−1 = {w ∈ Ck \ {0} : ∑k

1 wj =

0}. Therefore the similarity shape spaceΣk
2 of planerk-ads has the structure

of the complex projective spaceCPk−2- the space of all complex lines
through the origin inCk−1.

7.2 Geometry of the Planar Shape Space

When identified withCPk−2, Σk
2 is a compact connected Riemannian mani-

fold of (real) dimension 2k− 4. As in the case ofCPk−2, it is convenient to
represent the shapeσ(z) of ak-adz by the curve

σ(z) = π(u) = {eiθu: − π < θ ≤ π}, u =
z− 〈z〉
‖z− 〈z〉‖

85
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on the unit sphereCSk−1 in Hk−1. The quantityu is called thepreshapeof
the shape of the originalk-adzand it lies onCSk−1 which is

CSk−1 = {u ∈ Ck :
k

∑

j=1

uj = 0, ‖u‖ = 1}.

The mapπ : CSk−1→ Σk
2 is a Riemannian submersion. Hence its derivative

dπ is an isometry fromHu into Tπ(u)Σ
k
2, whereHu is the horizontal subspace

of the tangent spaceTuCSk−1 of CSk−1 atu, which is

Hu = {v ∈ Ck : z
′
v̄ = 0, v′1k = 0}.

The preshape sphereCSk−1 can be identified with the real sphere of dimen-
sion 2k − 3, namelyS2k−3. Hence if exp denotes the exponential map of
CSk−1 as derived in Chapter 4, then the exponential map ofΣk

2 is given by

Expπ(u) : Tπ(u)Σ
k
2→ Σk

2, Expπ(u) = π ◦ expu ◦ dπ−1
u .

The geodesic distance between two shapesσ(x) andσ(y) is given by

dg(σ(x), σ(y)) = dg(π(z), π(w)) = inf
θ∈(−π,π]

dgs(z, e
iθw)

wherex andy are twok-ads inCk, z andw are their preshapes inCSk−1,
and dgs(., .) denotes the geodesic distance onCSk−1, which is given by
dgs(z,w) = arccos(Re( ¯w′z)) as mentioned in Section 4.4. Hence the geodesic
distance onΣk

2 has the following expression:

dg(π(z), π(w)) = inf
θ∈(−π,π]

arccos(Re(e−iθw̄′z))

= arccos sup
θ∈(−π,π]

Re(e−iθw̄′z) = arccos(|w̄′z|).

Hence the geodesic distance between any pair of planar shapes lies between
0 and π

2 which means thatΣk
2 has an injectivity radius ofπ2 . The cut-locus

C(π(z)) of z ∈ CSk−1 is given by

C(π(z)) = {π(w) : w ∈ CSk−1, dg(π(z), π(w)) =
π

2
} = {π(w) : w̄′z= 0}.

The exponential map Expπ(z) is invertible outside the cut-locus ofz and its
inverse is given by

Exp−1
π(z) : Σk

2 \C(π(z))→ Tπ(z)Σ
k
2, π(w) 7→ dππ(z)

{

r
sin(r)

(− cos(r)z+ eiθw)

}

(7.1)
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wherer = dg(π(z), π(w)) andeiθ = w̄′z
|w̄′z| . It has been shown in Kendall (1984)

thatΣk
2 has constant holomorphic sectional curvature of 4.

Given two preshapesu andv, theProcrustes coordinatesof v with re-
spect tou is defined as

vP = eiθv

whereθ ∈ (−π, π] is chosen so as to minimize the Euclidean distance be-
tweenu andeiθv, namelydP(θ) = ‖u − eiθv‖. In other words, one trys to
rotate the preshapev so as to bring it closest tou. Then

d2
P(θ) = 2− 2Re(eiθū′v)

which is minimized wheneiθ = v̄′u
|v̄′u| and then the minimum value of the

Euclidean distance turns out to be

dP = min
θ∈(−π,π]

dP(θ) =
√

2(1− |v̄′u|).

This dP is a distance metric onΣk
2, called theProcrustes distance(see

Dryden and Mardia (1998) for details). The Procrustes coordinates can be
particularly useful for plotting shapes as we shall see in the next section.

7.3 Examples

In this section, we discuss two applications of planar shapeanalysis. We
will return back to these examples in Section 7.10.

7.3.1 Gorilla Skulls

Consider eight locations on a gorilla skull projected on a plane. There are
29 male and 30 female gorillas and the eight landmarks are chosen on the
midline plane of the 2D image of the skulls. The data can be found in Dry-
den and Mardia (1998). It is of interest to study the shapes of the skulls and
use that to detect difference in shapes between the sexes. This finds applica-
tion in morphometrics and other biological sciences. To analyze the planar
shapes of thek-ads, the observations lie inΣk

2, k = 8. Figure 7.1(a) shows
the Procrustes coordinates of the shapes of the female gorilla skulls. The
coordinates are obtained with respect to a preshape of the sample extrinsic
mean, which is defined in Section 7.7. Figure 7.1(b) shows the Procrustes
coordinates of the shapes of the male gorilla skulls with respect to a pre-
shape of the male sample extrinsic mean.
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(a)(b)

Figure 7.1 (a) and (b) show 8 landmarks from skulls of 30
female and 29 male gorillas respectively along with the respective
sample mean shapes. * correspond to the mean shapes’
landmarks.

(a)(b)

Figure 7.2 (a) and (b) show 13 landmarks for 14 normal and 14
schizophrenic children respectively along with the respective
mean shapes. * correspond to the mean shapes’ landmarks.

7.3.2 Schizophrenic Children

In this example from Bookstein (1991), 13 landmarks are recorded on a
midsagittal two-dimensional slice from a Magnetic Resonancebrain scan
of each of 14 schizophrenic children and 14 normal children.It is of interest
to study differences in shapes of brains between the two groups which can
be used to detect schizophrenia. This is an application of disease detection.
The shapes of the samplek-ads lie inΣk

2, k = 13. Figure 7.2(a) shows the
Procrustes coordinates of the shapes of the schizophrenic children while
Figure 7.2(b) shows the coordinates for the normal children. As in Section
7.3.1, the coordinates are obtained with respect to the preshapes of the
respective sample extrinsic means.

7.4 Intrinsic Analysis on the Planar Shape Space

Let Q be a probability distribution onΣk
2. From Proposition 4.2, it follows

that if the support ofQ is contained in a geodesic ball of radiusπ4 then it
has a unique intrinsic mean in that ball. In this section we assume that, that
is supp(Q) ⊆ B(p, π4) for somep ∈ Σk

2. LetµI = π(µ) be the (local) intrinsic
mean ofQ in B(p, π4), with µ being one of its preshapes. LetX1, . . . ,Xn

be an iid sample fromQ on Σk
2 and letµnI be the (local) sample intrinsic

mean inB(p, π4). From Proposition 4.2, it follows thatµnI is a consistent
estimator ofµI . Furthermore if we assume that supp(Q) ⊆ B(µI ,

π
4), then

Theorem 4.3 implies that the coordinates ofµnI have asymptotic Normal
distribution. However this theorem does not give expression for the asymp-
totic parameterΛ becauseΣk

2 does not have constant sectional curvature.
Theorem 7.1 below shows us how to get the analytic expressionfor Λ and
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relaxes the support condition for its positive definiteness.This theorem is
stated in Bhattacharya and Bhattacharya (2008b) and the following proof
is taken from there.

Theorem 7.1 Let φ : B(p, π4) → Ck−2(≈ R2k−4) be the coordinates of
dπ−1

µ ◦ Exp−1
µI

: B(p, π4) → Hµ with respect to some orthonormal basis
{v1, . . . , vk−2, iv1, . . . , ivk−2} for Hµ (overR). Define h(x, y) = d2

g(φ−1(x), φ−1(y)).
Let ((Drh ))2k−4

r=1 and ((Dr Dsh))2k−4
r,s=1 be the matrix of first and second order

derivatives of y7→ h(x, y). Let X̃j = φ(Xj) = (X̃1
j , . . . , X̃

k−2
j ); j = 1, . . . , n be

the coordinates of the sample observations. DefineΛ = E((Dr Dsh(X̃1, 0)))2k−4
r,s=1.

ThenΛ is positive definite if the support of Q is contained in B(µI ,R) where
R is the unique solution oftan(x) = 2x, x∈ (0, π2).

Proof For a geodesicγ starting atµI , writeγ = π◦γ̃, whereγ̃ is a geodesic
in CSk−1 starting atµ. From the proof of Theorem 4.3, form = π(z) ∈
B(p, π4),

d
ds

d2
g(γ(s),m) = 2〈T(s, 1), γ̇(s)〉 = 2〈T̃(s, 1), ˙̃γ(s)〉 (7.2)

d2

ds2
d2

g(γ(s),m) = 2〈DsT(s, 1), γ̇(s)〉 = 2〈DsT̃(s, 1), ˙̃γ(s)〉 (7.3)

whereT̃(s, 1) = dπ−1
γ(s)(T(s, 1)). From equation (7.1), this has the expression

T̃(s, 1) = − ρ(s)
sin(ρ(s))

[

− cos(ρ(s))γ̃(s) + eiθ(s)z
]

(7.4)

whereeiθ(s) =
z̄′γ̃(s)

cos(ρ(s))
, ρ(s) = dg(γ(s),m).

The inner product in equations (7.2) and (7.3) is the Riemannian metric
on TCSk−1 which is 〈v,w〉 = Re(v′w̄). Observe thatDsT̃(s, 1) is d

dsT̃(s, 1)
projected ontoHγ̃(s). Since〈µ, ˙̃γ(0)〉 = 0, we get

d2

ds2
d2

g(γ(s),m)|s=0 = 2〈 d
ds

T̃(s, 1)|s=0, ˙̃γ(0)〉.

From equation (7.4) we have,

d
ds

T̃(s, 1)|s=0 =

(

d
ds

(ρ(s) cos(ρ(s))
sin(ρ(s))

)

∣

∣

∣

s=0

)

µ +

(

ρ(s) cos(ρ(s))
sinρ(s)

∣

∣

∣

s=0

)

˙̃γ(0)

−
(

d
ds

( ρ(s)
sin(ρ(s)) cos(ρ(s))

)|s=0

)

(z̄′µ)z

−
(

ρ(s)
sin(ρ(s)) cos(ρ(s))

∣

∣

∣

s=0

)

(z̄′ ˙̃γ(0))z
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and along with equation (7.2), we get

d
ds
ρ(s)|s=0 =

−1
sin(r)

〈 ˙̃γ(0),
z̄′µ

cos(r)
z〉

wherer = dg(m, µI ). Hence

〈 d
ds

T̃(s, 1)|s=0, ˙̃γ(0)〉 = r
cos(r)
sin(r)

‖ ˙̃γ(0)‖2 −
(

1

sin2 r
− r

cos(r)

sin3(r)

)

(Re(x))2

+
r

sin(r) cos(r)
(Im(x))2 (7.5)

where

x = eiθz
′ ˙̃γ(0), eiθ =

z̄′µ
cos(r)

. (7.6)

The value ofx in equation (7.6) and hence the expression in equation (7.5)
depend onz only throughm = π(z). Also if γ = π(γ1) = π(γ2), γ1 andγ2

being two geodesics onCSk−1 starting atµ1 andµ2 respectively, withπ(µ1)
= π(µ2) = π(µ), thenγ1(t) = λγ2(t), whereµ2 = λµ1, λ ∈ C. Now it is easy
to check that the expression in (7.5) depends onµ only throughπ(µ) = µI .
Note that

|x|2 < 1− cos2(r).

So when|γ̇(0)| = 1, (7.5) becomes

r
cos(r)
sin(r)

−
(

1

sin2(r)
− r

cos(r)

sin3(r)

)

(Re(x))2 +
r

sin(r) cos(r)
(Im(x))2

>r
cos(r)
sin(r)

−
(

1

sin2(r)
− r

cos(r)

sin3(r)

)

sin2(r)

=
2r − tan(r)

tan(r)
(7.7)

which is strictly positive ifr ≤ R where

tan(R) = 2R, R ∈ (0,
π

2
).

Therefore if supp(Q) ⊆ B(µI ,R), then d2

ds2 d2(γ(s),m)|s=0 > 0 and henceΛ is
positive definite. �

Remark 7.2 It can be shown thatR ∈ ( π3 ,
2π
5 ). It is approximately 0.37101π.

From Theorems 2.10 and 7.1, we conclude that if supp(Q) ⊆ B(p, π4) ∩
B(µI ,R) and if Σ is nonsingular (e.g., ifQ is absolutely continuous), then
the coordinates of the sample mean shape from an iid sample have an
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asymptotically Normal distribution with nonsingular dispersion. Note that
the coordinate mapφ in Theorem 7.1 has the form

φ(m) = (m̃1, . . . , m̃k−2)′, m̃j =
r

sin(r)
eiθv̄j

′z

wherem = π(z), µI = π(µ), r = arccos(|z̄′µ|) and eiθ =
z̄′µ
|z̄′µ| . Corollary

7.3 below derives expressions forΛ andΣ in terms ofφ. It is proved in
Bhattacharya and Bhattacharya (2008b).

Corollary 7.3 Consider the same set up as in Theorem 7.1. If Q has
support in a geodesic ball of radiusπ4 , thenΛ has the following expression:

Λ =

[

Λ11 Λ12

Λ′12 Λ22

]

(7.8)

where for1 ≤ r, s≤ k− 2,

(Λ11)rs = 2E
[

d1 cot(d1)δrs −
(1− d1 cot(d1))

d2
1

(Re(X̃r
1))(Re(X̃s

1))

+
tan(d1)

d1
(Im(X̃r

1))(Im(X̃s
1))

]

,

(Λ22)rs = 2E
[

d1cot(d1)δrs −
(1− d1cot(d1))

d2
1

(ImX̃r
1)(ImX̃s

1)

+
tan(d1)

d1
(ReX̃r

1)(ReX̃s
1)

]

,

(Λ12)rs = −2E
[ (1− d1 cot(d1))

d2
1

(Re(X̃r
1))(Im(X̃s

1))

+
tan(d1)

d1
(Im(X̃r

1))(Re(X̃s
1))

]

with d1 = dg(X1, µI ). If we defineΣ = Cov((Drh(X̃1, 0))2k−4
r=1 , then it can be

expressed as

Σ =

[

Σ11 Σ12

Σ′12 Σ22

]

(7.9)

where for1 ≤ r, s≤ k− 2,

(Σ11)rs = 4E(Re(̃Xr
1)Re(X̃s

1)),

(Σ12)rs = 4E(Re(̃Xr
1)Im(X̃s

1)),

(Σ22)rs = 4E(Im(X̃r
1)Im(X̃s

1)).
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Proof With respect to the orthonormal basis{v1, . . . , vk−2, iv1, . . . , ivk−2}
for Hµ, X̃j has coordinates

(Re(X̃1
j ), . . . ,Re(X̃k−2

j ), Im(X̃1
j ), . . . , Im(X̃k−2

j )).

in R2k−4. Now the expression forΣ follows from Corollary 4.4. If one
writesΛ as in (7.8) and iḟ̃γ(0) =

∑k−2
j=1 x jvj +

∑k−2
j=1 yj(iv j), then

E

(

d2

ds2
d2

g(γ(s),X1)

)

∣

∣

∣

∣

s=0
= x′Λ11x+ y′Λ22y+ 2x′Λ12y

wherex = (x1, . . . , xk−2)′ andy = (y1, . . . , yk−2)′. Now expressions forΛ11,
Λ12 andΛ22 follow from the proof of Theorem 7.1. �

Using the expressions forΛ andΣ from Corollary 7.3, one can construct
confidence regions for the population intrinsic mean as in Sections 2.4 and
4.3. Also one may carry out two sample tests as in Section 4.5 to distin-
guish between two probability distributions onΣk

2 by comparing the sample
intrinsic means.

7.5 Other Fréchet Functions

Consider the general definition of Fréchet function as in equation (2.2) with
ρ being the geodesic distance onΣk

2, that is

F(p) =
∫

Σk
2

dαg(p,m)Q(dm).

In this section we investigate conditions for existence of a unique Fŕechet
mean.

Suppose the support ofQ is contained in a convex geodesic ballB(p, π4).
Let m ∈ B(p, π4). Let γ(s) be a geodesic in̄B(p, π4). Then it is is easy to
show that

d
ds

dαg(γ(s),m) =
α

2
dα−2

g (γ(s),m)
d
ds

d2
g(γ(s),m),

d2

ds2
dαg(γ(s),m) =

α

2
(
α

2
− 1)dα−4

g (γ(s),m)
d
ds

d2
g(γ(s),m)

+
α

2
dα−2

g (γ(s),m)
d2

ds2
d2

g(γ(s),m).

We can get expressions ford
dsd

2
g(γ(s),m) and d2

ds2 d2
g(γ(s),m) from equations



7.6 Extrinsic Analysis on the Planar Shape Space 93

(7.2) and (7.3). For example whenα = 3,

d
ds

d3
g(γ(s),m) = −3dg(γ(s),m)〈Exp−1

γ(s)m, γ̇(s)〉

d2

ds2
d3

g(γ(s),m) = 3d2 cos(d)
sin(d)

|γ̇(s)|2 + 3d2 cos(d)

sin3(d)
(Re(z))2 +

3d2

sin(d) cos(d)
(Im(z))2

whered = dg(γ(s),m), z = eiθm̃
′ ˙̃γ(s), eiθ =

¯̃m′γ̃(s)
cos(d) , m = π(m̃) andγ(s) =

π(γ̃(s)). The expression ford
2

ds2 d3
g(γ(s),m) is strictly positive ifm , γ(s).

Hence the Fŕechet function ofQ is strictly convex inB(p, π4) and hence
has a unique minimizer which is called the (local) Fréchet mean ofQ and
denoted byµF . ReplaceQ by the empirical distributionQn to get the (local)
sample Fŕechet meanµnF. This proves the following theorem.

Theorem 7.4 Supposesupp(Q) ⊆ B(p, π4). Consider the Fréchet function
of Q

F(q) =
∫

Σk
2

d3
g(q,m)Q(dm).

Then (a) Q has a unique (local) Fréchet meanµF in B(p, π4) and if µnF

denotes the (local) sample Fréchet mean from an iid random sample from
Q, then (b)

√
nφ(µnF) has a asymptotic mean zero Normal distribution,φ

being defined in Theorem 7.1.

In Theorems 7.1 and 7.4, we differentiate the Fŕechet function pointwise
by constructing a geodesic variation. To construct this smooth geodesic
variation, we required that the support ofQ is contained in some convex
ball. In case we differentiate the Fŕechet function with respect to some
coordinate chart, then it may be possible to extend Theorem 7.4 to show
that there is a unique Fréchet mean even whenQ has full support. Such an
extension will be considered in a later article.

7.6 Extrinsic Analysis on the Planar Shape Space

For extrinsic analysis on the planar shape space, we embed itinto the space
S(k,C) of all k× k complex Hermitian matrices. HereS(k,C) is viewed as
a (real) vector space with respect to the scaler fieldR. The embedding is
called theVeronese-Whitney embeddingand is given by

J : Σk
2→ S(k,C),

J(σ(z)) = J(π(u)) = uu∗ (u = (u1, . . . , uk)
′ ∈ CSk−1)

= ((ui ūj))1≤i, j≤k
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whereu = z−〈z〉
‖z−〈z〉‖ is the preshape of the planark-adz. Define the extrinsic

distanceρ onΣk
2 by that induced from this embedding, namely,

ρ2(σ(z), σ(w)) = ‖uu∗ − vv∗‖2, u �
z− 〈z〉
‖z− 〈z〉‖ , v �

w− 〈w〉
‖w− 〈w〉‖

where for arbitraryk× k complex matricesA andB,

‖A− B‖2 =
∑

j, j′

‖aj j ′ − bj j ′‖2 = Trace[(A− B)(A− B)∗]

is just the squared Euclidean distance betweenA and B regarded as ele-
ments ofCk2

(orR2k2
). Hence we get

ρ2(σ(z), σ(w)) = 2(1− |u∗v|2).

The image ofΣk
2 under the Veronese-Whitney embedding is given by

J(Σk
2) = {A ∈ S+(k,C) : rank(A) = 1, Trace(A) = 1,A1k = 0}.

HereS+(k,C) is the space of all complex positive semidefinite matrices,
“rank” denotes the complex rank and1k is the k dimensional vector of
all ones. Thus the image is a compact submanifold ofS(k,C) of (real)
dimension 2k−4. Kendall (1984) shows that the embeddingJ is equivariant
under the action of the special unitary group

S U(k) = {A ∈ GL(k,C) : AA∗ = I , det(A) = 1}

which acts on the left:Aπ(u) = π(Au). Indeed, then

J(Aπ(u)) = Auu∗A∗ = φ(A)J(π(u))

where

φ(A) : S(k,C)→ S(k,C), φ(A)B = ABA∗

is an isometry.

7.7 Extrinsic Mean and Variation

Let Q be a probability measure on the shape spaceΣk
2, let X1,X2, . . . ,Xn be

an iid sample fromQ and letµ̃ denote the mean vector of̃Q � Q ◦ J−1,
regarded as a probability measure onCk2

(or R2k2
). Note that ˜µ belongs to

the convex hull ofM̃ = J(Σk
2) and therefore is positive semidefinite and

satisfies

µ̃1k = 0, Trace(µ̃) = 1, rank(µ̃) ≥ 1.
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Let T be a matrix inS U(k) such that

Tµ̃T∗ = D = Diag(λ1, λ2, . . . , λk),

whereλ1 ≤ λ2 ≤ . . . ≤ λk are the eigenvalues of ˜µ in ascending order.
Then, writingv = Tu with u ∈ CSk−1, we get

‖uu∗ − µ̃‖2 = ‖vv∗ − D‖2 =
k

∑

j=1

(|vj |2 − λ j)
2 +

∑

j, j′

|vjvj′ |2

=
∑

λ j
2 +

k
∑

j=1

|vj |4 − 2
k

∑

j=1

λ j |vj |2 +
k

∑

j=1

|vj |2.
k

∑

j′=1

|vj′ |2 −
k

∑

j=1

|vj |4

=
∑

λ j
2 + 1− 2

k
∑

j=1

λ j |vj |2

which is minimized (onJ(Σk
2)) by taking v = ek = (0, . . . , 0, 1)′, i.e.,

u = T∗ek- a unit eigenvector of ˜µ having the largest eigenvalueλk. This
implies that the projection set of ˜µ on M̃, as defined in Section 3.2, consists
of all µµ∗ whereµ is a unit eigenvector of ˜µ corresponding toλk. The pro-
jection set is a singleton, in other words ˜µ is a nonfocal point ofS(k,C), if
and only if the eigenspace for the largest eigenvalue of ˜µ is (complex) one
dimensional, that is whenλk > λk+1, or λk is a simple eigenvalue. ThenQ
has a unique extrinsic meanµE, say, which is given byµE = π(µ). This is
proved in Bhattacharya and Patrangenaru (2003).

If one writesXj = π(Z j), j = 1, 2, . . . , n whereZ j is a preshape ofXj in
CSk−1, then from Proposition 3.2 it follows that the extrinsic variation of Q
has the expression

V = E
[

‖Z1Z
∗
1 − µ̃‖2

]

+ ‖µ̃ − µµ∗‖2

= 2(1− λk).

Therefore, we have the following consequence of Propositions2.3 and??.

Corollary 7.5 Letµn denote a unit eigenvector of1
n

∑n
j=1 Z jZ∗j having the

largest eigenvalueλkn. (a) If the largest eigenvalueλk of µ̃ is simple, then
the sample extrinsic meanπ(µn) is a strongly consistent estimator of the
extrinsic meanπ(µ) of Q. (b) The sample extrinsic variation Vn = 2(1−λkn)
is a strongly consistent estimator of the extrinsic variation V= 2(1−λk) of
Q.
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7.8 Asymptotic Distribution of the Sample Extrinsic Mean

In this section, we assume thatQ has a unique extrinsic meanµE = π(µ)
whereµ is a unit eigenvector corresponding to the largest eigenvalue of the
meanµ̃ of Q◦J−1. To get the asymptotic distribution of the sample extrinsic
meanµnE using Proposition 3.3, we need to differentiate the projection map

P : S(k,C)→ J(Σk
2), P(µ̃) = µµ∗

in a neighborhood of a nonfocal point such as ˜µ. We considerS(k,C) as a
linear subspace ofCk2

(overR) and as such a regular submanifold ofCk2

embedded by the inclusion map, and inheriting the metric tensor

〈A, B〉 = Re(Trace(AB∗)) .

The (real) dimension ofS(k,C) is k2. An orthonormal basis forS(k,C) is
given by{va

b : 1 ≤ a ≤ b ≤ k} and{wa
b : 1 ≤ a < b ≤ k}, defined as

va
b =















1√
2
(eaet

b + ebet
a), a < b

eaet
a, a = b

wa
b = +

i√
2

(eae
t
b − ebe

t
a), a < b

where{ea : 1 ≤ a ≤ k} is the standard canonical basis forRk. One can also
take {va

b : 1 ≤ a ≤ b ≤ k} and {wa
b : 1 ≤ a < b ≤ k} as the (constant)

orthonormal frame forS(k,C). For anyU ∈ S U(k) (UU∗ = U∗U = I ,
det(U)=+1), {Uva

bU
∗ : 1 ≤ a ≤ b ≤ k}, {Uwa

bU
∗ : 1 ≤ a < b ≤ k} is also

an orthonormal frame forS(k,C). We view d̃µP : S(k,C) → TP(µ̃)J(Σk
2).

ChooseU ∈ S U(k) such thatU∗µ̃U = D,

U = (U1, . . . ,Uk) andD = Diag(λ1, . . . , λk).

Hereλ1 ≤ . . . ≤ λk−1 < λk are the eigenvalues of ˜µ andU1, . . . ,Uk are cor-
responding eigenvectors. Choose the orthonormal basis frame{Uva

bU
∗,Uwa

bU
∗}

for S(k,C). Then it can be shown that

dµ̃P(Uva
bU
∗) =















0 if 1 ≤ a ≤ b < k, a= b = k,

(λk − λa)−1Uva
kU
∗ if 1 ≤ a < k, b = k.

dµ̃P(Uwa
bU
∗) =















0 if 1 ≤ a < b < k

(λk − λa)−1Uwa
kU
∗ if 1 ≤ a < k, b = k.

(7.10)

The proof is similar to that for the real projective shape which is considered
in Section 11.6. Let̃Xj = J(Xj), j = 1, 2, . . . , n, whereX1, . . . ,Xn is an iid
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random sample fromQ. Write

X̃j − µ̃ =
∑∑

1≤a≤b≤k

〈(X̃j − µ̃),Uva
bU
∗〉Uva

bU
∗

+
∑∑

1≤a<b≤k

〈(X̃j − µ̃),Uwa
bU
∗〉Uwa

bU
∗. (7.11)

SinceX̃j1k = µ̃1k = 0, henceλ1 = 0 and one can chooseU1 = α1k where
|α| = 1/

√
k. Therefore

〈(X̃j − µ̃),Uv1
bU
∗〉 = 〈(X̃j − µ̃),Uw1

bU
∗〉 = 0, 1 ≤ b ≤ k.

Then from equations (7.10) and (7.11), it follows that

dµ̃P(X̃j − µ̃)

=

k−1
∑

a=2

〈(X̃j − µ̃),Uva
kU
∗〉(λk − λa)

−1Uva
kU
∗

+

k−1
∑

a=2

〈(X̃j − µ̃),Uwa
kU
∗〉(λk − λa)

−1Uwa
kU
∗.

=

k−1
∑

a=2

√
2Re(U∗aX̃jUk)(λk − λa)

−1Uva
kU
∗

+

k−1
∑

a=2

√
2Im(U∗aX̃jUk)(λk − λa)

−1Uwa
kU
∗. (7.12)

From equation (7.12), it is easy to check that the vectors

{Uva
kU
∗,Uwa

kU
∗ : a = 2, . . . , k− 1} (7.13)

form an orthonormal basis forTP(µ̃)M̃. Further d̃µP(X̃j − µ̃) has coordinates

T j(µ̃) ≡ (T1
j (µ̃), . . . ,T2k−4

j (µ̃))′

with respect to this orthonormal basis, where

Ta
j (µ̃) =















√
2(λk − λa)−1Re(U∗a+1X̃jUk) if 1 ≤ a ≤ k− 2,√
2(λk − λa)−1Im(U∗a−k+3X̃jUk) if k− 1 ≤ a ≤ 2k− 4.

(7.14)

It follows from Proposition 3.3 that

√
nT̄

L−→ N(0,Σ)

whereΣ = Cov(T1).



98 THE PLANAR SHAPE SPACEΣk
2

7.9 Two Sample Extrinsic Tests on the Planar Shape Space

SupposeQ1 andQ2 are two probability distributions on the planar shape
space. LetX1, . . . ,Xn1 andY1, . . . ,Yn2 be two iid samples fromQ1 andQ2

respectively that are mutually independent. One many detect differences
betweenQ1 andQ2 by comparing the sample extrinsic mean shapes or the
sample extrinsic variations. This puts us in the same set up as in Section
3.7.1.

To compare the extrinsic means, one may use the statisticsT1 or T2 de-
fined through equations (3.16) and (3.20) respectively. To getthe expres-
sion forT1, one needs to find the coordinates of dµ̂P(X̃j− µ̂) and d̂µP(Ỹj− µ̂)
which are obtained from equation (7.14) by replacing ˜µ by µ̂. For the statis-
tic T2, which is

T2 = L[P(µ̂1) − P(µ̂2)]
′Σ̂−1L[P(µ̂1) − P(µ̂2)]

where

Σ̂ =
1
n1

L1Σ̂1L′1 +
1
n2

L2Σ̂2L′2, (7.15)

we need expressions for the linear projectionsL, L1 andL2. With respect to
the orthonormal basis in equation (7.13) forTP(µ̃)J(Σk

2), the linear projection
L(A) of a matrixA ∈ S(k,R) on toTP(µ̃)J(Σk

2) has coordinates

L(A) = {〈A,Uva
kU
∗〉, 〈A,Uwa

kU
∗〉 : a = 2, . . . , k− 1}

=
√

2{Re(U∗aAUk), Im(U∗aAUk) : a = 2, . . . , k− 1}.

For A1,A2 ∈ S(k,R), if we label the bases forTP(Ai )J(Σk
2) as {vi

1, . . . , v
i
d},

i = 1, 2, then it is easy to check that the linear projection matrixL1 from
TP(A1)J(Σk

2) on toTP(A2)J(Σk
2) is thed × d matrix with coordinates

(L1)ab = 〈v2
a, v

1
b〉 1 ≤ a, b ≤ d.

When the sample sizes are smaller than the dimensiond (see Section 7.10.2),
the standard error̂Σ in equation (7.15) may be singular or close to singular.
Then it becomes more effective to estimate it from bootstrap simulations.
When the sample sizes are small, we can also perform a bootstrap test using
the test statisticT∗2 defined in equation (??), which is

T∗2 = v∗′Σ∗−1v∗.

However due to not enough observations,Σ∗ may be singular or close to
singular in most simulations. Then we may compare only the first few prin-
cipal scores of the coordinates of the means. Ifd1 < d is the number of
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principal scores that we want to compare, then the appropriate test statistic
to be used is given by

T21 = L[P(µ̂1) − P(µ̂2)]
′Σ̂−1

11L[P(µ̂1) − P(µ̂2)] (7.16)

where Σ̂ = UΛU′, U = (U1, . . . ,Ud) ∈ S O(d), Λ = diag(λ1, . . . , λd),
λ1 ≥ . . . ≥ λd is a s.v.d. forΣ̂ and

Σ̂−1
11 �

d1
∑

j=1

λ−1
j U jU

′
j .

Then T21 has an asymptoticX2
d1

distribution. We can construct its boot-
strap analogue, sayT∗21 and compare the firstd1 principal scores by a piv-
otal bootstrap test. Alternatively, we may use a nonpivotalbootstrap test
statistic

T∗∗2 = w∗′Σ∗∗−1w∗ (7.17)

for comparing the mean shapes, where

w∗ = L[{P(µ∗1) − P(µ̂1)} − {P(µ∗2) − P(µ̂2)}]

andΣ∗∗ is the sample covariance ofw∗ values, estimated from the bootstrap
resamples.

To compare the sample extrinsic variations, one may use the statisticT3

defined through equation (3.22). Ifλ̂i denotes the largest eigenvalue of ˆµi ,
i = 1, 2, then

T3 = 2
λ̂2 − λ̂1
√

s2
1

n1
+

s2
2

n2

. (7.18)

The bootstrap version ofT3 is given by

T∗3 = 2
(λ∗2 − λ̂2) − (λ∗1 − λ̂1)

√

s∗1
2

n1
+

s∗2
2

n2

whereλ∗i ands∗i are the bootstrap analogues ofλ̂i andsi , i = 1, 2, respec-
tively.

7.10 Applications

In this section, we record the results of two sample tests carried out in the
two examples from Section 7.3.
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7.10.1 Gorilla Skulls

Consider the data on gorilla skull images from Section 7.3.1.There are 30
female and 29 male gorillas giving rise to two independent samples of sizes
30 and 29 respectively onΣk

2, k = 8. To detect difference in the shapes of
skulls between the two sexes, one may compare the sample meanshapes
or variations in shape.

Figure 7.3 shows the plots of the sample extrinsic means for the two
sexes along with the pooled sample extrinsic mean. In fact, the Procrustes
coordinates for the two means with respect to a preshape of thepooled
sample extrinsic mean have been plotted. The coordinates are

µ̂1 =
(−0.37, −0.33; 0.35, 0.28; 0.09, 0.35; −0.00, 0.24;
−0.17, 0.00; −0.28, −0.30; 0.05, −0.24; 0.32, −0.01)

µ̂2 =
(−0.36, −0.35; 0.35, 0.27; 0.11, 0.34; 0.02, 0.26;
−0.18, 0.01; −0.29, −0.32; 0.05, −0.22; 0.30, 0.01)

µ̂ =
(−0.36, −0.34; 0.35, 0.28; 0.10, 0.34; 0.01, 0.25;
−0.17, 0.01; −0.29, −0.31; 0.05, −0.23; 0.31, 0.00)

whereµ̂i , i = 1, 2, denotes the Procrustes coordinates of the extrinsic mean
shapes for the female and male samples respectively, and ˆµ is a preshape of
the pooled sample extrinsic mean. Thex andy coordinates for each land-
mark are separated by comma, while the different landmarks are separated
by semicolons. The sample intrinsic means are very close to their extrin-
sic counterparts, the geodesic distance between the intrinsic and extrinsic
means being 5.54×10−7 for the female sample and 1.96×10−6 for the male
sample.

The value of the two sample test statistic defined through equation (4.21)
for comparing the intrinsic mean shapes and the asymptotic p-value for the
chi-squared test are

Tn1 = 391.63, p-value = P(X2
12 > 391.63)< 10−16.

Hence we reject the null hypothesis that the two sexes have the same in-
trinsic mean shape.
The two sample test statistics defined through equations (3.16) and (3.20)
for comparing the extrinsic mean shapes and the corresponding asymptotic
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Figure 7.3 The sample extrinsic means for the 2 groups along
with the pooled sample mean, corresponding to Figure 7.1.

p-values are

T1 = 392.6, p-value = P(X2
12 > 392.6) < 10−16,

T2 = 392.0585, p-value < 10−16.

Hence we reject the null hypothesis that the two sexes have the same extrin-
sic mean shape. We can also compare the mean shapes by pivotalbootstrap
method using the test statisticT∗2 defined in equation (??). The p-value for
the bootstrap test using 105 simulations turns out to be 0.

The sample extrinsic variations for the female and male samples are
0.0038 and 0.005 respectively. The value of the two sample test statisticin
(7.18) for testing equality of extrinsic variations is 0.923, and the asymp-
totic p-value is

P(|Z| > 0.923)= 0.356 whereZ ∼ N(0, 1).

Hence we accept the null hypothesis that the two underlying distributions
have the same extrinsic variation. However since the mean shapes are dif-
ferent, it is possible to distinguish between the distribution of shapes for
the two sexes.

7.10.2 Schizophrenia Detection

In this example from Section 7.3.2, we have two independent random sam-
ples of size 14 each onΣk

2, k = 13. To distinguish between the underlying
distributions, we compare the mean shapes and shape variations.

Figure 7.4 shows the Procrustes coordinates of the sample extrinsic means
for the two group of children along with a preshape for the pooled sample
extrinsic mean. The coordinates for the two sample means havebeen ob-
tained with respect to the pooled sample mean’s preshape. The coordinates
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for the three means are

µ̂1 = (0.14, 0.01;−0.22, 0.22; 0.01, 0.21; 0.31, 0.30; 0.24,−0.28; 0.15,−0.06; 0.06,−0.19;

− 0.01,−0.33;−0.05,−0.04;−0.09,−0.19;−0.20, 0.02;−0.39, 0.32; 0.04,−0.00)

µ̂2 = (0.16, 0.02;−0.22, 0.22; 0.02, 0.22; 0.31, 0.31; 0.24,−0.28; 0.15,−0.07; 0.06,−0.18;

− 0.01,−0.33;−0.06,−0.04;−0.09,−0.20;−0.19, 0.03;−0.39, 0.30; 0.03, 0.00)

µ̂ = (0.15, 0.01;−0.22, 0.22; 0.02, 0.22; 0.31, 0.30; 0.24,−0.28; 0.15,−0.06; 0.06,−0.19;

− 0.01,−0.33;−0.05− 0.04;−0.09,−0.19;−0.20, 0.03;−0.39, 0.310.03, 0.00)

Hereµ̂i , i = 1, 2, denotes the Procrustes coordinates of the extrinsic mean
shape for the sample of normal and schizophrenic children respectively,
andµ̂ is the preshape of the pooled sample extrinsic mean.

As in case of the gorilla skull images from the last section, the sample
intrinsic means are very close to their extrinsic counterparts, the geodesic
distance between the intrinsic and extrinsic means being 1.65×10−5 for the
normal children sample and 4.29× 10−5 for the sample of schizophrenic
children.

The values of the two sample test statistic in equation (3.16)for testing
equality of the population intrinsic mean shapes, along with the asymptotic
p-values are

Tn1 = 95.4587, p-value= P(X2
22 > 95.4587)= 3.97× 10−11.

The values of the two sample test statistics defined through equations (3.16)
and (3.20) for comparing the extrinsic mean shapes and the corresponding
asymptotic p-values are

T1 = 95.5476, p-value = P(X2
22 > 95.5476)= 3.8× 10−11,

T2 = 95.2549, p-value = 4.3048× 10−11.

Hence we reject the null hypothesis that the two groups have the same
mean shape (both extrinsic and intrinsic) at asymptotic levels greater than
or equal to 10−10.
Next we compare the extrinsic means by bootstrap methods. Since the di-
mension 22 of the underlying shape space is much higher than the sample
sizes, it becomes difficult to construct a bootstrap test statistic as in the ear-
lier section. That is because, the bootstrap estimate of thestandard error̂Σ
defined in equation (7.15) tends to be singular in most simulations. Hence
we only compare the first few principal scores of the coordinates of the
sample extrinsic means. Table 7.1 displays the percentage of variation ex-
plained by each principal component ofΣ̂. The value ofT21 from equation
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Table 7.1Percent of variation (P.V.) explained by different Principal
Components (P.C.) of̂Σ

P.C. 1 2 3 4 5 6 7 8 9 10 11
P.V. 21.6 18.4 12.1 10.0 9.9 6.3 5.3 3.6 3.0 2.5 2.1

P.C. 12 13 14 15 16 17 18 19 20 21 22
P.V. 1.5 1.0 0.7 0.5 0.5 0.3 0.2 0.2 0.1 0.1 0.0

Figure 7.4 The sample extrinsic means for the 2 groups along
with the pooled sample mean, corresponding to Figure 7.2.

(7.16) for comparing the first five principal scores ofL[P(µ̂1)−P(µ̂2)] with
0 and the asymptotic p-value are

T21 = 12.1872, p-value = P(X2
5 > 12.1872)= 0.0323.

The bootstrap p-value from 104 simulations equals 0.0168 which is fairly
small.
When we use the nonpivotal bootstrap test statisticT∗∗2 from equation (7.17),
the p-value for testing equality of the extrinsic mean shapes from 104 sim-
ulations equals 0. The value ofT2 with Σ̂ replaced by its bootstrap estimate
Σ∗∗ equals 105.955 and the asymptotic p-value usingX2

22 approximation is
5.7798× 10−13. Hence we again rejectH0 and conclude the extrinsic mean
shapes are different.

Next we test equality of extrinsic variations for the two group of chil-
dren. The sample extrinsic variations for patient and normalsamples turn
out to be 0.0107 and 0.0093 respectively. The value of the two sample
test statistic in equation (7.18) for testing equality of population extrinsic
variations is 0.9461 and the asymptotic p-value using standard Normal ap-
proximation is 0.3441. The bootstrap p-value with 104 simulations equals
0.3564. Hence we conclude at levels of significance less thanor equal to
0.3 that the extrinsic variations in shapes for the two distributions are equal.

Since the mean shapes are different, we conclude that the probability
distributions of the shapes of brain scans of normal and schizophrenic chil-
dren are distinct.
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7.11 References



8

REFLECTION (SIMILARITY) SHAPE
SPACESRΣk

m

8.1 Introduction

Thereflection (similarity) shape of a k-ad as defined in Section 5.2.2, is
its orbit under translation, scaling and all orthogonal transformations. Let
x = (x1, . . . , xk) be a configuration ofk points inRm, and letz denote its
preshape inSk

m as defined in equation (9.1). Then the reflection (similarity)
shape of thek-adx is given by the orbit

σ(x) = σ(z) = {Az: A ∈ O(m)} (8.1)

whereO(m) is the group of allm× m orthogonal matrices (with determi-
nants either+1 or -1). For the action ofO(m) on Sk

m to be free and the re-
flection shape space to be a Riemannian manifold, we consider only those
shapes where the columns ofz spanRm. The set of all suchz is called the
nonsingular part ofSk

m and denoted byNSk
m. Then thereflection (similar-

ity) shape spaceis

RΣk
m = {σ(z) : z ∈ Sk

m, rank(z) = m} = NSk
m/O(m) (8.2)

which is a Riemannian manifold of dimensionkm−m− 1 −m(m− 1)/2.
Note thatRΣk

m = Σ
k
0m/G whereΣk

0m = NSk
m/S O(m)- a dense open sub-

set of the similarity shape spaceΣk
m (see Section 6.2) andG is the group

of reflections which maps a similarity shape to the shape of its reflected
configuration. SinceG is generated by a single element inO(m) with deter-
minant−1, thereforeRΣk

m is locally like Σk
0m with the same tangent space

and Riemannian metric.

8.2 Extrinsic Analysis on the Reflection Shape Space

It has been shown that the map

J : RΣk
m→ S(k,R), J(σ(z)) = z′z (8.3)

105
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is an embedding of the reflection shape space intoS(k,R) (see Bandu-
lasiri and Patrangenaru (2005), Bandulasiri et al. (2008), and Dryden et al.
(2008)). It induces the extrinsic distance

ρ2
E(σ(z1), σ(z2)) = ‖J(σ(z1)) − J(σ(z2))‖2 = Trace(z′1z1 − z′2z2)

2

= Trace(z1z
′
1)

2 + Trace(z2z
′
2)

2 − 2Trace(z1z
′
2z2z

′
1), z1, z2 ∈ Sk

m

on RΣk
m. The embeddingJ is H-equivariant whereH = O(k) acts on the

right: Aσ(z) � σ(zA′), A ∈ O(k). Indeed, then

J(Aσ(z)) = Azz′A′ = φ(A)J(σ(z))

where

φ(A) : S(k,R)→ S(k,R), φ(A)B = ABA′

is an isometry.

DefineMk
m as the set of allk × k positive semi-definite matrices of rank

mand trace 1. Then the image ofRΣk
m under the embeddingJ in (8.3) is

J(RΣk
m) = {A ∈ Mk

m : A1k = 0}. (8.4)

If we represent the preshape sphereSk
m as in (6.3), thenMk

m = J(RΣk+1
m ).

HenceMk
m is a submanifold (not complete) ofS(k,R) of dimensionkm−

1 − m(m− 1)/2. Proposition 8.1 below identifies the tangent and normal
spaces ofMk

m. The proof is taken from Bhattacharya (2008a).

Proposition 8.1 Let A ∈ Mk
m. (a) The tangent space of Mkm at A is given

by

TA(Mk
m) = {U

(

T S
S′ 0

)

U′ : T ∈ S(m,R), Trace(T) = 0} (8.5)

where A= UDU′ is a singular value decomposition (s.v.d.) of A, U∈
S O(m) and D= Diag(λ1, . . . , λk). (b) The orthocomplement of the tangent
space in S(k,R) or the normal space is given by

TA(Mk
m)⊥ = {U

(

λIm 0
0 T

)

U′ : λ ∈ R, T ∈ S(k−m,R)} (8.6)

Proof Represent the preshape of a (k + 1)−ad x by them× k matrix z
where‖z‖2 = Trace(zz′) = 1 and letSk+1

m be the preshape sphere,

Sk+1
m = {z ∈ Rm×k : ‖z‖ = 1}.

Let NSk+1
m be the nonsingular part ofSk+1

m , i.e.,

NSk+1
m = {z ∈ Sk+1

m : rank(z)= m}.
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ThenRΣk+1
m = NSk+1

m /O(m) andMk
m = J(RΣk+1

m ). The map

J : RΣk+1
m −→ S(k,R), J(σ(z)) = z′z= A

is a embedding. Hence

TA(Mk
m) = dJσ(z)(Tσ(z)RΣ

k+1
m ). (8.7)

SinceRΣk+1
m is locally likeΣk+1

0m , Tσ(z)RΣk+1
m can be identified with the hori-

zontal subspaceHz of TzSk+1
m obtained in Section 6.2, which is

Hz = {v ∈ Rm×k : trace(zv′) = 0, zv′ = vz′}. (8.8)

Consider the map

J̃ : NSk+1
m → S(k,R), J̃(z) = z′z. (8.9)

Its derivative is a isomorphism between the horizontal subspace ofT NSk+1
m ≡

TSk+1
m andT Mk

m. The derivative is given by

dJ̃ : TSk+1
m → S(k,R), dJ̃z(v) = z′v+ v′z. (8.10)

Hence

TAMk
m = dJ̃z(Hz) = {z′v+ v′z: v ∈ Hz}. (8.11)

From the description ofHz in equation (8.8), and using the fact thatz has
full row rank, it follows that

Hz = {zv: v ∈ Rk×k, trace(z′zv) = 0, zvz′ ∈ S(m,R)}. (8.12)

From equations (8.11) and (8.12), we get that

TAMk
m = {Av+ v′A: AvA∈ S(k,R), trace(Av) = 0}. (8.13)

Let A = UDU′ be a s.v.d. ofA as in the statement of the proposition. Using
the fact thatA has rankm, (8.13) can be written as

TAMk
m = {U(Dv+ v′D)U′ : DvD ∈ S(k,R), trace(Dv) = 0}

= {U
(

T S
S′ 0

)

U′ : T ∈ S(m,R), Trace(T) = 0}. (8.14)

This proves part (a). From the definition of orthocomplement and (8.14),
we get that

TAMk
m
⊥
= {v ∈ S(k,R) : trace(v′w) = 0 ∀ w ∈ TAMk

m}

= {U
(

λIm 0
0 R

)

U′ : λ ∈ R, R ∈ S(k−m,R)} (8.15)
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whereIm is them× m identity matrix. This proves (b) and completes the
proof. �

For ak × k positive semi definite matrixµ with rank at leastm, its pro-
jection on toMk

m is defined as

P(µ) = {A ∈ Mk
m : ‖µ − A‖2 = argmin

x∈Mk
m

‖µ − x‖2} (8.16)

if this set is non empty. The following theorem, as proved in Bhattacharya
(2008a), shows that the projection set is nonempty and derivesformula for
the projection matrices.

Theorem 8.2 P(µ) is non empty and consists of

A =
m

∑

j=1

(λ j − λ̄ +
1
m

)U jU
′
j (8.17)

whereλ1 ≥ λ2 ≥ . . . ≥ λk are the ordered eigenvalues ofµ; U1,U2, . . . ,Uk

are some corresponding orthonormal eigenvectors andλ̄ = 1
m

∑m
j=1 λ j .

Proof Let

f (x) = ‖µ − x‖2, x ∈ S(k,R). (8.18)

If f has a minimizerA in Mk
m then (gradf )(A) ∈ TA(Mk

m)⊥ where grad
denotes the Euclidean derivative operator. But (gradf )(A) = 2(A − µ).
Hence ifA minimizes f , then

A− µ = UA

(

λIm 0
0 T

)

UA′ (8.19)

whereUA = (UA
1 ,U

A
2 , . . . ,U

A
k ) is ak×k matrix consisting of an orthonormal

basis of eigenvectors ofA corresponding to its ordered eigenvaluesλA
1 ≥

λA
2 ≥ . . . ≥ λA

m > 0 = . . . = 0. From (8.19) it follows that

µUA
j = (λA

j − λ)UA
j ; j = 1, 2, . . . ,m. (8.20)

Hence{λA
j −λ}mj=1 are eigenvalues ofµwith {UA

j }mj=1 as corresponding eigen-
vectors. Since these eigenvalues are ordered, this impliesthat there exists
a singular value decomposition ofµ: µ =

∑k
j=1 λ jU jU′j , and a set of indices

S = {i1, i2, . . . , im}, 1 ≤ i1 < i2 < . . . < im ≤ k such that

λA
j − λ = λi j and (8.21)

UA
j = Ui j , j = 1, . . . ,m. (8.22)
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Add the equations in (8.21) to getλ = 1
m − λ̄ whereλ̄ =

∑

j∈S λ j

m . Hence

A =
∑

j∈S
(λ j − λ̄ +

1
m

)U jU
′
j . (8.23)

Since
∑k

j=1 λ j = 1, henceλ̄ ≤ 1/m andλ j − λ̄ + 1
m > 0 ∀ j ∈ S. So A

is positive semi definite of rankm. It is easy to check that trace(A)=1 and
henceA ∈ Mk

m. It can be shown that among the matricesA of the form
(8.23), the functionf defined in equation (8.18) is minimized when

S = {1, 2, . . . ,m}. (8.24)

DefineMk
≤m as the set of allk × k positive semi-definite matrices of rank

≤ m and trace= 1. This is a compact subset ofS(k,R). Hencef restricted
to Mk

≤m attains a minimum value. LetA0 be a corresponding minimizer. If
rank(A0) < m, say= m1, thenA0 minimizes f restricted toMk

m1
. Mk

m1
is a

Riemannian manifold (it isJ(RΣk+1
m1

)). HenceA0 must have the form

A0 =

m1
∑

j=1

(λ j − λ̄ +
1

m1
)U jU

′
j (8.25)

whereλ̄ =
∑m1

j=1 λ j

m1
. But if one defines

A =
m

∑

j=1

(λ j − λ̄ +
1
m

)U jU
′
j (8.26)

with λ̄ =
∑m

j=1 λ j

m , then it is easy to check thatf (A) < f (A0). HenceA0 cannot
be a minimizer off over Mk

≤m, that is, a minimizer must have rank= m.
Then it lies inMk

m and from equations (8.23) and (8.24), it follows that it
has the form as in equation (8.26). This completes the proof. �

Let Q be a probability distribution onRΣk
m and let µ̃ be the mean of

Q̃ ≡ Q ◦ J−1 in S(k,R). Thenµ̃ is positive semi definite of rank at leastm
andµ̃1k = 0. Theorem 8.2 can be used to get the formula for the extrinsic
mean set ofQ. This is obtained in Corollary 8.3.

Corollary 8.3 (a) The projection of̃µ into J(RΣk
m) is given by

PJ(RΣk
m)(µ̃) = {A: A =

m
∑

j=1

(λ j − λ̄ +
1
m

)U jU j
′} (8.27)

whereλ1 ≥ . . . ≥ λk are the ordered eigenvalues ofµ̃, U1, . . . ,Uk are

corresponding orthonormal eigenvectors andλ̄ =
∑m

j=1 λ j

m . (b) The projection



110 REFLECTION (SIMILARITY) SHAPE SPACES RΣk
m

set is a singleton and Q has a unique extrinsic meanµE iff λm > λm+1. Then

µE = σ(F) where F= (F1, . . . , Fm)′, F j =

√

λ j − λ̄ + 1
mU j .

Proof Sinceµ̃1k = 0, thereforeU′j1k = 0 ∀ j ≤ m. Hence anyA in (8.27)
lies in J(RΣk

m) Now part (a) follows from Theorem 8.2 using the fact that
J(RΣk

m) ⊆ Mk
m. For simplicity, let us denoteλ j−λ̄+ 1

m, j = 1, . . . ,mbyλ∗j . To
prove part (b), note that ifλm = λm+1, clearlyA1 =

∑m
j=1 λ

∗
jU jU j

′ andA2 =
∑m−1

j=1 λ
∗
jU jU j

′ + λ∗mUm+1U′m+1 are two distinct elements in the projection set
of (8.27). Consider next the case whenλm > λm+1. Let µ̃ = UΛU′ = VΛV′

be two different s.v.d. of ˜µ. ThenU′V consists of orthonormal eigenvectors
of Λ = Diag(λ1, . . . , λk). The conditionλm > λm+1 implies that

U′V =

(

V11 0
0 V22

)

(8.28)

whereV11 ∈ S O(m) andV22 ∈ S O(k−m). Write

Λ =

(

Λ11 0
0 Λ22

)

.

ThenΛU′V = U′VΛ implies Λ11V11 = V11Λ11 andΛ22V22 = V22Λ22.
Hence

m
∑

j=1

λ∗jVjV
′
j

=U
m

∑

j=1

(

λ∗j (V11) j(V11)′j 0
0 0

)

U′

=U

(

Λ11 + ( 1
m − λ̄)Im 0
0 0

)

U′

=

m
∑

j=1

λ∗jU jU
′
j .

This proves that the projection set in (8.27) is a singleton whenλm > λm+1.
Then for anyF in part (b) andA in the projection set of equation (8.27),
A = F′F = J(σ(F)). This proves part (b) and completes the proof. �

From Proposition 3.2 and Corollary 8.3, it follows that the extrinsic vari-
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ation ofQ has the following expression:

V =
∫

J(RΣk
m)
‖x− µ̃‖2Q̃(dx) + ‖µ̃ − A‖2, A ∈ PJ(RΣk

m)(µ̃).

=

∫

J(RΣk
m)
‖x‖2Q̃(dx) +m(

1
m
− λ̄)2 −

m
∑

j=1

λ2
j . (8.29)

Remark 8.4 From the proof of Theorem 8.2 and Corollary 8.3, it follows
that the extrinsic mean setCQ of Q is also the extrinsic mean set ofQ
restricted toMk

≤m. SinceMk
≤m is a compact metric space, from Proposition

??, it follows thatCQ is compact. LetX1,X2, . . . ,Xn be an iid sample from
Q and letµnE and Vn be the sample extrinsic mean and variation. Then
from Proposition??, it follows thatVn is a consistent estimator ofV. From
Proposition 2.3, it follows that ifQ has a unique extrinsic meanµE, then
µnE is a consistent estimator ofµE.

8.3 Asymptotic Distribution of the Sample Extrinsic Mean

Let X1,. . ., Xn be an iid sample from some probability distributionQ on
RΣk

m and letµnE be the sample extrinsic mean (any measurable selection
from the sample extrinsic mean set). In the last section, we sawthat if Q
has a unique extrinsic meanµE, that is, if the mean ˜µ of Q̃ = Q ◦ J−1 is a
nonfocal point ofS(k,R), thenµnE converges a.s. toµE asn → ∞. Also
from Proposition 3.3 it follows that if the projection mapP ≡ PJ(RΣk

m) is
continuously differentiable at ˜µ, then

√
n[J(µnE) − J(µE)] has asymptotic

mean zero Gaussian distribution onTJ(µE)J(RΣk
m). To find the asymptotic

dispersion, we need to compute the differential ofP at µ̃ (if it exists).

Consider first the mapP : N(µ̃) → S(k,R), P(µ) =
∑m

j=1(λ j(µ) − λ̄(µ) +
1/m)U j(µ)U j(µ)′ as in Theorem 8.2. HereN(µ̃) is an open neighborhood
of µ̃ in S(k,R) whereP is defined. Hence forµ ∈ N(µ̃), λm(µ) > λm+1(µ). It
can be shown thatP is smooth onN(µ̃) (see Theorem 8.5). Letγ(t) = µ̃+ tv
be a curve inN(µ̃) with γ(0) = µ̃ andγ̇(0) = v ∈ S(k,R). Let µ̃ = UΛU′,
U = (U1, . . . ,Uk),Λ = Diag(λ1, . . . , λk) be a s.v.d. of ˜µ as in Corollary 8.3.
Then

γ(t) = U(Λ + tU′vU)U′ = Uγ̃(t)U′ (8.30)

whereγ̃(t) = Λ + tU′vU. Thenγ̃(t) is a curve inS(k,R) starting atΛ. Say
ṽ = ˙̃γ(0) = U′vU. From equation (8.30) and from the definition ofP, we
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get that

P[γ(t)] = UP[γ̃(t)]U′. (8.31)

Differentiate equation (8.31) att = 0, noting thatddt P[γ(t)]|t=0 = dµ̃P(v) and
d
dt P[γ̃(t)]|t=0 = dΛP(ṽ), to get

dµ̃P(v) = UdΛP(ṽ)U′. (8.32)

Let us find d
dt P[γ̃(t)]|t=0. For that without loss of generality, we may assume

thatλ1 > λ2 > . . . > λk. That is because, the set of all such matrices forms
an open dense set ofS(k,R). Then we can choose a s.v.d. for ˜γ(t): γ̃(t) =
∑k

j=1 λ j(t)ej(t)ej(t)′ such that{ej(t), λ j(t)}kj=1 are some smooth functions of
t satisfyingej(0) = ej andλ j(0) = λ j , where{ej}kj=1 is the canonical basis
for Rk. Sinceej(t)′ej(t) = 1, we get by differentiating,

e′j ėj(0) = 0, j = 1, . . . , k. (8.33)

Also sinceγ̃(t)ej(t) = λ j(t)ej(t), we get that

ṽej + Λėj(0) = λ j ėj(0)+ λ̇ j(0)ej , j = 1, . . . , k. (8.34)

Consider the orthonormal basis (frame) forS(k,R): {Eab : 1 ≤ a ≤ b ≤ k}
defined as

Eab =















1√
2
(eaet

b + ebet
a) if a < b

eaet
a if a = b.

(8.35)

Let ṽ = Eab, 1 ≤ a ≤ b ≤ k. From equations (8.33) and (8.34), we get that

ėj(0) =



























0 if a = b or j < {a, b}
2−1/2(λa − λb)−1eb if j = a < b

2−1/2(λb − λa)−1ea if j = b > a.

(8.36)

and

λ̇ j(0) =















1 if j = a = b

0 o.w.
(8.37)

Since

P[γ̃(t)] =
m

∑

j=1

[λ j(t) − λ̄(t) +
1
m

]ej(t)ej(t)
′
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whereλ̄(t) = 1
m

∑m
j=1 λ j(t), therefore

˙̄λ(0) =
1
m

m
∑

j=1

λ̇ j(0),

d
dt

P[γ̃(t)]|t=0 =

m
∑

j=1

[λ̇ j(0)− ˙̄λ(0)]eje
′
j

+

m
∑

j=1

[λ j − λ̄ +
1
m

][ej ėj(0)′ + ėj(0)e′j ]. (8.38)

Take ˙̃γ(0) = ṽ = Eab, 1 ≤ a ≤ b ≤ k in equation (8.38). From equations
(8.36) and (8.37), we get that

d
dt

P[γ̃(t)]|t=0 = dΛP(Eab) =







































Eab if a < b ≤ m,

Eaa − 1
m

∑m
j=1 E j j if a = b ≤ m,

(λa − λ̄ + 1
m)(λa − λb)−1Eab if a ≤ m< b ≤ k,

0 if m< a ≤ b ≤ k.
(8.39)

Then from equations (8.32) and (8.39), we get that

dµ̃P(UEabU
′) =







































UEabU′ if a < b ≤ m,

U
(

Eaa − 1
m

∑m
j=1 E j j

)

U′ if a = b ≤ m,

(λa − λ̄ + 1
m)(λa − λb)−1UEabU′ if a ≤ m< b ≤ k,

0 if m< a ≤ b ≤ k.
(8.40)

From the description of the tangent spaceTP(µ̃)Mk
m in Proposition 8.1, it is

clear that

dµ̃P(UEabU
′) ∈ TP(µ̃)M

k
m ∀a ≤ b.

Let us denote by

Fab = UEabU
′, 1 ≤ a ≤ m, a < b ≤ k, (8.41)

Fa = UEaaU
′, 1 ≤ a ≤ m. (8.42)

Then from equation (8.40), we get that

dµ̃P(UEabU
′) =







































Fab if 1 ≤ a < b ≤ m,

Fa − F̄ if a = b ≤ m,
(

λa − λ̄ + 1
m

)

(λa − λb)−1Fab if 1 ≤ a ≤ m< b ≤ k,

0 o.w.
(8.43)
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whereF̄ = 1
m

∑m
a=1 Fa. Note that the vectors{Fab, Fa} in equations (8.41)

and (8.42) are orthonormal and
∑m

a=1 Fa − F̄ = 0. Hence from equation
(8.43), we conclude that the subspace spanned by

{dµ̃P(UEabU
′) : 1 ≤ a ≤ b ≤ k}

has dimension
m(m− 1)

2
+m− 1+m(k−m) = km−m− m(m− 1)

2

which is the dimension ofMk
m. This proves that

TP(µ̃)M
k
m = Span{dµ̃P(UEabU

′)}a≤b.

Consider the orthonormal basis{UEabU′ : 1 ≤ a ≤ b ≤ k} of S(k,R).
Define

F̃a =

m
∑

j=1

Ha jF j , 1 ≤ a ≤ m− 1 (8.44)

whereH is a (m− 1)×mHelmert matrix, that isHH′ = Im−1 andH1m = 0.
Then the vectors{Fab} defined in equation (8.41) and{F̃a} defined in (8.44)
together form an orthonormal basis ofTPµ̃Mk

m. This is proved in Theorem
8.5. It is taken from Bhattacharya (2008a).

Theorem 8.5 Let µ̃ be a nonfocal point in S(k,R). Let µ̃ = UΛU′ be
a s.v.d. ofµ̃. (a) The projection map P: N(µ̃) → S(k,R) is smooth and
its derivative dP: S(k,R) → T Mk

m is given by equation(8.40). (b) The
vectors (matrices){Fab : 1 ≤ a ≤ m, a < b ≤ k} defined in equation
(8.41)and{F̃a : 1 ≤ a ≤ (m− 1)} defined in equation(8.44)together form
an orthonormal basis of TP(µ̃)Mk

m. (c) Let A ∈ S(k,R) ≡ Tµ̃S(k,R) have
coordinates((ai j ))1≤i≤ j≤k with respect to the orthonormal basis{UEi j U′} of
S(k,R). That is,

A =
∑∑

1≤i≤ j≤k

ai j UEi j U
′,

ai j = 〈A,UEi j U
′〉 =















√
2U′i AU j if i < j

U′i AUi if i = j.

Then d̃µP(A) has coordinates

ai j , 1 ≤ i < j ≤ m,

ãi , 1 ≤ i ≤ (m− 1),
(

λi − λ̄ +
1
m

)

(λi − λ j)
−1ai j , 1 ≤ i ≤ m< j ≤ k
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w.r.t. the orthonormal basis{Fi j : 1 ≤ i < j ≤ m}, {F̃i : 1 ≤ i ≤ (m− 1)}
and{Fi j : 1 ≤ i ≤ m< j ≤ k} of TP(µ̃)Mk

m. Here

a ≡ (a11, a22, . . . , amm)′,

ã ≡ (ã1, ã2, . . . , ãm−1)
′ = Ha.

Proof Letµ ∈ N(µ̃) have ordered eigenvaluesλ1(µ) ≥ λ2(µ) ≥ . . . ≥ λk(µ)
with corresponding orthonormal eigenvectorsU1(µ),U2(µ), . . . ,Uk(µ). Then
from Perturbation theory, it follows that ifλm(µ) > λm+1(µ), then

µ 7→ Span(U1(µ), . . . ,Um(µ)),
m

∑

i=1

λi(µ)

are smooth maps into their respective codomains (see Dunford and Schwartz
(1958), p. 598). Write

P(µ) =
m

∑

j=1

λ j(µ)U j(µ)U j(µ)′ +

(

1
m
− λ̄(µ)

) m
∑

j=1

U j(µ)U j(µ)′

Then
∑m

j=1 U j(µ)U j(µ)′ is the projection matrix of the subspace Span(U1(µ), . . .,
Um(µ)), which is a smooth function ofµ.

∑m
j=1 λ jU j(µ)U j(µ)′ is the projec-

tion of µ on the subspace Span(U1(µ)U1(µ)′, . . . ,Um(µ)Um(µ)′) and hence
is a smooth function ofµ. Thusµ 7→ P(µ) is a smooth map onN(µ̃). This
proves part (a).

From equation (8.43), we conclude that{Fab : 1 ≤ a ≤ m, a < b ≤ k} and
{Fa − F̄ : 1 ≤ a ≤ m} spanTP(µ̃)Mk

m. It is easy to check from the definition
of H that Span{F̃a : 1 ≤ a ≤ (m− 1)} = Span{Fa − F̄ : 1 ≤ a ≤ m}.
Also since{Fa} are mutually orthogonal, so are{F̃a}. This proves that
{Fab : 1 ≤ a ≤ m, a < b ≤ k} and {F̃a : 1 ≤ a ≤ (m − 1)} together
form an orthonormal basis ofTPµ̃Mk

m, which is claimed in part (b).
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If A =
∑∑

1≤i≤ j≤k ai j UEi j U′, then

dµ̃P(A) =
∑∑

ai j dµ̃P(UEi j U
′) (8.45)

=
∑∑

1≤i< j≤m

ai j Fi j +

m
∑

i=1

aii (Fi − F̄) +
m

∑

i=1

k
∑

j=m+1

ai j (λi − λ̄ +
1
m

)(λi − λ j)
−1Fi j

(8.46)

=
∑∑

1≤i< j≤m

ai j Fi j +

m−1
∑

i=1

ãi F̃i +

m
∑

i=1

k
∑

j=m+1

(λi − λ̄ +
1
m

)(λi − λ j)
−1ai j Fi j .

(8.47)

This proves part (c). To get (8.47) from (8.46), we use the fact that
∑m

i=1 aii (Fi−
F̄) =

∑m−1
i=1 ãi F̃i . To show that, denote byF the matrix (F1, . . . , Fm), byF−F̄

the matrix (F1 − F̄, . . . , Fm − F̄) and byF̃ the matrix (F̃1, . . . , F̃m−1). Then

m−1
∑

i=1

ãi F̃i = F̃ã

=F̃Ha = F(Im − 1m1′m)a

=(F − F̄)a =
m

∑

i=1

aii (Fi − F̄).

This completes the proof. �

Corollary 8.6 Consider the projection map restricted to S0(k,R) ≡ {A ∈
S(k,R) : A1k = 0}. Then its derivative is given by

dP: S0(k,R)→ T J(RΣk
m),

dµ̃P(A) =
∑∑

1≤i< j≤m

ai j Fi j +

m−1
∑

i=1

ãi F̃i +

m
∑

i=1

k−1
∑

j=m+1

(λi − λ̄ +
1
m

)(λi − λ j)
−1ai j Fi j .

(8.48)

Hence d̃µP(A) has coordinates{ai j , 1 ≤ i < j ≤ m}, {ãi , 1 ≤ i ≤ (m− 1)},
{(λi − λ̄ + 1

m)(λi − λ j)−1ai j , 1 ≤ i ≤ m< j < k} w.r.t. the orthonormal basis
{Fi j : 1 ≤ i < j ≤ m}, {F̃i : 1 ≤ i ≤ (m− 1)} and{Fi j : 1 ≤ i ≤ m < j < k}
of TPµ̃J(RΣk

m).

Proof Follows from the fact that

TP(µ̃)J(RΣk
m) = {v ∈ TP(µ̃)M

k
m : v1k = 0}

and{Fi j : j = k} lie in TP(µ̃)J(RΣk
m)⊥. �



8.4 Two Sample Tests on the Reflection Shape Spaces117

Consider the same set up as in Section 3.3. LetX̃j = J(Xj), j = 1, . . . , n
be the embedded sample inJ(RΣk

m). Let d be the dimension ofRΣk
m. Let T j ,

j = 1, . . . , n be the coordinates ofdµ̃P(X̃j − µ̃) in TP(µ̃)J(RΣk
m) ≈ Rd. Then

from equation (3.5) and Proposition 3.3, it follows that

√
n[P(X̃) − P(µ̃)] =

√
nT̄ + oP(1)

L−→ N(0,Cov(T1)).

We can get expression forT j and hencēT from Corollary 8.6 as follows.
Define

(Yj)ab =















√
2U′aYjUb if 1 ≤ a < b ≤ k,

U′aYjUa − λa if a = b,

S j = H((Yj)11, (Yj)22, . . . , (Yj)mm)′,

(T j)ab =



























(Yj)ab if 1 ≤ a < b ≤ m,

(S j)a if 1 ≤ a = b ≤ (m− 1),

(λa − λ̄ + 1
m)(λa − λb)−1(Yj)ab if 1 ≤ a ≤ m< b < k.

(8.49)

ThenT j ≡ ((T j)ab) is the vector of coordinates ofdµ̃P(X̃j − µ̃) in Rd.

8.4 Two Sample Tests on the Reflection Shape Spaces

Now we are in the same set up as in Section 3.7: there are two samples on
RΣk

m and we want to test if they come from the same distribution, by com-
paring their sample extrinsic means and variations. To use the test statistic
T1 from equation (3.16) to compare the extrinsic means, we need the coor-
dinates of{dµ̂P(X̃j−µ̂)} and{dµ̂P(Ỹj−µ̂)} in TP(µ̂)J(RΣk

m). We get those from
Corollary 8.6 as described in equation (8.49). To use the test statistic T2

from equation (3.20), we need expressions forL : S(k,R) → TP(µ̂)(JRΣk
m)

andLi : TP(µ̂i )(JRΣk
m) → TP(µ̂)(JRΣk

m), i = 1, 2. Let µ̂ = UΛU′ be a s.v.d.
of µ̂. Consider the orthonormal basis{UEi j U′ : 1 ≤ i ≤ j ≤ k} of S(k,R)
and the orthonormal basis ofTP(µ̂)(JRΣk

m) derived in Corollary 8.6. Then
if A ∈ S(k,R) has coordinates{ai j , 1 ≤ i ≤ j ≤ k}, it is easy to show
that L(A) has coordinates{ai j , 1 ≤ i < j ≤ m}, {ãi , 1 ≤ i ≤ m − 1}
and {ai j , 1 ≤ i ≤ m < j < k} in TP(µ̂)(JRΣk

m). If we label the bases of
TP(µ̂i )J(RΣk

m) as{vi
1, . . . , v

i
d}, i = 1, 2 and that ofTP(µ̂)J(RΣk

m) as{v1, . . . , vd},
then one can show thatLi is thed × d matrix with coordinates

(Li)ab = 〈va, v
i
b〉 1 ≤ a, b ≤ d, i = 1, 2.



118 REFLECTION (SIMILARITY) SHAPE SPACES RΣk
m

8.5 Other distances on the Reflection Shape Spaces

In this section, we introduce some distances other than the extrinsic dis-
tance onRΣk

m which can be used to construct appropriate Fréchet functions
and hence Fŕechet mean and variation.

8.5.1 Full Procrustes Distance

Given twok-adsX1 andX2 in Rm×k, we define thefull Procrustes distance
between their reflection shapes as

dF(σ(X1), σ(X2)) = inf
Γ∈O(m),β∈R+

‖Z2 − βΓZ1‖ (8.50)

whereZ1 andZ2 are the preshapes ofX1 andX2 respectively. By a proof
similar to that of Result 4.1 in Dryden and Mardia (1998), it canbe shown
that

dF(X1,X2) = [1 − (
m

∑

i=1

λi)
2]1/2

and the values ofΓ andβ for which the infimum in equation (8.50) is at-
tained are

Γ̂ = VU′, β̂ =
m

∑

i=1

λi .

HereZ1Z′2 = UΛV′ is the singular value decomposition ofZ1Z′2, i.e.U,V ∈
O(m) and

Λ = diag(λ1, . . . , λm), λ1 ≥ λ2 ≥ . . . ≥ λm ≥ 0.

The quantityβ̂Γ̂Z1 is called thefull Procrustes coordinatesof the shape
of Z1 with respect to that ofZ2.

8.5.2 Partial Procrustes Distance

Now define thepartial Procrustes distancebetween the shapes ofX1 and
X2 as

dP(σ(X1), σ(X2)) = inf
Γ∈O(m)

‖Z2 − ΓZ1‖ (8.51)

which is

dP(X1,X2) =
√

2(1−
m

∑

i=1

λi)
1/2.
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The valueΓ̂ of Γ for which the infimum in equation (8.51) is attained is the
same as in Section 8.5.1. The quantityΓ̂Z1 is called thepartial Procrustes
coordinatesof the shape ofZ1 with respect to that ofZ2.

8.5.3 Geodesic Distance

We saw in Section 8.1 thatRΣk
m = NSk

m/O(m). Therefore the geodesic
distance between the shapes of twok-adsX1 andX2 is given by

dg(σ(X1), σ(X2)) = dg(σ(Z1), σ(Z2)) = inf
Γ∈O(m)

dgs(Z1, ΓZ2). (8.52)

Here Z1 and Z2 are the preshapes ofX1 and X2 respectively in the unit
sphereSk

m anddgs(., .) denotes the geodesic distance onSk
m which is given

by

dgs(Z1,Z2) = arccos(Trace(Z1Z
′
2)).

Therefore

dg(σ(X1), σ(X2)) = inf
Γ∈O(m)

arccos(Trace(Z1Z
′
2)) = arccos( max

Γ∈O(m)
(Trace(ΓZ1Z

′
2))).

Let Z1Z′2 = UΛV be the singular value decomposition ofZ1Z′2, that is,
U,V ∈ O(m) and

Λ = diag(λ1, . . . , λm), λ1 ≥ λ2 ≥ . . . λm ≥ 0.

Then

Trace(ΓZ1Z
′
2) = Trace(ΓUΛV) = Trace(VΓUΛ)

=

m
∑

j=1

λ j(VΓU) j j .

This is maximized whenVΓU = Im or Γ = V′U′ and then

Trace(ΓZ1Z
′
2) =

m
∑

j=1

λ j .

Therefore the geodesic distance is

dg(σ(X1), σ(X2)) = arccos(
m

∑

j=1

λ j).
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Figure 8.1 (a) and (b) show 5 landmarks from untreated and
treated eyes of 12 monkeys respectively, along with the mean
shapes. * correspond to the mean shapes’ landmarks.
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8.6 Application: Glaucoma Detection

In this section, we see an application of 3D similarity shapeanalysis in
disease detection.

Glaucoma is a leading cause of eye blindness. To detect any shape change
due to Glaucoma, 3D images of the Optic Nerve Head (ONH) of both
eyes of 12 mature rhesus monkeys were collected. One of the eyes was
treated to increase the Intra Ocular Pressure (IOP) which is often the case
of glaucoma onset, while the other was left untreated. Five landmarks were
recorded on each eye. For details on landmark registration,see Derado et
al. (2004). The landmark coordinates can be found in Bhattacharya and Pa-
trangenaru (2005). In this section, we consider the reflectionshape of the
k-ads inRΣk

3, k = 5. We want to test if there is any significant difference
between the shapes of the treated and untreated eyes by comparing the ex-
trinsic means and variations. The analysis is carried out inBhattacharya
(2008a).

Figure 8.1(a) shows the partial Procrustes coordinates of the untreated
eyes’ shapes along with a preshape of the untreated eye sample extrin-
sic mean. Figure 8.1(b) shows the coordinates for the treated eyes’ shapes
along with a preshape of the treated eye sample extrinsic mean. In both
cases the Procrustes coordinates are obtained with respectto the respective
sample means. Figure 8.2 shows the Procrustes coordinates of the mean
shapes for the two eyes along with a preshape of the pooled sample ex-
trinsic mean. Here the coordinates are with respect to the preshape of the
pooled sample extrinsic mean. The sample extrinsic means have coordi-
nates

L[P(µ̂1) − P(µ̂)] = (0.003,−0.011,−0.04, 0.021, 0.001,−0.001, 0.007,−0.004),

L[P(µ̂2) − P(µ̂)] = (−0.003, 0.011, 0.04,−0.021,−0.001, 0.001,−0.007, 0.005)

in the tangent space ofP(µ̂). HereP(µ̂1) andP(µ̂2) are the embeddings of
the sample extrinsic mean shapes of the untreated and treated eyes respec-
tively, P(µ̂) is the embedded extrinsic mean shape for the pooled sample
andL denotes the linear projection on toTP(µ̂)J(RΣ5

3). The sample extrinsic
variations for the untreated and treated eyes are 0.041 and 0.038 respec-
tively.

This is an example of a matched paired sample. To compare the extrinsic
means and variations, we use the methodology of Section 3.6.2. The value
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of the matched pair test statisticT1p in equation (3.25) is 36.29 and the
asymptotic p-value for testing if the shape distributions for the two eyes
are the same is

P(X2
8 > 36.29)= 1.55× 10−5.

The value of the test statisticT2p from equation (3.28) for testing whether
the extrinsic means are the same is 36.56 and the p-value of thechi-squared
test turns out to be 1.38× 10−5. Hence we conclude at asymptotic level
0.0001 or higher that the mean shapes of the two eyes are significantly
different. Because of lack of sufficient data and high dimension, the boot-
strap estimates of the covariance matrixΣ̂ in (3.29) turn out to be singu-
lar or close to singular in many simulations. To avoid that, we construct
a pivotal bootstrap confidence region for the first few principal scores of
Lµ̃[P(µ1) − P(µ2)] and see if it includes0. HereP(µi) is the embedding of
the extrinsic mean ofQi , i = 1, 2 (see Section 3.6.2) and ˜µ = (µ1 + µ2)/2.
The first two principal components ofΣ̂ explain more than 80% of its vari-
ation. A bootstrap confidence region for the first two principal scores is
given by the set

{nT′nΣ̂
−1
11Tn ≤ c∗(1− α)} where (8.53)

Tn = L[P(µ̂1) − P(µ̂2) − P(µ1) + P(µ2)]. (8.54)

Heren = 12 is the sample size andc∗(1−α) is the upper (1−α)-quantile of
the bootstrap distribution ofnv∗Σ∗−1

11 v∗, v∗ being defined in equation (??). If
Σ̂ =

∑8
j=1 λ jU jU′j is a s.v.d. forΣ̂, thenΣ̂−1

11 �
∑2

j=1 λ
−1
j U jU′j andΣ∗−1

11 is its
bootstrap estimate. The bootstrap p-value with 104 simulations turns out to
be 0.0098. Hence we again rejectH0 : P(µ1) = P(µ2). The corresponding
p-value usingX2

2 approximation for the distribution ofnT′nΣ̂
−1
11Tn in (8.53)

turns out to be 0.002. It may be noted that the p-values are muchsmaller
than those obtained by different methods in Bhattacharya and Patrangenaru
(2005) and Bandulasiri et al. (2008).

Next we test if the two eye shapes have the same extrinsic variation. The
value of the test statisticT3p from equation (3.31) equals−0.5572 and the
asymptotic p-value equals

P(|Z| > 0.5572)= 0.577, Z ∼ N(0, 1).

The bootstrap p-value with 104 simulations equals 0.59. Hence we accept
H0 and conclude that the extrinsic variations are equal at levels 0.5 or lower.

Since the mean shapes for the two eyes are found to be different, we
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Figure 8.2 Extrinsic mean shapes for the 2 eyes along with the
pooled sample extrinsic mean.

conclude that the underlying probability distributions are distinct and hence
Glaucoma indeed changes the shape of the eyes.
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Stiefel Manifolds Vk,m

9.1 Introduction

The Stiefel manifold Vk,m is the space of allk-framesin ℜm, k ≤ m. A
k-frame is a set ofk orthonormal vectors. The Stiefel manifold can be rep-
resented as

Vk,m = {x ∈ M(m, k) : x′x = Ik}
, M(m, k) denoting am × k real matrix. This is a Riemannian manifold
of dimensionk(2m− k − 1)/2. The sphereSm−1 arises as a special case
whenk = 1. Whenk = m, Vm

k is the orthogonal groupO(m) of all m× m
orthogonal matrices. The Stiefel manifold is connected except whenk = m.
Then O(m) has two connected components, namely those matrices with
deteminant equal to+1 which is the special orthogonal groupS O(m) and
those with determent equal to−1.

9.2 Extrinsic Analysis onVk,m

The Stiefel manifold is embedded in toM(m, k) by the inclusion map. For
a distributionQ on Vk,m with Euclidean meanµ (when viewed as a distri-
bution onM(m, k)), the following theorem derives its set of projections on
Vk,m and hence the extrinsic mean ofQ. µ has rank less than or equal tok.
We can decompose it as

µ = UP

with U ∈ Vk,m andP being positive semi-definite (we writeP ≥ 0) of rank
same as that ofµ. We will call this aorthogonal decompositionof µ. When
µ has full rank, the decomposition is unique and we haveU = µ(µ′µ)−1/2

andP = (µ′µ)1/2. HenceU can be thought of as theorientation ofµ, it is a
k-frame of the column-spaceC(µ) of µ. P is a measure of the size ofµ.

Denote byS k(k) the space ofk× k skew-symmetric matrices, i.e.

S k(k) = {A ∈ M(k, k) : A+ A′ = 0}.

124
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Also we represent byM(m) the space all realm×mmatrices, i.e.M(m,m).

Proposition 9.1 The tangent space of Vk,m at U is given by

TUVk,m = {v ∈ M(m, k) : U′v+ v′U = 0}. (9.1)

Let Ũ ∈ S tmm−k be a orthonormal frame for the null space of U, that is,
Ũ′U = 0 andŨ′Ũ = Im−k. Then the tangent space can be re-expressed as

{UA+ ŨB : A ∈ S k(k), B ∈ M(m− k, k)}. (9.2)

Proof Differentiate the identityU′U = Ik to get the expression forTUVk,m

as in (9.1). Clearly the linear space in (9.2) is contained inTUVk,m. The
dimensions ofS k(k) andM(m−k) arek(k−1)/2 andk(m−k) respectively,
add them to get the dimension ofVk,m or TUVk,m. Hence the two spaces are
identitical. �

Theorem 9.2 The projection set ofµ ∈ M(m, k) is given by

P(µ) = {U ∈ S tmk : µ = U(µ′µ)1/2}. (9.3)

The above set is non-empty. It is a singleton and henceµ is non-focal iff µ
has full rank and then U= µ(µ′µ)−1/2.

Proof The projection set ofµ is the set of minimizers off (U) = ‖U−µ‖2,
U ∈ Vk,m. Then f (U) = ‖µ‖2+k−2Tr(µ′U) and minimizingf is equivalent
to maximizing

g : Vk,m→ℜ, g(U) = Tr(µ′U).

ForU to be a maximizer, the derivative ofgmust vanish atU. When viewed
as a map fromM(k,m) toℜ, the derivative matrix ofg is constantµ. It must
therefore lie on the orthocomplement ofTUVk,m, i.e.

Tr(µ′UA+ µ′ŨB) = 0 ∀A ∈ S k(k), B ∈ M(m− k, k) and

Ũ orthonormal frame for the null space ofU. This implies

Tr(µ′UA) = 0 ∀A ∈ S k(k), (9.4)

Tr(µ′Ũ) = 0. (9.5)

(9.4) implies thatµ′U is symetric and from (9.5), it follows that

µ = UP for someP ∈ M(k)

. Then fromµ′U is symmetric, it follows thatP is symmetric. For such a
U, g(U) = Tr(P) ≤ Tr((P2)1/2) = Tr((µ′µ)1/2). Henceg is miximized iff
P = (µ′µ)1/2 and from this the projection set as in (9.3) follows. When



126 Stiefel Manifolds

rank(µ) = k, it follows that U = µ(µ′µ)−1/2 and hence the projection set
is a singleton. If rank(µ) < k, say,= k1, then pick anU0 ∈ P(µ). Then
U0U1 ∈ P(µ) for any U1 ∈ O(k) satisfyingU1 = OΛO′ with O ∈ O(k)
being of the frame of eigen-vectors of (µ′µ)1/2 in decreasing order of eigen-
values andΛ being diagonal with firstk1 diagonal entries equal to 1 and
Λ2 = Ik. This is because with such aO, O(µ′µ)1/2 = (µ′µ)1/2. Hence the
projection is unique iff rank(µ) = k. This completes the proof. �

Next we find the derivative ofP at a non-focal pointµ. Consider the
pseudo-singular-value decomposition of such aµ asµ = UΛV′ with U ∈
O(m), V ∈ S O(k) andΛ =

(

Λ1

0

)

with Λ1 = diag(λ1, . . . , λk), λ1 ≥ . . . ≥
λk > 0. Corresponding to such a decomposition,ΛΛ′ andΛ′Λ consist
of the ordered eigen-values ofµµ′ and µ′µ respectively whileU and V
are corresponding orthonormal eigen frames. Denote byU j and Vj the
jth columns ofU andV respectively. Then the projection ofµ becomes
µ
∑k

j=1 λ
−1
j VjV′j =

∑k
j=1 U jV′j . Hence this is a smooth map in some open

neighborhood ofµ. Its derivative atµ is a linear map fromTµM(m, k) ≡
M(m, k) toTP(µ)Vk,m. It is determined by its values at some basis forM(m, k).
One such basis is{UiV′j : 1 ≤ i ≤ m, 1 ≤ j ≤ k}. This forms an orthonormal
frame forM(m, k). Theorem 9.3 evaluates the derivative at this frame.

Theorem 9.3 The derivative of P atµ ∈ M(m, k) with rank(µ)= k is given
by

dµP : M(m, k)→ TP(µ)Vk,m, dµP(A) =
m

∑

i=1

k
∑

j=1

U′i AVjdµP(UiV
′
j )

dµP(UiV
′
j ) =















λ−1
j UiV′j if i > k

(λi + λ j)−1(UiV′j − U jV′i ) if i ≤ k
(9.6)

Proof We can assume that the eigen-values ofµ′µ are strictly ordered,
which means,λ1 > λ2 > . . . > λk. The space of all suchµ is dense, and
since the derivative is continuous in a neighborhood ofµ, we can evaluate it
at the remainingµs as well. This implies that theλ j are smooth functions of
µ and we can choose the correponding eigen vectorsVj smoothly as well.
Write P(µ) = µ

∑k
j=1 λ

−1
j VjV′j and from that it follows that

dµP(A) = µ
k

∑

j=1

{λ−1
j (VjV̇

′
j + V̇jV

′
j ) − λ−2

j λ̇ jVjV
′
j } + A

k
∑

j=1

λ−1
j VjV

′
j . (9.7)

By λ̇ j andV̇j we refer to the derivatives of thejth eigen-value and eigen-



9.2 Extrinsic Analysis on Vk,m 127

vector functions atµ evaluated atA. The constraintV′jVj = 1 implies that
V′j V̇j = 0∀ j. The derivative of the identity (µ′µ)Vj = λ

2
j Vj ( j ≤ k) evaluated

at A = UaV′b, a ≤ m, b ≤ k, gives

(µ′µ)V̇j + λa(VaV
′
b + VbV

′
a)Vj = λ

2
j V̇j + 2λ j λ̇ jVj if a ≤ k and (9.8)

(µ′µ)V̇j = λ
2
j V̇j + 2λ j λ̇ jVj if a > k. (9.9)

Consider first the caseA = UaV′a, a ≤ k. Pre-multiply identity (9.8) by
V′j and use the factsµ′µVj = λ

2
j V

2
j andV′j V̇j = 0 to get

λa(V
′
jVa)

2 = λ j λ̇ j , 1 ≤ j ≤ k

which implies that

λ̇ j =















0 if j , a

1 if j = a.

Plug this value in (9.8) to get

(µ′µ)V̇j = λ
2
j V̇j

which means thatVj andV̇j are mutually perpendicular eigen-vectors cor-
responding to the same eigen-value ofµ′µ. The assumption that all the
eigen-values ofµ′µ are simple, implies thaṫVj = 0. Plug these values in
(9.7) to conclude thatdµP(UaV′a) = 0.

Next A = UaV′b, a, b ≤ k, a , b. Again pre-multiply (9.8) byV′j to get
that λ̇ j = 0 ∀ j. When j is neithera norb, (9.8) will then imply that

(µ′µ)V̇j = λ
2
j V̇j

from which it follows thatV̇j = 0. In-casej = a, it follows that

(µ′µ)V̇a + λaVb = λ
2
aV̇a

which implies thatV′j V̇a = 0 ∀ j , b. SinceV gives an orthonormal basis
forℜk, this means thaṫVa must be a mulitiple ofVb. Solve for that mulitiple
to derive

V̇a = λa(λ
2
a − λ2

b)
−1Vb.

Similarly we can obtain

V̇b = λa(λ
2
b − λ2

a)
−1Va.

Plug these values in (9.7) to conclude that

dµP(UaV
′
b) = (λa + λb)

−1(UaV
′
b − UbV

′
a) ∀a, b ≤ k, a , b.



128 Stiefel Manifolds

Finally takeA = UaV′b, a > k, b ≤ k. Premultiply identity (9.9) byV′j to
conclude thaṫλ j = 0 ∀ j ≤ k. Then (9.9) becomesµ′µV̇j = λ2

j V̇j which
implies thatV̇j = 0 ∀ j ≤ k. Plug these values in (9.7) to get

dµP(UaV
′
b) = λ

−1
b UaV

′
b ∀a > k, b ≤ k.

�

Note that the{dµP(UiV′j )} values in (9.6) are non-zero and mutually or-
thogonal wheneverj < i. The values corresponding toj ≥ i are negative
of the i and j switched values. Also the size of the subsetS = {(i, j) :
i ≤ m, j ≤ k, j < i} equals to the dimension ofVk,m. This implies that
{dµP(UiV′j )}, (i, j) ∈ S determine an orthogonal basis forTP(µ)Vk,m.
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AFFINE SHAPE SPACES AΣk
m

10.1 Introduction

Theaffine shapeof a k-ad x with landmarks inRm may be defined as the
orbit of thisk-ad under the group of allaffine transformations

x 7→ F(x) = Ax+ b,

whereA is an arbitrarym×mnonsingular matrix andb is an arbitrary point
in Rm. Then theaffine shape spaceAΣk

m may be defined as the collection
of all affine shapes, that is

AΣk
m = {σ(x) : x ∈ Rm×k} where

σ(x) = {Ax+ b : A ∈ GL(m,R), b ∈ Rm}
andGL(m,R) is the general linear group onRm of all m × m nonsingu-
lar matrices. Note that twok-ads x = (x1, . . . , xk) and y = (y1, . . . , yk),
(xj , yj ∈ Rm for all j) have the same affine shape if and only if the cor-
responding centeredk-adsu = (u1, u2, . . . , uk) = (x1 − x̄, . . . , xk − x̄) and
v = (v1, v2, . . . , vk) = (y1 − ȳ, . . . , yk − ȳ) are related by a transformation

Au� (Au1, . . . ,Auk) = v, A ∈ GL(m,R).

The centeredk-ads lie in a linear subspace ofRm×k, call it H(m, k) which is

H(m, k) = {u ∈ Rm×k :
k

∑

j=1

uj = 0}.

HenceAΣk
m can be represented as the quotient of this subspace under all

general linear transformations, that is

AΣk
m = H(m, k)/GL(m,R).

The subspaceH(m, k) is an Euclidean manifold of dimensionm(k−1). The
groupGL(m,R) has the relative topology (and distance) ofRm2

and hence is
a manifold of dimensionm2. Assumek > m+1. For the action ofGL(m,R)

129
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onH(m, k) to be free and the affine shape space to be a manifold, we require
that the columns ofu (u ∈ H(m, k)) spanRm. Indeed the condition

Au= u⇔ A = Im

holds if and only if rank(u) = m. Hence we consider only such centered
k-adsu, that is

u ∈ H0(m, k) � {v ∈ H(m, k) : rank(v) = m}

and redefine the affine shape space as

AΣk
m = H0(m, k)/GL(m,R).

Then it follows thatAΣk
m is a manifold of dimensionm(k− 1)−m2. To get

rid of the linear constraint
∑k

j=1 uj = 0 on H(m, k), one may postmultiply
u by a Helmert matrixH and consider the Helmertizedk-ad ũ = uH as in
Section 6.1. ThenH(m, k) can be identified withRm(k−1) andH0(m, k) is an
open dense subset ofH(m, k).

For u, v ∈ H0(m, k), the conditionAu = v holds if and only ifu′A′ = v′

and asA varies overGL(m,R), u′A′ generates the linear subspaceL of Rk−1

spanned by them rows ofu. The affine shape ofu (or of the originalk-ad
x) can be identified with this subspace. ThusAΣk

m may be identified with
the set of allmdimensional subspaces ofRk−1, namely, theGrassmannian
Gm(k− 1), a result of Sparr (1992) (also see Boothby (1986)). This identi-
fication enables us to give a Riemannian structure toAΣk

m and carry out an
intrinsic analysis. This is discussed in Section 10.2.

To carry out an extrinsic analysis onAΣk
m, we embed it into the space of

all k×k symmetric matricesS(k,R) via an equivariant embedding. Then an-
alytic expressions for the extrinsic mean and variation are available. This is
the subject of Section 10.3. To get the asymptotic distribution of the sample
extrinsic mean and carry out nonparametric inference on affine shapes, we
need to differentiate the projection map of Proposition 10.1 which requires
Perturbation theory arguments for eigenvalues and eigenvectors. This is
carried out in Section 10.4.

Affine shape spaces arise in many problems of bioinformatics, cartog-
raphy, machine vision and pattern recognition (see Berthilsson and Hey-
den (1999), Berthilsson and Astrom (1999), Sepiashvili et al. (2003), Sparr
(1992)). We will see such an application in Section 10.5. The tools devel-
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oped in Sections 10.3 and 10.4 are applied to this example to carry out an
extrinsic analysis.

10.2 Geometry of Affine Shape Spaces

Consider a Helmertizedk-ad x in Rm×(k−1). Define itsspecial affine shape
as the orbit

sσ(x) = {Ax : A ∈ GL(m,R), det(A)> 0}. (10.1)

Any A ∈ GL(m,R) has apseudo singular value decompositionA = UΛV
whereU,V ∈ S O(m) and

Λ = Diag(λ1, . . . , λm), λ1 ≥ . . . ≥ λm−1 ≥ |λm|, sign(λm) = sign(det(A)).

Therefore a linear transformationx 7→ Ax consists of a rotation and differ-
ent amount of stretching in different directions followed by another rotation
or reflection. When det(A) > 0, that is, when we consider the special affine
shape, we look at the affine shape without any reflections. We can get the
affine shapeσ(x) of x from its special affine shapesσ(x) by identifying
sσ(x) with sσ(T x) whereT ∈ O(m), det(T) = −1. ThisT can be chosen to
be any reflection matrix. Let thespecial affine shape spaceS AΣk

m be the
collection of all special affine shapes, which is

S AΣk
m = {sσ(x) : x ∈ Rm×(k−1), rank(x) = m}

We restrict to full rankk-ads so that the group action is free andS AΣk
m is a

manifold. From the expression ofsσ(x) in equation (10.1), it is clear that
it is a function of the ‘oriented’ span of the rows ofx, which in turn is a
function of an orthogonalm-frame for the rowspace ofx. In factS AΣk

m can
be viewed as the quotient ofS O(k − 1) as follows. Denote byS tm(k) the
Steifel manifold of all orthogonalm-frames inRk. For V ∈ S O(k − 1),

write V =

(

V1

V2

)

whereV1 ∈ S tm(k − 1), V2 ∈ S tk−m−1(k − 1). Then the

oriented span of the rows ofV1 which is the special affine shape ofV1 can
be identified with the orbit

π(V) = {
(

AV1

BV2

)

: A ∈ S O(m), B ∈ S O(k−m− 1)} = {
(

A 0
0 B

)

V}.
(10.2)

This implies that

S AΣk
m = S O(k− 1)/S O(m) × S O(k−m− 1).
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Then AΣk
m = S AΣk

m/G whereG is a finite group generated by anyT ∈
S O(k− 1) which looks like

T =

(

T1 0
0 T2

)

, T1 ∈ O(m), T2 ∈ O(k−m− 1), det(T1) = det(T2) = −1.

This means that two elementsV,W in S O(k−1) have the same affine shape
iff eitherπ(V) = π(W) or π(TV) = π(W). HenceAΣk

m is locally like S AΣk
m.

SinceS O(m) × S O(k − m− 1) acts as isometries onS O(k − 1), therefore
the mapπ : S O(k − 1) → S AΣk

m in equation (10.2) is a Riemannian sub-
mersion. ThenS AΣk

m and henceAΣk
m inherits the Riemannian metric tensor

from S O(k− 1) making it a Riemannian manifold.

To derive expression for the tangent space ofS AΣk
m (or of AΣk

m), we need
to identify the horizontal subspace of the tangent space ofS O(k− 1). Then
dπ provides an isometry between the horizontal subspace and the tangent
space ofS AΣk

m. We saw in Section 6.2 that geodesics inS O(k− 1) starting
atV ∈ S O(k− 1) look like

γ(t) = exp(tA)V

whereA ∈ S kew(k− 1) (A+ A′ = 0) and

exp(B) = I + B+
B2

2!
+ . . .

This geodesic is vertical if it lies in the orbitπ(V). That is when

γ(t) =

(

exp(tA) 0
0 exp(tB)

)

V

whereA ∈ S kew(m), B ∈ S kew(k−m− 1). Then

γ̇(0) =

(

A 0
0 B

)

V.

Therefore the vertical subspace of the tangent spaceTVS O(k−1) of S O(k−
1) atV has the form

VerV = {
(

A 0
0 B

)

V : A+ A′ = 0, B+ B′ = 0}.

The horizontal subspaceHV is its orthocomplement inTVS O(k− 1) which
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is given by

HV = {AV : A ∈ S kew(k− 1), Trace

(

A

(

B1 0
0 B2

))

= 0 ∀ B1 ∈ S kew(m),

B2 ∈ S kew(k−m− 1)}

= {AV: A =

(

0 B
−B′ 0

)

, B ∈ Rm×(k−m−1)}.

Then

Tπ(V)S AΣk
m = dπV(HV).

10.3 Extrinsic Analysis on Affine Shape Spaces

Let u be a centeredk-ad in H0(m, k) and letσ(u) denote its affine shape,
which is the orbit

σ(u) = {Au: A ∈ GL(m,R)}.

Consider the map

J : AΣk
m→ S(k,R), J(σ(u)) ≡ A = FF′ (10.3)

whereF = ( f1, f2, . . . , fm) is an orthonormal basis for the row space ofu.
It has been shown thatJ is an embedding ofAΣk

m into S(k,R), equivariant
under the action ofO(k) (see Dimitric (1996)). In (10.3),A is the projec-
tion (matrix) on to the subspace spanned by the rows ofu. Hence through
the embeddingJ, we identify am-dimensional subspace ofRk−1 with the
projection map (matrix) on to that subspace. SinceA is a projection matrix,
it is characterized by

A2 = A, A = A′ and trace(A) = rank(A) = m.

Also sinceu is a centeredk-ad, that is, the rows ofu are orthogonal to
1k, thereforeA1k = 0. Hence the image ofAΣk

m into S(k,R) under the
embeddingJ is given by

J(AΣk
m) = {A ∈ S(k,R) : A2 = A, trace(A) = m, A1k = 0} (10.4)

which is a compact Riemannian submanifold ofS(k,R) of dimensionmk−
m−m2. It is easy to show thatA = u′(uu′)−1u.

Let Q be a probability distribution onAΣk
m and letQ̃ = Q ◦ J−1 be its
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image inJ(AΣk
m). Let µ̃ be the mean of̃Q, that isµ̃ =

∫

J(AΣk
m)

xQ̃(dx). Then
µ̃ is ak× k positive semi definite matrix satisfying

trace(µ̃) = m, rank(µ̃) ≥ m andµ̃1k = 0.

To carry out an extrinsic analysis onAΣk
m, we need to identify the extrinsic

mean (set) ofQ which is the projection (set) of ˜µ on J(AΣk
m). Denote by

P(µ̃) the set of projections of ˜µ on J(AΣk
m), as defined in equation (3.3).

Proposition 10.1 below gives an expression forP(µ̃) and hence finds the
extrinsic mean set ofQ. It was first proved in Sughatadasa (2006). The
proof below is constructed independently and is included here for the sake
of completeness.

Proposition 10.1 (a) The projection of̃µ into J(AΣk
m) is given by

P(µ̃) = {
m

∑

j=1

U jU
′
j} (10.5)

where U= (U1, . . . ,Uk) ∈ S O(k) is such that̃µ = UΛU′,Λ = Diag(λ1, . . . , λk),
λ1 ≥ . . . ≥ λk = 0. (b) µ̃ is nonfocal and Q has a unique extrinsic meanµE

iff λm > λm+1. ThenµE = σ(F′) where F= (U1, . . . ,Um).

Proof From the definition ofP(µ̃), it follows that for anyA0 ∈ P(µ̃),

‖µ̃ − A0‖2 = min
A∈J(AΣk

m)
‖µ̃ − A‖2.

Here‖.‖ denotes the Euclidean norm which is

‖A‖2 = Trace(AA′), A ∈ Rk×k.

Then for anyA ∈ J(AΣk
m),

‖µ̃ − A‖2 = Trace(µ̃ − A)2 =

k
∑

i=1

λ2
i +m− 2Trace(µ̃A) (10.6)

whereλ1, . . . , λk are the eigenvalues of ˜µ defined in the statement of the
Proposition. SinceA is a projection matrix, it can be written as

A = FF′ whereF ∈ Rk×m, F′F = Im.

Also write µ̃ = UΛU′ as in the proposition. Then

‖µ̃ − A‖2 =
k

∑

i=1

λ2
i +m− 2Trace(F′UΛU′F)

=

k
∑

i=1

λ2
i +m− 2Trace(EΛE′), E = F′U. (10.7)
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To minimize‖µ̃ − A‖2, we need to maximize Trace(EΛE′) overE ∈ Rm×k,
EE′ = Im. Note that

Trace(EΛE′) =
m

∑

i=1

k
∑

j=1

e2
i jλ j =

k
∑

j=1

wjλ j

whereE = ((ei j )) andw j =
∑m

i=1 e2
i j , j = 1, 2, . . . , k. Then 0≤ w j ≤ 1

and
∑k

j=1 wj = m. Therefore the maximum value of Trace(EΛE′) equals
∑m

j=1 λ j which is attained iff

w1 = w2 = . . . = wm = 1, wi = 0 for i > m.

That is when

E = (E11, 0)

for someE11 ∈ O(m). Then from equation (10.7), it follows thatF = UE′

and the value ofA which minimizes (10.6) is given by

A0 = FF′ = UE′EU′ = U

(

Im 0
0 0

)

U′ =
m

∑

j=1

U jU
′
j . (10.8)

This proves part (a) of the proposition.

To prove part (b), note that
∑m

j=1 U jU′j is the projection matrix of the
subspace spanned by{U1, . . . ,Um} which is unique iff λm > λm+1. Then
µE = σ(F′) for any F satisfyingA0 = FF′, A0 being defined in equation
(10.8). Hence one can chooseF = (U1, . . . ,Um). This completes the proof.

�

We can use Proposition 10.1 and Proposition 3.2 to get an expression for
the extrinsic variationV of Q as follows:

V = ‖µ̃ − µ‖2 +
∫

J(AΣk
m)
‖µ̃ − x‖2Q̃(dx), µ ∈ P(µ̃).

= 2(m−
m

∑

i=1

λi). (10.9)

Let X1, . . . ,Xn be an iid sample fromQ and letµnE be the sample extrin-
sic mean, which can be any measurable selection from the sample extrinsic
mean set. It follows from Proposition 2.3 that ifQ has a unique extrinsic
meanµE, that is, ifµ̃ is a nonfocal point ofS(k,R), thenµnE is a consistent
estimator ofµE.
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10.4 Asymptotic Distribution of the Sample Extrinsic Mean

In this section, we assume that ˜µ is a nonfocal point ofS(k,R). Then the
mapP(µ̃) =

∑m
j=1 U jU′j is well defined and smooth in a neighborhoodN(µ̃)

of µ̃ in S(k,R). That follows from Perturbation theory, because ifλm >

λm+1, then the subspace spanned by{U1, . . . ,Um} is a smooth map from
S(k,R) into Gm(k) andP(µ̃) is the matrix of projection onto that subspace.
Then it follows from the calculations of Section 3.3 that

√
n(J(µnE)−J(µE))

is asymptotically normal in the tangent space ofJ(AΣk
m) atJ(µE) ≡ P(µ̃). To

get the asymptotic coordinates and the dispersion matrix asin Proposition
3.3, we need to find the derivative ofP. Define

Nk
m = {A ∈ S(k,R) : A2 = A, trace(A) = m}. (10.10)

ThenNk
m = J(AΣk+1

m ), which is a Riemannian manifold of dimensionkm−
m2. It has been shown in Dimitric (1996) that the tangent and normal spaces
to Nk

m are given by

TANk
m = {v ∈ S(k,R) : vA+ Av= v}, (10.11)

TANk
m
⊥
= {v ∈ S(k,R) : vA= Av}. (10.12)

Consider the map

P : N(µ̃)→ Nk
m, P(A) =

m
∑

j=1

U j(A)U j(A)′ (10.13)

whereA =
∑k

j=1 λ j(A)U j(A)U j(A)′ is a s.v.d. ofA as in Proposition 10.1.
The expression for the derivative ofP is obtained in Bhattacharya (2008a)
which is mentioned in Proposition 10.2 below.

Proposition 10.2 The derivative of P is given by

dP : S(k,R)→ T Nk
m, dµ̃P(A) =

m
∑

i=1

k
∑

j=m+1

(λi − λ j)
−1ai j UEi j U

′ (10.14)

where A=
∑∑

1≤i≤ j≤k ai j UEi j U′ and {UEi j U′ : 1 ≤ i ≤ j ≤ k} is the
orthogonal basis (frame) for S(k,R) obtained in Section 8.3.

Proof Let γ(t) = µ̃ + tv be a curve inN(µ̃) with γ(0) = µ̃ andγ̇(0) = v ∈
S(k,R). Then

γ(t) = U(Λ + tU′vU)U′ = Uγ̃(t)U′ (10.15)

whereγ̃(t) = Λ + tU′vU, which is a curve inS(k,R) satisfyingγ̃(0) = Λ
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and ˙̃γ(0) = ṽ = U′vU. From equations (10.13) and (10.15), we get that

P[γ(t)] = UP[γ̃(t)]U′. (10.16)

Differentiate equation (10.16) att = 0 to get

dµ̃P(v) = UdΛP(ṽ)U′. (10.17)

To find dΛP(ṽ) ≡ d
dt P[γ̃(t)]|t=0, we may assume without loss of generality

that λ1 > λ2 > . . . > λk. Then we can choose a s.v.d. for ˜γ(t) as γ̃(t) =
∑k

j=1 λ j(t)ej(t)ej(t)′ such that{ej(t), λ j(t)}kj=1 are some smooth functions of
t satisfyingej(0) = ej andλ j(0) = λ j , where{ej}kj=1 is the canonical basis
for Rk. Let ṽ = Eab, 1 ≤ a ≤ b ≤ k. Then we can get expressions for ˙ej(0)
from equation (8.36). Since

P[γ̃(t)] =
m

∑

j=1

ej(t)ej(t)
′,

therefore

d
dt

P[γ̃(t)]|t=0 =

m
∑

j=1

[ej ėj(0)′ + ėj(0)e′j ] (10.18)

From equations (8.36) and (10.18), we get that

dΛP(Eab) =















(λa − λb)−1Eab if a ≤ m< b ≤ k,

0 o.w.
(10.19)

Then from equation (10.17), we get that

dµ̃P(UEabU
′) =















(λa − λb)−1UEabU′ if a ≤ m< b ≤ k,

0 o.w.
(10.20)

Hence ifA =
∑∑

1≤i≤ j≤k ai j UEi j U′, from (10.20), we get that

dµ̃P(A) =
m

∑

i=1

k
∑

j=m+1

(λi − λ j)
−1ai j UEi j U

′. (10.21)

This completes the proof. �

Corollary 10.3 Consider the projection map of equation(10.13)restricted
to

S0(k,R) := {A ∈ S(k,R) : A1k = 0}.
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It has the derivative

dP : S0(k,R)→ T J(Ak
m), dµ̃P(A) =

m
∑

i=1

k−1
∑

j=m+1

(λi − λ j)
−1ai j UEi j U

′.

Proof Follows from Proposition 10.2 and the fact that

TP(µ̃)J(Ak
m) = {v ∈ TP(µ̃)N

k
m : v1k = 0}.

�

From Corollary 10.3, it follows that

{UEi j U
′ : 1 ≤ i ≤ m< j < k} (10.22)

forms an orthonormal basis forTP(µ̃)J(Ak
m) and if A ∈ S(k,R) has co-

ordinates{ai j : 1 ≤ i ≤ j ≤ k} with respect to the orthonormal ba-
sis {UEi j U′ : 1 ≤ i ≤ j ≤ k} of S(k,R), thendµ̃P(A) has coordinates
{(λi − λ j)−1ai j : 1 ≤ i ≤ m < j < k} in TP(µ̃)J(Ak

m). Also it is easy to
show that the linear projectionL(A) of A into TP(µ̃)J(Ak

m) has coordinates
{ai j : 1 ≤ i ≤ m < j < k}. Therefore we have the following corollary to
Proposition 3.3. In the statement of Corollary 10.4,X̃j = J(Xj), j = 1, . . . , n
denotes the embedded sample inJ(AΣk

m) and

T j =
(

(T j)ab : 1 ≤ a ≤ m< b < k
)

denotes the coordinates ofdµ̃P(X̃j − µ̃) in Rkm−m−m2
with respect to the

orthonormal basis ofTP(µ̃)J(Ak
m) obtained in equation (10.22). ThenT j has

the following expression:

(T j)ab =
√

2(λa − λb)
−1U′aX̃jUb, 1 ≤ a ≤ m< b < k.

Corollary 10.4 If µ̃ = E[X̃1] is a nonfocal point of S(k,R), then
√

n[J(µnE) − J(µE)] =
√

ndµ̃P(X̃ − µ̃) + oP(1)
L−→ N(0,Σ)

whereΣ denotes the covariance matrix of T1.

Using Corollary 10.4, we may construct confidence regions forµE as in
Section 3.3 or perform two sample tests to compare the extrinsic means
from two populations onAΣk

m as in Section 3.7.

The asymptotic distribution of the sample extrinsic variation follows
from Theorem 3.5 using which we may construct confidence intervals for
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the extrinsic variation ofQ or compare the extrinsic variations for two pop-
ulations via two sample tests described in Section 3.7.

10.5 Application to Handwritten Digit Recognition

A random sample of 30 handwritten digit ‘3’ were collected so as to devise
a scheme to automatically classify handwritten characters.13 landmarks
were recorded on each image by Anderson (1997). The landmark data can
be found in Dryden and Mardia (1998).

We analyse the affine shape of the sample points and estimate the mean
shape and variation in shape. This can be used as a prior modelfor digit
recognition from images of handwritten codes. Our observations lie on the
affine shape spaceAΣk

2, k = 13. A representative of the sample extrinsic
mean shape has coordinates

u = (−0.53,−0.32,−0.26,−0.41, 0.14,−0.43, 0.38,−0.29, 0.29,−0.11, 0.06, 0,

− 0.22, 0.06, 0.02, 0.08, 0.19, 0.13, 0.30, 0.21, 0.18, 0.31,−0.13, 0.38,−0.42, 0.38).

The coordinates are in pairs,x coordinate followed byy. Figure 10.1 shows
the plot ofu.

The sample extrinsic variation turns out to be 0.27 which is fairly large.
There seems to be a lot of variability in the data. Following are the extrinsic
distances squared of the sample points from the mean affine shape:

(ρ2(Xj , µE), j = 1, . . . , n) = (1.64, 0.28, 1.00, 0.14, 0.13, 0.07, 0.20, 0.09, 0.17, 0.15,

0.26, 0.17, 0.14, 0.20, 0.42, 0.31, 0.14, 0.12, 0.51, 0.10, 0.06, 0.15, 0.05, 0.31, 0.08,

0.08, 0.11, 0.18, 0.64, 0.12).

Heren = 30 is the sample size. From these distances, it is clear that ob-
servations 1 and 3 are outliers. We remove them and recomputethe sample
extrinsic mean and variation. The sample variation now turns out to be 0.19.

An asymptotic 95% confidence region for the extrinsic meanµE as in
equation (3.6) is given by

{µE : nL[P(µ̃) − P(X̃)]′Σ̂−1L[P(µ̃) − P(X̃)] ≤ X2
20(0.95)= 31.4104}.

The dimension 20 ofAΣ13
2 is quite high compared to the sample size of

28. It is difficult to construct a pivotal bootstrap confidence region as in
equation (??) because the bootstrap covariance estimatesΣ∗ tend to be
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Figure 10.1 Extrinsic mean shape for handwritten digit 3 sample.

singular or close to singular in most simulations. Instead,we construct a
nonpivotal bootstrap confidence region by considering the linear projec-

tion L[P(X̃) − P(X̃∗)] into the tangent space ofP(X̃) and replacingΣ∗ by
Σ̂. Then the 95th bootstrap percentilec∗(0.95) turns out be 1.077 using 105

simulations. Hence bootstrap methods yield much smaller confidence re-
gion for the true mean shape compared to that obtained from chi-squared
approximation.

A 95% confidence interval for the extrinsic variationV by normal ap-
proximation as described in equation (3.13) is given byV ∈ [0.140, 0.243]
while a pivotal bootstrap confidence interval using 105 simulations turns
out to be [0.119, 0.264].

In Dryden and Mardia (1998), the 2D similarity shapes (planar shapes)
of the samplek-ads are analysed. A multivariate Normal distribution is
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assumed for the Procrustes coordinates of the planar shapes of the sample
points, using which aF test is carried out to test if the population mean
shape corresponds to that of an idealized template. The testyields a p-value
of 0.0002 (see Example 7.1, Dryden and Mardia (1998)).



11

REAL PROJECTIVE SPACES AND
PROJECTIVE SHAPE SPACES

11.1 Introduction

Consider ak-ad picked on a planar image of an object or scene in 3D. If
one thinks of images or photographs obtained through a central projection
(a pinhole camera is an example of this), a ray is received as a landmark
on the image plane (e.g., the film of the camera). Since axes in 3Dcom-
prise the projective spaceRP2, thek-ad in this view is valued inRP2. For
a k-ad in 3D to represent ak-ad inRP2, the corresponding axes must all
be distinct. To have invariance with regard to camera angles, one may first
look at the original noncollinear 3Dk-ad u and achieve affine invariance
by its affine shape (i.e., by the equivalence classAu, A ∈ GL(3,R)), and
finally take the corresponding equivalence class of axes inRP2 to define
the projective shape of thek-ad as the equivalence class, or orbit, with re-
spect to projective transformations onRP2. The projective shape of ak-ad
is singular if thek axes lie on the vector planeRP1. Fork > 4, the space of
all non-singular shapes is the2D projective shape space, denoted asP0Σ

k
2.

In general, theprojective spaceRPm comprises of axes or lines through
the origin inRm+1. Thus elements ofRPm may be represented as equiva-
lence classes

[x] = [x1 : x2 : . . . : xm+1] = {λx : λ , 0}, x = (x1, . . . , xm+1)′ ∈ Rm+1 \ {0}.
Then aprojective transformation α on RPm is defined in terms of an
(m+ 1)× (m+ 1) nonsingular matrixA ∈ GL(m+ 1,R) by

α([x]) = [Ax].

The group of all projective transformations onRPm is denoted byPGL(m).
Now consider ak-ady = (y1, . . . , yk) in (RPm)k, sayyj = [xj ], j = 1, . . . , k,
xj ∈ Rm+1 \ {0} andk > m+ 2. Theprojective shapeof this k-ad is its
orbit underPGL(m), i.e., α(y) � {(αy1, . . . , αyk) : α ∈ PGL(m)}. To ex-
clude singular shapes, define ak-ad y = (y1, . . . , yk) = ([x1], . . . , [xk]) to

142



11.2 Geometry of the Real Projective SpaceRPm 143

be in general position if there exists a subset ofm + 2 landmarks, say
(yi1, . . . , yim+2), such that the linear span of anym+ 1 points from this set is
RPm, i.e., if the linear span of their representative points inRm+1 is Rm+1.
The space of shapes of allk-ads in general position is theprojective shape
spaceP0Σ

k
m.

11.2 Geometry of the Real Projective SpaceRPm

Since any line through the origin inRm+1 is uniquely determined by its
points of intersection with the unit sphereSm, one may identifyRPm with
Sm/G, with G comprising the identity map and the antipodal mapp 7→ −p.
Its structure as am-dimensional manifold (with quotient topology) and its
Riemannian structure both derive from this identification. Among applica-
tions are observations on galaxies, on axes of crystals, or on the line of a
geological fissure (Watson (1983), Mardia and Jupp (1999), Fisheret al.
(1987), Beran and Fisher (1998), Kendall (1989)).

Foru, v ∈ Sm the geodesic distance between the corresponding elements
[u], [v] ∈ RPm is given by

dg([u], [v]) = min{dgs(u, v), dgs(u,−v)}

wheredgs(u, v) = arccos(u′v) is the geodesic distance onSm. Therefore

dg([u], [v]) = min{arccos(u′v), arccos(−u′v)} = arccos(|u′v|).

The injectivity radius ofRPm is π
2 . The map

π : Sm→ RPm, u 7→ [u]

is a Riemannian submersion. The exponential map ofRPm at [u] is Exp[u] =

π ◦ expu ◦ dπ−1
u whereexpu : TuSm → Sm is the exponential map of the

sphere, which is

expu(v) = cos(‖v‖)u+ sin(‖v‖) v
‖v‖ , v ∈ TuS

m.

The cutlocus of [u] is

C([u]) = {[v] ∈ RPm : dg([u], [v]) =
π

2
}

= {[v] ∈ RPm : u′v = 0}.

The exponential mapExp[u] is invertible onRPm \C([u]) and its inverse is
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given by

Exp−1
[u]([v]) =

arccos(|u′v|)
√

1− (u′v)2
dπu

(

u′v
|u′v|v− |u

′v|u
)

, u′v , 0.

The projective space has a constant sectional curvature of 4.

11.3 Geometry of the Projective Shape SpaceP0Σ
k
m

Recall that the projective shape of ak-ady ∈ (RPm)k is given by the orbit

σ(y) = {αy : α ∈ PGL(m)}.

This orbit has full rank ify is in general position. Then we defined the
projective shape spaceP0Σ

k
m to be the set of all shapes ofk-ads in general

position. Define aprojective frame inRPm to be an ordered system ofm+2
points in general position, that is, the linear span of anym+ 1 points from
this set isRPm. Let I = i1 < . . . < im+2 be an ordered subset of{1, . . . , k}.
A manifold structure onPIΣ

k
m, an open dense subset ofP0Σ

k
m of projective

shapes ofk-ads (y1, . . . , yk), for which (yi1, . . . , yim+2) is a projective frame in
RPm, is derived in Mardia and Patrangenaru (2005) as follows. Thestan-
dard frame is defined to be ([e1], . . . , [em+1], [e1 + e2 + . . . + em+1]), where
ej ∈ Rm+1 has 1 in thej-th coordinate and zeros elsewhere. Given two
projective frames (p1, . . . , pm+2) and (q1, . . . , qm+2), there exists a unique
α ∈ PGL(m) such thatα(pj) = qj ( j = 1, . . . ,m + 2). By ordering the
points in ak-ad such that the firstm+ 2 points are in general position, one
may bring this ordered set, say, (p1, . . . , pm+2), to the standard form by a
uniqueα ∈ PGL(m). Then the ordered set of remainingk − m− 2 points
is transformed to a point in (RPm)k−m−2. This provides a diffeomorphism
betweenPIΣ

k
m and the product ofk − m− 2 copies of the real projective

spaceRPm. Hence by developing corresponding inference tools onRPm,
one can perform statistical inference in a dense open subset ofP0Σ

k
m. In

the subsequent sections, we develop intrinsic and extrinsic analysis tools
onRPm.

11.4 Intrinsic Analysis onRPm

Let Q be a probability distribution onRPm and letX1, . . . ,Xn be an iid
random sample fromQ. The value ofr∗ on RPm as defined in Chapter 2
turns out to be the minimum of its injectivity radius ofπ2 and π

4
√

C
where

C is its constant sectional curvature of 4. Hencer∗ = π
2 and therefore if



11.5 Extrinsic Analysis onRPm 145

the support ofQ is contained in an open geodesic ball of radiusπ
4 , then

it has a unique intrinsic mean in that ball. In this section, we assume that
supp(Q) ⊆ B(p, π4), p ∈ RPm. Let µI = [µ] (µ ∈ Sm) be the intrinsic
mean ofQ in the ball. Choose an orthonormal basisv1, . . . , vd for TµSm so
that {dπµ(vj)} forms an orthonormal basis forTµIRPm. For [x] ∈ B(p, π4)
(x ∈ Sm), let φ([x]) be the coordinates ofExp−1

µI
([x]) with respect to this

basis, which are

φ([x]) = (x1, . . . , xm),

x j =
x′µ
|x′µ|

arccos(|x′µ|)
√

1− (x′µ)2
(x′vj), j = 1, 2, . . . ,m.

Let Xj = [Yj ] (Yj ∈ Sm) and X̃j = φ(Xj), j = 1, 2, . . . , n. Let µnI be the
sample intrinsic mean inB(p, π4) and letµn = φ(µnI). Then from Theorem
4.3 and Corollary 4.4, it follows that if supp(Q) ⊆ B(µI ,

π
4), then

√
nµn

L−→ N(0,Λ−1ΣΛ−1)

whereΣ = 4E(X̃1X̃′1) andΛ = ((Λrs))1≤r,s≤d where

Λrs = Λsr = 2E[
1

(1− |X̃′1µ|2)

























1−
arccos(|X̃′1µ|)(2|X̃′1µ|2 − 1)

|X̃′1µ|
√

1− (X̃′1µ)2

























(X̃′1vr)(X̃
′
1vs)

+
arccos(|X̃′1µ|)(2|X̃′1µ|2 − 1)

|X̃′1µ|
√

1− (X̃′1µ)2

δrs], 1 ≤ r ≤ s≤ d.

A confidence region forµI of asymptotic confidence level 1−α is given by

{µI : nµ′nΛ̂Σ̂
−1Λ̂µn ≤ X2

m(1− α)}
whereΛ̂ andΣ̂ are sample estimates ofΛ andΣ respectively. We can also
construct a pivotal bootstrap confidence region by methods developed in
Section 2.4.

To compare the intrinsic means or variations of two probability distribu-
tion onRPm and hence distinguish between them, we can use the methods
developed in Section 4.5.

11.5 Extrinsic Analysis onRPm

Another representation ofRPm is via theVeronese-Whitney embeddingJ
of RPm into the space of all (m+1)×(m+1) symmetric matricesS(m+1,R)
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which is a real vector space of dimension(m+1)(m+2)
2 . This embedding was

introduced by Watson (1983) and is given by

J([u]) = uu′ = ((uiuj))1≤i, j≤m+1, u = (u1, .., um+1)
′ ∈ Sm.

It induces the extrinsic distance

ρ2([u], [v]) = ‖uu′ − vv′‖2 = Trace(uu′ − vv′)2 = 2(1− (u′v)2).

If one denotes the the space of all (m+ 1)× (m+ 1) positive semi definite
matrices asS+(m+ 1,R), then

J(RPm) = {A ∈ S+(m+ 1,R) : rank(A) = Trace(A) = 1}

which is a compact Riemannian submanifold ofS(m+ 1,R) of dimension
m. The embeddingJ is equivariant under the action of the orthogonal group
O(m+1) which acts onRPm asA[u] = [Au] (see Kent (1992), Bhattacharya
and Patrangenaru (2005)).

Let Q be a probability measure onRPm, and letµ̃ be the mean of̃Q �
Q◦ J−1 considered as a probability distribution onS(m+ 1,R). To find the
extrinsic mean set ofQ, we need to find the projection of ˜µ on M̃ � J(RPm),
sayPM̃(µ̃), as in Proposition 3.2. The projection set has been obtainedin
Bhattacharya and Patrangenaru (2003) but we include the derivation here
for the sake of completeness. Since ˜µ belongs to the convex hull of̃M, it
lies inS+(m+ 1,R) and satisfies

rank(µ̃) ≥ 1, Trace(µ̃) = 1.

There exists an orthogonal (m+1)× (m+1) matrixU such that ˜µ = UDU′,
D ≡ Diag(λ1, . . . , λm+1) where the eigenvalues may be taken to be ordered:
0 ≤ λ1 ≤ . . . ≤ λm+1. To findPM̃(µ̃), note first that, writingv = U′u, we get
that

‖µ̃ − uu′‖2 = Trace[(µ̃ − uu′)2]

= Trace[{U′(µ̃ − uu′)U}{U′(µ̃ − uu′)U}] = Trace[(D − vv′)2].
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Write v = (v1, . . . , vm+1), so that

‖µ̃ − uu′‖2 =
m+1
∑

i=1

(λi − v2
i )

2 +
∑

j, j′

(vivj)
2

=

m+1
∑

i=1

λ2
i +

m+1
∑

i=1

v4
i − 2

m+1
∑

i=1

λiv
2
i + (

∑

j

v2
j )(

∑

j′

v2
j′) −

m+1
∑

j=1

v4
j

=

m+1
∑

i=1

λ2
i − 2

m+1
∑

i=1

λiv
2
i + 1. (11.1)

The minimum of equation (11.1) is achieved whenv = (0, 0, . . . , 0, 1)′ =
em+1. That is whenu = Uv = Uem+1 is an unit eigenvector of ˜µ having
the eigenvalueλm+1. Hence the minimum distance between ˜µ and M̃ is
attained byµµ′ whereµ is a unit vector in the eigenspace of the largest
eigenvalue of ˜µ. There is a unique minimizer iff the largest eigenvalue of
µ̃ is simple, i.e., if the eigenspace corresponding to the largest eigenvalue
is one dimensional. In that case, one says that ˜µ is a nonfocal point of
S+(m + 1,R) and then from Proposition 3.2 it follows that the extrinsic
meanµE of Q is [µ]. Also the extrinsic variation ofQ has the expression

V = E[‖J(X1) − µ̃‖2] + ‖µ̃ − uu′‖2 = 2(1− λm+1)

whereX1 ∼ Q. Therefore we have the following corollary to Proposition
3.2.

Corollary 11.1 Let Q be a probability distribution onRPm and letQ̃ =
Q ◦ J−1 be its image in S(m+ 1,R). Let µ̃ =

∫

S(m+1,R)
xQ̃(dx) denote the

mean ofQ̃. (a) Then the extrinsic mean set of Q consists of all[µ], whereµ
is a unit eigenvector of̃µ corresponding to its largest eigenvalueλm+1. (b)
This set is a singleton and Q has a unique extrinsic mean iff µ̃ is nonfocal,
that isλm+1 is a simple eigenvalue. (c) The extrinsic variation of Q has the
expression V= 2(1− λm+1).

Consider a random sampleX1, . . . ,Xn iid Q. Letµn denote a measurable
unit eigenvector of ˜µn =

1
n

∑n
i=1 J(Xi) corresponding to its largest eigen-

valueλm+1,n. Then it follows from Proposition 2.3 and Corollary 11.1 that
if µ̃ is nonfocal, then the sample extrinsic meanµnE = [µn] is a strongly
consistent estimator of the extrinsic mean ofQ. Proposition?? implies that
the sample extrinsic variation 2(1−λm+1,n) is a strongly consistent estimator
of the extrinsic variation ofQ.
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11.6 Asymptotic distribution of the Sample Extrinsic Mean

In this section we assume that ˜µ is a nonfocal point ofS(m+ 1,R). Let
X̃j = J(Xj), j = 1, . . . , n be the image of the sample iñM (= J(RPm)). Then
it follows from Proposition 3.3 that if the projection mapP : S(m+1,R)→
J(RPm), P(A) = vv′, v being a unit eigenvector from the eigenspace of the
largest eigenvalue ofA, is continuously differentiable in a neighborhood of
µ̃, then

√
n[J(µnE)−J(µE)] has an asymptotic mean zero Gaussian distribu-

tion onTJ(µE)M̃. It has asymptotic coordinates
√

nT̄ whereT j is the coordi-
nates ofdµ̃P(X̃j−µ̃) with respect to some orthonormal basis forTJ(µE)M̃. To
get these coordinates and hence derive analytic expressionfor the param-
eters in the asymptotic distribution, we need to compute thedifferential of
P at µ̃ (if it exists). The computations can be found in Prentice (1984) and
Bhattacharya and Patrangenaru (2005). We mention the derivation below
so as to derive expressions for two-sample test statistics as in Section 3.7
to compare the extrinsic means from two populations.

Let γ(t) = µ̃ + tv be a curve inS(m+ 1,R) with γ(0) = µ̃ andγ̇(0) = v ∈
S(m+ 1,R). Let µ̃ = UDU′, U = (U1, . . . ,Um+1), D = diag(λ1, . . . , λm+1)
be a s.v.d. of ˜µ as in Section 11.5. Then

γ(t) = U(D + tU′vU)U′ = Uγ̃(t)U′

whereγ̃(t) = D + tU′vU is a curve inS(m+ 1,R) starting atD with ini-
tial velocity ˙̃γ(0) = ṽ ≡ U′vU. SinceD has largest eigenvalue simple, for
t sufficiently small,γ̃(t) is nonfocal. Chooseem+1(t) be a unit eigenvector
corresponding to the largest (simple) eigenvalueλm+1(t) of γ̃(t), such that
t 7→ em+1(t), t 7→ λm+1(t) are smooth (neart = 0) with em+1(0) = em+1,
λm+1(0) = λm+1. Such a choice is possible by Perturbation theory of matri-
ces sinceλm+1 > λm (see Dunford and Schwartz (1958)). Then

γ̃(t)em+1(t) = λm+1(t)em+1(t), (11.2)

e′m+1(t)em+1(t) = 1. (11.3)

Differentiate equations (11.2) and (11.3) with respect tot at t = 0 to get

(λm+1Im+1 − D)
.
em+1(0) = −

.

λm+1(0)em+1 + ṽem+1, (11.4)

e′m+1
.
em+1(0) = 0 (11.5)

where
.
em+1(0) and

.

λm+1(0) refer to d
dt em+1(t)|t=0 and d

dtλm+1(t)|t=0 respec-
tively. Consider the orthonormal basis (frame){Eab : 1 ≤ a ≤ b ≤ m+1} for
S(m+1,R) as defined in Section 8.3. Choose ˜v = Eab for 1 ≤ a ≤ b ≤ m+1.
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From equations (11.4) and (11.5), we get that

ėm+1(0) =















0 if 1 ≤ a ≤ b ≤ mor a = b = m+ 1,

2−1/2(λm+1 − λa)−1ea if 1 ≤ a < b = m+ 1.
(11.6)

SinceP(γ̃(t)) = em+1(t)e′m+1(t), therefore

d
dt

P(γ̃(t))|t=0 = dDP(ṽ) = em+1ė
′
m+1(0)+ ėm+1(0)e′m+1. (11.7)

From equations (11.6) and (11.7), we get that

dDP(Eab) =















0 if 1 ≤ a ≤ b ≤ m or a = b = m+ 1,

(λm+1 − λa)−1Eab if 1 ≤ a < b = m+ 1.
(11.8)

SinceP commutes with isometriesA 7→ UAU′, i.e. P(UAU′) = UP(A)U′

andγ(t) = Uγ̃(t)U′, therefore

d
dt

P(γ(t))|t=0 = U
d
dt

P(γ̃(t))|t=0U
′

or

dµ̃P(v) = UdDP(ṽ)U′.

Hence from equation (11.8), it follows that

dµ̃P(UEabU
′) =















0 if 1 ≤ a ≤ b ≤ m or a = b = m+ 1,

(λm+1 − λa)−1UEabU′ if 1 ≤ a < b = m+ 1.
(11.9)

Note that for allU ∈ S O(m+ 1), {UEabU′ : 1 ≤ a ≤ b ≤ m+ 1} is also an
orthonormal frame forS(m+1,R). Further from equation (11.9), it is clear
that

{UEabU
′ : 1 ≤ a < b = m+ 1} (11.10)

forms an orthonormal frame forTP(µ̃)M̃. If A ∈ S(m+1,R) has coordinates
{ai j : 1 ≤ i ≤ j ≤ m+ 1} with respect to the basis{UEabU′ : 1 ≤ a ≤ b ≤
m+ 1}, that is,

A =
∑∑

1≤i≤ j≤m+1

ai j UEi j U
′,

ai j = 〈A,UEi j U
′〉 =















√
2U′i AU j if i < j

U′i AUi if i = j,
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then from equation (11.9), it follows that

dµ̃P(A) =
∑∑

1≤i≤ j≤m+1

ai j dµ̃P(UEi j U
′)

=

m
∑

i=1

aim+1(λm+1 − λi)
−1UEim+1U

′.

Hencedµ̃P(A) has coordinates

{
√

2(λm+1 − λi)
−1U′i AUm+1 : 1 ≤ i ≤ m} (11.11)

with respect to the orthonormal basis in equation (11.10) forTP(µ̃)M̃. This
proves the following Proposition.

Proposition 11.2 Let Q be a probability distribution onRPm with unique
extrinsic meanµE. Let µ̃ be the mean of̃Q � Q ◦ J−1 regarded as a proba-
bility distribution on S(m+1,R). LetµnE be the sample extrinsic mean from

an iid sample X1, . . . ,Xn. Let X̃j = J(Xj), j = 1, . . . , n andX̃ = 1
n

∑n
j=1 X̃j .

(a) The projection map P is twice continuously differentiable in a neigh-
borhood ofµ̃ and

√
n[J(µnE) − J(µE)] =

√
ndµ̃P(X̃ − µ̃) + oP(1)

L−→ N(0,Σ)

whereΣ is the covariance of the coordinates of dµ̃P(X̃1 − µ̃).
(b) If T j = (T1

j , . . . ,T
m
j ) denotes the coordinates of dµ̃P(X̃j− µ̃) with respect

to the orthonormal basis of TP(µ̃)M̃ as in equation(11.10), then

Ta
j =
√

2(λm+1 − λa)
−1U′aX̃jUm+1, a = 1, . . . ,m.

Proof See Proposition 3.3. �

Proposition 11.2 can be used to construct an asymptotic or bootstrap
confidence region forµE as in Section 3.3.

Given two random samples onRPm, we can distinguish between the un-
derlying probability distributions by comparing the sample extrinsic means
and variations by methods developed in Section 3.7.



12

NONPARAMETRIC BAYES INFERENCE
ON MANIFOLDS

12.1 Introduction

So far in this book we have used notions of center and spread ofdistribu-
tions on manifolds to identify them or to distinguish between two or more
distributions. However in certain applications, other aspects of the distribu-
tion may also be important. The reader is referred to the data in §13.5.3 for
such an example. Also our inference method so far has been frequentist.

In this chapter, we take a big jump from the earlier approach, our ap-
proach here and in the next chapter will be nonparamteric Bayesian which
involves modelling the full data distribution in a flexible way which is easy
to work with. The basic idea will be to represent the unknown distribu-
tion as an infinite mixture of some known parametric distribution on the
manifold of interest and then setting a full support prior on the mixing dis-
tribution. Hence the parameters defining the distribution are no more finite
dimensional but reside in the infinite dimensional space of all probabilities.
By making the parameter space infinite dimensional, we ensure a flexible
model for the unknown distribution and consistency of its estimate under
mild assumptions. All these will be made rigourous through the various
theorems we will encounter in the subsequent sections.

For a prior on the mixing distribution, a common choice can bethe
Dirichlet Process prior (Ferguson (1973), Ferguson (1974)). Thenwe present
a simple algorithm for posterior computations in§12.4.

For sake of illustration, we apply our methods to two specificmanifolds,
namely the unit sphere and the planar shape space. In such cases and on
other Riemannian manifolds, when we have continuous data, itis natural to
assume that they come from a density with respect to the invariant volume
form, which we are modelling via the above method. We prove that the
assumptions for full support for the density prior and consistency of the
estimated density are satisfied.

Density estimation by itself may not be very attractive but the ideas of
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this chapter provide the framework for nonparametric Bayes regression and
hypothesis testing on manifolds discussed in Chapter13. Further by using a
countably infinite mixture of kernels model, we can do clustering of data on
manifolds, which does not require us to know or fix the number ofclusters
in advance. Also when we have observations from two or more groups,
modelling the density for each group data, we can predict the group to
which a new subject belongs and hence classify it. Such an application with
data on shapes is presented in§12.7.1. There we will predict the gender of
a gorilla based on its skull’s shape in a non-deterministic way.

The idea of this chapter is based on Bhattacharya and Dunson (2010a,b).
When the space of interest is Euclidean, similar approach fordensity mod-
elling can be found in Lo (1984) and Escobar and West (1995).

To mantain contuinity of flow, we will present all proofs at thevery end
in §12.8.

12.2 Density estimation on metric spaces

Let (M, ρ) be a sperable metric space and letX be a random variable on
M. We assume that the distribution ofX has a density, sayf0, with respect
to some fixed base measureλ on M and we are interested in modelling
this unknown density via a flexible model. LetK(m; µ, κ) be a probabil-
ity density onM (with respect toλ) with known parametric form. It has
variable m ∈ M and parametersµ ∈ M and κ ∈ [0,∞), and satisfies
∫

M
K(m; µ, κ)λ(dm) = 1 for all values ofµ and κ in their respective do-

mains. In most interesting examples,µ will turn out to be the Fŕechet mean
while κ a decreasing function of the Frechet dispersion of the probability
corresponding to kernelK. Hence we will call them the kernel location and
(inverse) scale respectively and the kernel alocation-scale kernel.

Given a probabilityP on M, we can define alocation mixtureprobability
density model forX atm ∈ M as

f (m; P, κ) =
∫

M
K(m; µ, κ)P(dµ) (12.1)

We denote byD(M), the space of all probability densities onM with re-
spect to the set base measureλ. Then for a pre-specified kernelK, a prior
onD(M) is induced through a priorΠ1 on (P, κ) in (12.1). If instead, we
mix across bothµ andκ, that is, define the density model atm as

f (m; Q) =
∫

M
K(m; µ, κ)Q(dµdκ) (12.2)
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we get alocation-scale mixturedensity model.
For example, onM = ℜd, we can use the Gaussian kernel asK. There

are several works on the prior and posterior properties of the mixture model
then, some of them being ***. In caseM is the unit sphere, we may use
any of the densities introduced in Chapter*** as our kernel.Similarly on
different shape spaces, we have various choice forK. In each caseλ is the
volume form onM which is the standard choice on a Riemannian manifold.

A common choice for prior onM(M), the space of all probabilities on
M, is the Dirichlet Process (DP) prior, which was introduced by***. We
can put such a prior onP andQ in models (12.1) and (12.2) and an inde-
pendent parametric prior on the scale parameterκ from (12.1).

12.3 Full Support and Posterior consistency

In order to justify the use of any specific kernel and prior on parameters
and call our inference nonparametric, we would like to verify that the prior
Π induced on densityf has support asD(M) and that the posterior distri-
bution of f given random realisation ofX concentrates in arbitrarilly small
neighborhoods of the true data generating distribution as the sample size
gets larger. The former property will be referred to asΠ having full sup-
port while the lattar as posterior consistency. These properties make sure
that our inference results are independent of prior and kernel choice (for
large samples).

To talk about neighborhood of a probability and support of a prior on
probabilities, we need to introduce a topology onM(M). In this chapter,
we will use three, namelyweak, strong and Kullback-Leiblerneighbor-
hoods. A sequence of probabilities{Pn} is said to converge weakly toP
if

∫

M
φdPn −→

∫

M
φdP for any continuousφ : M → [−1, 1]. The strong

or total variation orL1 distance betweenP and Q in M(M) is given by
sup{

∣

∣

∣

∫

M
φdP −

∫

M
φdQ

∣

∣

∣}, the supremum being taken over all continuous
φ : M → [−1, 1]. The Kullback-Leibler (KL) divergence fromP to Q
is defined asdKL(P|Q) =

∫

M
p log p

qdµ, µ being any measure onM, with
respect to which bothP andQ have densitiesp andq respectively. Then
KL convergence implies strong convergence which in turn implies weak
convergence. We will also come across the uniform orL∞ or uniform di-
vergence betweenp andq which is simply supm∈M |p(m)−q(m)|. WhenM is
seperable, so isM(M) under the weak topology and hence it makes sense
to talk of support of priors onM(M). We can also talk about a probability
being in the KL or strong support of a prior which simply refersto arbitrar-
illy small neighborhoods of that probability under the respective topology
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receiving positive prior mass. Unless specified, by ‘support’ or ‘supp’, we
will always refer to weak support. Since most of the non-Euclidean man-
ifolds arising in this book are compact, we derive consistency results on
such spaces. IfM were Euclidean, for similar theorems, the reader may
refer to Wu & Ghosal(2008) or any other work on Bayesian densityesti-
mation.

Under the following assumptions on kernelK and priorΠ1, Theorem
12.1 establishes fullL∞ and KL support for the prior induced onD(M)
through the location-scale mixture (12.1).

A1 M is compact.
A2 K is continuous in its arguements.
A3 If f0 denotes the true density ofX, then

lim
κ→∞

sup
m∈M

∣

∣

∣

∣

∣

∣

∣

∣

f0(m) −
∫

M

K(m; µ, κ) f0(µ)λ(dµ)

∣

∣

∣

∣

∣

∣

∣

∣

= 0.

A4 For anyκ > 0, there exists a ˜κ ≥ κ such that (F0, κ̃) ∈ supp(Π1),
with F0 being the probability distribution corresponding tof0 and supp(Π1)
denoting the weak support ofΠ1.
A5 The true densityf0 is continuous everywhere.
A6 The true density is everywhere positive so thatf0(m) > 0 for all m ∈ M.

AssumptionsA2 andA3 place minor regularity condition on the kernel.
If K is symmetric inmandµ, A3 when verified for all continuousf0 implies
thatK converges to a degenerate point mass atµ in anL1 sense uniformly in
µ asκ → ∞. This further justifies the names ‘location’ forµ and ‘inverse-
scale’ forκ. We will verify it for the vMF kernel on sphere and Complex
Watson on the planar shape space. AssumptionA4 is satisfied for example
for a DP priorDP(ω0P0) on P with supp(P0) = M and an independent
prior onκ having a non-vanishing tail near infinity, such as gamma.

Theorem 12.1 Define f ∈ D(M) as in (12.1). Let Π be the prior on
f induced from priorΠ1 set on parameters(P, κ). (a) Under assumptions
A1-A5, given anyǫ > 0,

Π
{

f : sup
m∈M
| f0(m) − f (m)| < ǫ

}

> 0.

(b) Under further assumptionA6, f0 is in the KL support ofΠ, that is,

Π
{

f : KL( f0| f ) < ǫ
}

> 0
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Theorem 12.1 shows that the density priorΠ assigns positive probabil-
ity to arbitrarily smallL∞ neighborhoods of the true densityf0 under mild
assumptions. This in turn implies thatf0 is in the KL support ofΠ (and
hence in the strong and weak support). Then we say thatΠ satisfies the KL
condition atf0.

While using the location-scale mixture model (12.2), the KL condition
is satisfied when AssumptionA4 is replaced by

A7 For anyκ > 0, there exists a ˜κ ≥ κ such thatF0 ⊗ δκ̃ ∈ supp(Π2), with
Π2 being the prior set on mixing distributionQ in (12.2) and supp meaning
weak support.

Theorem 12.2 Let f ∈ D(M) as in(12.2). LetΠ be the prior on f induced
from prior Π2 set on parameter Q. Under assumptions1-3 and5-7, Π as-
signs positive probability to any KL neighborhood around f0 and hence
satisfies the KL condition at f0.

The support of a DP prior consists of all probabilities whosesupports
are subsets of the support of its base. Hence a DPΠ2 with base containing
M × [κ0, inf) in its support for someκ0 > 0 satisfiesA7.

12.3.1 Weak Posterior consistency

Let X1, . . . ,Xn be an iid realisation ofX. The Schwartz (1965) Theorem
stated below provides a useful tool in proving posterior consistency as sam-
ple sizen→ ∞.

Proposition 12.3 If (1) f0 is in the KL support ofΠ and (2) U⊂ D(M) is
such that there exists a uniformly exponentially consistent sequence of test
functions for testing H0: f = f0 versus H1: f ∈ Uc, thenΠ(U |X1, . . . ,Xn)→
1 as n→ ∞ a.s. F∞0 .

The posterior probability ofUc can be expressed as

Π(Uc|X1, . . . ,Xn) =

∫

Uc

∏n
i=1

f (Xi )
f0(Xi )
Π(d f)

∫

∏n
1

f (Xi )
f0(Xi )
Π(d f)

(12.3)

Condition (1) ensures that for anyβ > 0,

lim inf
n→∞

exp(nβ)
∫ n

∏

i=1

f (Xi)
f0(Xi)

Π(d f) = ∞ a.s. (12.4)
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while condition (2) implies that

lim
n→∞

exp(nβ0)
∫

Uc

n
∏

i=1

f (Xi)
f0(Xi)

Π(d f) = 0 a.s.

for someβ0 > 0 and therefore

lim
n→∞

exp(nβ0/2)Π(Uc|X1, . . . ,Xn) = 0 a.s.

Hence Proposition 12.3 provides conditions for posterior consistency at an
exponential rate. WhenU is a weakly open neighborhood off0, condition
(2) is always satisfied from the defination of such a neighborhood. Hence
from Theorems 12.1 and 12.2, weak posterior consistency at anexponen-
tial rate follows for the location and location-scale mixture density models
respectively.

12.3.2 Strong Posterior Consistency

WhenU is a total variation neighborhood off0, LeCam (1973) and Barron
(1989) show that condition (2) of Proposition 12.3 will not be satisfied
in most cases. In Barron (1989), a sieve method is considered toobtain
sufficient conditions for the numerator in (12.3) to decay at an exponential
rate and hence get strong posterior consistency at an exponential rate. This
is stated in Proposition 12.4. In its statement, forF ⊆ D(M) andǫ > 0,
theL1-metric entropyN(ǫ,F ) is defined as the logarithm of the minimum
number ofǫ-sized (or smaller)L1 subsets needed to coverF .

Proposition 12.4 If there exists aDn ⊆ D(M) such that (1) for n suffi-
ciently large,Π(Dc

n) < exp(−nβ) for someβ > 0, and (2) N(ǫ,Dn)/n→ 0
as n→ ∞ for anyǫ > 0, then for any total variation neighborhood U of f0,
there exists aβ0 > 0 such thatlim supn→∞ exp(nβ0)

∫

Uc

∏n
1

f (Xi )
f0(Xi )
Π(d f) = 0

a.s. F∞0 . Hence if f0 is in the KL support ofΠ, the posterior probability of
any total variation neighborhood of f0 converges to 1 almost surely.

Theorem 12.5 describes aDn which satisfies condition (2). We impose
the following additional restrictions on the kernelK and the spaceM.

A8 There exist positive constantsK1, a1,A1 such that for allK ≥ K1,
µ, ν ∈ M,

sup
m∈M,κ∈[0,K ]

∣

∣

∣K(m; µ, κ) − K(m; ν, κ)
∣

∣

∣ ≤ A1Ka1ρ(µ, ν).
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A9 There exists positive constantsa2,A2 such that for allκ1, κ2 ∈ [0,K ],
K ≥ K1,

sup
m,µ∈M

∣

∣

∣K(m; µ, κ1) − K(m; µ, κ2)
∣

∣

∣ ≤ A2Ka2 |κ1 − κ2|.

A10 There exist positive constantsa3,A3,A4 such that given anyǫ > 0, M
can be covered byA3ǫ

−a3 + A4 or fewer subsets of diameter at mostǫ.

Theorem 12.5 For a positive sequence{κn} diverging to∞, define

Dn =
{

f (; P, κ) : P ∈ M(M), κ ∈ [0, κn]
}

with f as in (12.1). Under assumptionsA8-A10, given anyǫ > 0, for n
sufficiently large, N(ǫ,Dn) ≤ C(ǫ)κa1a3

n for some C(ǫ) > 0. Hence N(ǫ,Dn)
is o(n), that is,limn→∞ N(ǫ,Dn)/n = 0, wheneverκn = o

(

n(a1a3)−1
)

.

As a corollary, we derive conditions on the prior on the location-scale
density model under which strong posterior consistency at an exponential
rate follows.

Corollary 12.6 Let Π1 be the prior on(P, κ) for density model(12.1).
Under assumptionsA1-A10 and
A11Π1(M(M) × (na,∞)) < exp(−nβ) for some a< (a1a3)−1 andβ > 0,
the posterior probability of any total variation neighborhood of f0 con-
verges to 1 a.s. F∞0 .

When we chooseΠ1 = Π11 ⊗ π1 with Π11 a full suppport DP, a choice
for π1 for which assumptionsA4 andA11 are satisfied is a Weibull den-
sity Weib(κ; a, b) ∝ κa−1 exp(−bκa), whenever shape parametera > a1a3.
A gamma prior onκ does not satisfyA11 (unlessa1a3 < 1). However that
does not prove that it is not eligible for strong consistency because Corol-
lary 12.6 provides only sufficient conditions.

When the underlying space is non-compact (but separable) suchasℜd,
Corollary 12.6 applies to any true densityf0 with compact support, say
M. Then the kernel can be chosen to have non-compact support, such as
Gaussian, but the prior on the location mixing distributionneeds to have
support inM(M). In that case, we weaken assumptionA8 to

A8′ sup
κ∈[0,K ]

∥

∥

∥K(; µ, κ) − K(; ν, κ)
∥

∥

∥ ≤ A1Ka1ρ(µ, ν)

where‖ f − g‖ denotes theL1 distance. The proof of Theorem 12.5 can
be easily modified to show consistency under this assumption. In such a
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case, we are modelling a compactly supported density with a mixture den-
sity possibly having full support but with locations drawn from a compact
domain. Using a location mixture of Gaussian kernels onℜd, a1 anda3

from AssumptionsA8′ and A10 can be shown to bed/2 andd respec-
tively. Hence we can takeπ1 to beWeib(a, b) with a > d2/2 or gamma
whend = 1.

When the dimension of the manifold is large, as is the case in shape
analysis with a large number of landmarks, the constraints on the shape
parametera in the proposed Weibull prior on the inverse-scale parameterκ

become overly-restrictive. For strong consistency,a needs to be very large,
implying a prior on band-width 1/κ that places very small probability in
neighborhoods close to zero, which is undesirable in many applications.
Bhattacharya and Dunson (2010b) proposes an alternative by allowing the
prior Π1 to depend on sample sizen. For example a DP prior onP and an
independent Gamma prior onκ for which the scale parameter is of order
log(n)/n is shown to satisfy the requirements for weak and strong consis-
tency.

12.4 Posterior Computations

In this section, we describe methods for sampling from the posterior of the
density f and obtaining its Bayes estimate given observationsX1, . . . ,Xn

iid f when using the location mixture density model (12.1). Computations
are very similar for the location-scale mixture model and are left to the
reader.

For choice of priorΠ, as recommended in earlier sections, we set a
DP(w0P0) prior on P and an independent priorπ1 on κ. Then using the
Sethuraman (1994)’s stick breaking representation for Dirichlet Process,
a random draw fromΠ can be expressed as an countably infinite mixture
density

f =
∞
∑

j=1

wjK(; µ j , κ)

with κ ∼ π1, µ j iid P0 andwj = Vj
∏

l< j(1 − Vl) whereVj iid Be(1,w0),
j = 1, . . . ,∞. HereBestands for the Beta distribution. Hence the param-
eters explainingf areκ, {µ j ,Vj}∞j=1. An exact sampling procedure for the
infinitely many parameters from their joint posterior is impossible. We in-
stead use a Gibbs sampler proposed by Yau et al. (2010) to get approximate
draws from the posterior off . We introduce cluster labelsSi denoting the



12.4 Posterior Computations 159

mixture component for observationi, i = 1, . . . , n. The complete data likeli-
hood is then

∏n
i=1 wSi K(Xi ; µSi , κ) and the prior isπ1(κ)

∏∞
j=1{Be(Vj , 1,w0)P0(dµ j)}.

We also introduce uniformly distributed slice sampling latent variables
u = {ui}ni=1 and rewrite the likelihood as

n
∏

i=1

I (ui < wSi )K(Xi ; µSi , κ)

and then the likelihood depends on only finitely many parameters, namely
those with their index in the set{ j : w j > min(u)} which can be given the
upper boundJ which is the smallest indexj satisfying

∑ j
1 wl > 1−min(u).

Hence after setting some guessed values for the labels (which may be ob-
tained, for example, using the k-mean algo), the Gibbs sampler iterates
through the followng steps.

Step1. UpdateSi , for i = 1, . . . , n, by sampling from their multinomial
conditional posterior distribution given by Pr(Si = j) ∝ K(Xi ; µ j , κ) for
j ∈ Ai , whereAi = { j : 1 ≤ j ≤ J,w j > ui} and J is the smallest index
j satisfying

∑ j
1 wl > 1 − min(u). In implementing this step, drawVj ∼

Be(1,w0) andµ j ∼ P0 for max(S) < j ≤ J, with max(S) denoting the
largest of the cluster labels from the previous iteration.
Step2. Update the kernel locationsµ j , j = 1, . . . ,max(S) by sampling from
their conditional posteriors which are proportional to

P0(dµ j)
∏

i:Si= j

K(Xi ; µ j , κ).

Appropriate choice ofP0 results in conjugacy while implementing this
step.
Step3. Drawκ from its full conditional posterior proportional to

π1(dκ)
n

∏

i=1

K(Xi ; µSi , κ).

Step4. Update the stick-breaking random variablesVj , j = 1, . . . ,max(S),
from their conditional posterior distributions given the cluster allocation
but marginalizing out the slice sampling variables,

Vj ∼ Be















1+
∑

i

I (Si = j),w0 +
∑

i

I (Si > j)















.

Step5. Update the slice sampling latent variables{ui}ni=1 from their con-
ditional posterior by lettingui ∼ Unif(0,wSi ).
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A draw from the posterior forf can be obtained using

f (; P, κ) =
max(S)
∑

j=1

wjK(; µ j , κ) +
(

1−
max(S)
∑

j=1

wj

)

∫

K(; µ, κ)P0(dµ), (12.5)

with κ andw j , µ j ( j = 1, . . . ,max(S)) a Markov chain Monte Carlo draw
from the joint posterior of the parameters up to the maximum occupied. A
Bayes estimate off can then be obtained by averaging these draws across
many iterations after discarding a sutable burn-in. In case itis difficult to
evaluate the integral in (12.5) in closed form, we replace the integral by
K(; µ1, κ), µ1 being a draw fromP0, or just ignore it if 1− ∑max(S)

1 wj is
negligible.

12.5 Application to unit sphereSd

Let M beSd endowed with the extrinsic distancedE. To define a probability
density model as in§12.2 with respect to the volume formV, we need a
suitable kernel which satisfies the assumptions in§12.3. One of the most
commonly used probability densities on this space is the Fisher or von-
Mises-Fisher (vMF) density

vMF(m; µ, κ) = c−1(κ) exp(κm′µ) with

c(κ) =
2πd/2

Γ( d
2)

∫ 1

−1
exp(κt)(1− t2)d/2−1dt.

It turns out that the parameterµ is the extrinsic mean whileκ equals ***,
so that the name location-scale kernel is justified. Further as κ diverges
to ∞, the vMF distribution converges to a point mass atµ in an L1 sense
uniformly in µ, as shown in Theorem 12.7.

Theorem 12.7 The vMF kernel satisfies assumptionA2 andA3 for any
continuous f0.

Hence from Theorem12.1, when using the location mixture density model
(12.1) with a full support prior on (P, κ), the density prior includes all con-
tinuous densities in itsL∞ support and all strictly positive continuous den-
sities in its KL support. Similarly, when using a location-scale mixture
density model (12.2), the KL condition is satisfied at all positive contin-
uous densities. Hence from Proposition 12.3, weak posteriorconsistency
follows.

An appropriate prior choice when using the former model, isΠ1 =
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DP(w0P0) ⊗ π1 with P0 = vMF(κ0, µ0). Then, when sampling from the
posterior distribution of the density using the algorithm in §12.4, we have
conjugacy while updating the cluster locations in Step 2. Inparticular,

µ j |− ∼ vMF(µ̄ j/‖µ̄ j‖, ‖µ̄ j‖), j = 1, . . . ,∞,

whereµ̄ j = κ
∑

i:Si= j Xi + κ0µ0. The posterior ofκ in Step 3 is proportional
to

π1(dκ){κd/2 exp(−κ)c(κ)}−nκnd/2 exp{−κ(n−
∑

i

X′i µSi )}.

Hence if we chooseπ1 to be the density proportional to

{κd/2 exp(−κ)c(κ)}n exp(−bκ)κa−1 (12.6)

for somea, b > 0, then the posterior becomes Gamma. The reason why
this is a valid density is becauseκd/2 exp(−κ)c(κ) is bounded (both below
and above). Alternatively one may choose a Gamma prior and theposterior
becomes very close to Gamma under high concentrations. Thisis beacause
κd/2 exp(−κ)c(κ) has a finite limit asκ → ∞. Hence one can implement a
Metropolis-Hasting step with a Gamma proposal when updatingκ.

Theorem 12.8 verifies the assumptions for strong consistencywhen us-
ing density model (12.1).

Theorem 12.8 The vMF kernel on Sd satisfies assumptionA8 with a1 =

d/2+ 1 andA9 with a2 = d/2. The compact metric-space(Sd, dE) satisfies
assumptionA10 with a3 = d.

As a result aWeib(; a, b) prior on κ with a > (d + d2/2)−1 satisfies the
condition of Corollary 12.6 and strong posterior consistency follows.

Whend is large, as is often the case for spherical data, a more appro-
priate prior onκ for which weak and strong consistencies hold can be a
sample size dependendent Gamma as mentioned at the end of§12.3.2.

The proofs of Theorems 12.7 and 12.8 use the following lemma which
establishes certain properties of the normalizing constant.

Lemma 12.9 Definec̃(κ) = exp(−κ)c(κ), κ ≥ 0. Thenc̃ is decreasing and
for κ ≥ 1,

c̃(κ) ≥ Cκ−d/2

for some appropriate positive constant C.



162 NONPARAMETRIC BAYES INFERENCE

12.6 Application to the Planar shape spaceΣk
2

We view the planar shape spaceΣk
2 as a compact metric space endowed

with the extrinsic distancedE. To model an unknown density onΣk
2, we use

a mixture density as in§12.2 withK corresponding to the complex Watson
density

CW(m; µ, κ) = c−1(κ) exp(κ|x∗ν|2), (m= [x], µ = [ν]),

c(κ) = (πκ−1)k−2{ exp(κ) −
k−3
∑

r=0

κr/r!
}

.

The following theorem justifies its use.

Theorem 12.10 For the complex Watson kernel, AssumptionsA2 andA3
of §12.3 are satisfied.

Hence, if we use a location mixture density model (12.1) and choose a
prior Π1 on the parameters (P, κ) to satisfy AssumptionA4, we induce a
prior with L∞ support including all continuous densities overΣk

2 and with
KL support containing the space of continuous and everywhere positive
densities. While using a location-scale mixture density (12.2) instead with
a priorΠ2 on Q satisfying AssumptionA7, then induced prior on the space
of densities satisfies the KL condition at any continuous andeverywhere
positive density. It follows from Proposition 12.3 that either specification
leads to weak posterior consistency at any continuous, everywhere positive
f0.

To specify a prior that satisfies the assumptions and that leads to simpli-
fications in implementing posterior computation, when using model (12.1),
we letP ∼ DP(w0P0), with P0 = CW(µ0, κ0), independently ofκ ∼ Gam(a, b).
When using model (12.2), we letQ ∼ DP(w0Q0) with Q0 = CW(µ0, κ0) ⊗
Gam(a, b). These priors lead to conditional conjugacy so that posterior
computation can proceed via the Gibbs sampling algorithm developed in
§12.4. For instance, in Step 1,

µ j |− ∼ CB(mjκX j + A0),

whereCB stands for the Complex-Bingham density introduced in Chap-
ter***, mj =

∑n
i=1 I (Si = j), X j =

∑

i:Si= j xi x∗i /mj (Xi = [xi ]), A0 = κ0ν0ν
∗
0,

andµ0 = [ν0]. We use a Metropolis-Hastings step developed in§*** to
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drawµ j . In Step 3, the full conditional posterior ofκ is proportional to

κn(k−2)+a−1 exp
{

− κ
(

n+ b−
max(S)
∑

j=1

mjν
∗
j X jν j

)}{

1− exp(−κ)
k−3
∑

r=0

κr/r!
}−n

,

whereµ j = [ν j ]. For κ high, this conditional density is approximately
equivalent to

Gam
{

a+ n(k− 2), b+
max(S)
∑

j=1

mj(1− ν∗j X jν j)
}

.

Hence, we get approximate conjugacy for the conditional distribution of κ
under a gamma prior.

To show that strong consistency holds for the complex Watson location-
mixture density, we need to verify AssumptionsA8 andA9 for the kernel
andA10 onΣk

2. These are shown in Theorems 12.11 and 12.13.

Theorem 12.11 The complex Watson kernel onΣk
2 satisfies assumption

A8 with a1 = k− 1 andA9 with a2 = 3k− 8.

The proof uses Lemma 12.12 which verifies certain propertiesof the
normalizing constantc.

Lemma 12.12 Define c1(κ) = exp(−κ)c(κ) and c2(κ) = (π−1κ)k−2 exp(−κ)c(κ).
Then c1 is decreasing on[0,∞) with

lim
κ→0

c1(κ) =
πk−2

(k− 2)!
and lim

κ→∞
c1(κ) = 0,

while c2 is increasing with

lim
κ→0

c2(κ) = 0, lim
κ→∞

c2(κ) = 1 and

c2(κ) ≥ (k− 2)!−1 exp(−κ)κk−2.

Proof Follows from direct computations. �

Theorem 12.13 The metric space(Σk
2, dE) satisfiesA10 with a3 = 2k− 3.

As a result, Corollary 12.6 implies that strong posterior consistency
holds withΠ1 = DP(w0P0) ⊗ π1, for π1 = Weib(; a, b) whenevera >

(2k − 3)(k − 1). Alternatively one may use a gamma prior onκ with scale
decreasing withn at a suitable rate and we have consistency from Bhat-
tacharya and Dunson (2010b).
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12.7 Examples

12.7.1 Application to morphometrics: classification of gorilla skulls

We apply the method of density estimation the data on shapes of 29 male
and 30 female gorilla skulls, with eight landmarks chosen on the midline
plane of 2D images of each skull (Dryden and Mardia, 1998). The goal is
to study how the shapes of the skulls vary between males and females, and
build a classifier to predict gender. The shape samples lie onΣk

2, k = 8. We
randomly pick 25 individuals of each gender as a training sample, with the
remaining 9 used as test data. As Figure 1.5 shows, most of thelandmarks
corresponding to the preshapes of the sample extrinsic means are close for
females and males even after rotation based alignment, but there is a larger
difference in landmarks three and eight.

Applying nonparametric discriminant analysis, we assume that the un-
conditional probability of being female is 0.5 and use a separate Dirichlet
process location mixture of complex Watson kernels for the shape density
in the male and female groups. Lettingf1(m) and f2(m) denote the female
and male shape densities, the conditional probability of being female given
shape data [z] is simply p([z]) = 1/{1 + f2([z])/ f1([z])}. To estimate the
posterior probability, we averagep([z]) across Markov chain Monte Carlo
iterations to obtain ˆp([z]). For simplicity, we choose the same prior form
for both subsample, namely,Π1 = DP(w0CW(κ0, µ0) ⊗Gam(a, b) with hy-
perparametersw0 = 1, κ0 = 1000,a = 1.01, b = 0.001 andµ0 being the
corresponding subsample extrinsic mean. These choices areelicited based
on our prior expectation for the gorilla example. Figure 12.1displays the
estimated shape densities for the two groups. It reveals somedifference,
which was was also identified by nonparametric frequentist tests earlier.

Table 12.1 presents the estimated posterior probabilitiesof being female
for each of the gorillas in the test sample along with a 95% credible interval
for p([z]). In addition, we show the extrinsic distance between the shape for
each gorilla and the female and male sample extrinsic means. For most of
the gorillas, there is a high posterior probability of assigning the correct
gender. There is misclassification only in the 3rd female and 3rd male.
There is some uncertainity in predicting the gender of that female gorilla
because the credible interval includes 0.5, but the corresponding male is
surely missclassified.

Potentially we could define a distance-based classifier, which allocates a
test subject to the group having mean shape closest to that subjects’ shape.
Based on Table 12.1, such a classifier gives results consistent with the for-
mer approach. Indeed, the shape for the 3rd female gorilla was closer to the
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Table 12.1Posterior probability of being
female for each gorilla in the test sample.

True gender ˆp([z]) 95% CI dE([z], µ̂1) dE([z], µ̂2)
F 1.000 (1.000,1.000) 0.041 0.111
F 1.000 (0.999,1.000) 0.036 0.093
F 0.023 (0.021, 0.678) 0.056 0.052
F 0.998 (0.987, 1.000) 0.050 0.095
F 1.000 (1.000, 1.000) 0.076 0.135
M 0.000 (0.000, 0.000) 0.167 0.103
M 0.001 (0.000, 0.004) 0.087 0.042
M 0.992 (0.934, 1.000) 0.091 0.121
M 0.000 (0.000, 0.000) 0.152 0.094

dE([z], µ̂i) = extrinsic distance of subject [z] from
the mean shape in groupi, with i = 1 for females
andi = 2 for males

mean shape for the male gorillas than that for the females, whilethe shape
for the 3rd male was closer to the mean for the females. Perhaps there is
something unusual about the shapes for these individuals, which was not
represented in the training data, or alternatively they were labelled incor-
rectly. This is also revealed in Figure 12.2 where we plot these two sample
preshapes. However, such a distance-based classifier may be sub-optimal
in not taking into account the variability within each group. In addition, the
approach is deterministic and there is no measure of uncertainty in classi-
fication.

It is possible that classification performance could be improved in this
application by also taking into account skull size. The proposed method can
be easily extended to this case by using a Dirichlet process mixture density
with the kernel being the product of a complex Watson kernel for the shape
component and a log-Gaussian kernel for the size. Such a model induces a
prior with support on the space of densities on the manifoldΣk

2 ×ℜ+.

12.8 Proofs of Theorems 12.1, 12.2, 12.7, 12.8, 12.10, 12.11 and
12.13

Proof of Theorem 12.1 (a) The goal is to find (i) aκǫ > 0 andPǫ ∈ M(M)
such that

sup
m∈M
| f0(m) − f (m; Pǫ , κǫ)| <

ǫ

3
,
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Figure 12.1 Estimated shape densities of gorillas: Female(solid),
Male(dot). Estimate(r), 95% C.R.(b,g).
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Densities evaluated at a dense grid of points drawn from the unit speed geodesic
starting at female extrinsic mean in direction of male extrinsic mean.

(ii) a setW ⊆ ℜ+ containingκǫ such that

sup
m∈M,κ∈W

| f (m; Pǫ , κǫ) − f (m; Pǫ , κ)| <
ǫ

3
,

and (iii) a setW ⊆M(M) containingPǫ such that

sup
m∈M,P∈W,κ∈W

| f (m; Pǫ , κ) − f (m; P, κ)| < ǫ

3
.

Then, using the triangular inequality, it follows that

sup
m∈M
| f0(m) − f (m; P, κ)| < ǫ

for all (P, κ) ∈ W ×W. Hence ifΠ1(W×W) > 0, the proof is complete.
From assumptionA3, there exists aκ1ǫ > 0 such that condition (i) is

satisfied withPǫ = F0 and anyκǫ ≥ κ1ǫ . FromA3 andA4, it also follows
that by takingκǫ sufficiently big, we can ensure that (F0, κǫ) ∈ supp(Π1).

Next we need to find aW for which condition (ii) is satisfied. From As-
sumptionA2, it follows that the mapping fromκ to K is uniformly equicon-
tinuous on some compact neighborhood ofκǫ . Hence we can get a compact
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Figure 12.2 Landmarks from preshapes of training (dot) &
mis-classified test samples (circle) for females (a) & males(b).
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(b)

setW containingκǫ in its interior such that

sup
(m,µ,κ)∈M×M×W

|K(m; µ, κ) − K(m; µ, κǫ)| <
ǫ

3
.

Then

supm∈M,κ∈W | f (m; F0, κ) − f (m; F0, κǫ)|
≤

∫

M
supm∈M,κ∈W |K(m; µ, κ) − K(m; µ, κǫ)| f0(µ)λ(dµ)

≤ supm,µ∈M,κ∈W |K(m; µ, κ) − K(m; µ, κǫ)| < ǫ
3 .
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This verifies condition (ii).
Lastly we need to find aW for which condition (iii) is satisfied and

Π1(W×W) > 0. We claim that

W =

{

P ∈ M(M) : sup
m∈M,κ∈W

| f (m; P, κ) − f (m; F0, κ)| <
ǫ

3

}

contains a weakly open neighborhood ofF0. For anym ∈ M, κ ∈ W, the
mapping fromµ to K(m; µ, κ) defines a continuous function onM. Hence

Wm,κ =

{

P : | f (m; P, κ) − f (m; F0, κ)| <
ǫ

9

}

defines a weakly open neighborhood ofF0 for any (m, κ) in M ×W. The
mapping from (m, κ) to f (m; P, κ) is a uniformly equicontinuous family of
functions onM × W, labeled byP ∈ M(M), because, form1,m2 ∈ M;
κ, τ ∈W,

| f (m1; P, κ) − f (m2; P, τ)| ≤
∫

M
|K(m1; µ, κ) − K(m2; µ, τ)|P(dµ)

and K is uniformly continuous onM × M × W. Therefore there exists a
δ > 0 such thatρ(m1,m2) + |κ − τ| < δ implies that

sup
P∈M(M)

| f (m1; P, κ) − f (m2; P, τ)| < ǫ

9
.

CoverM×W by finitely many balls of radiusδ: M×W =
⋃N

i=1 B
{

(mi , κi), δ
}

.
Let W1 =

⋂N
i=1Wmi ,κi which is an open neighborhood ofF0. Let P ∈

W1 and (m, κ) ∈ M × W. Then there exists a (mi , κi) such that (m, κ) ∈
B
{

(mi , κi), δ
}

. Then| f (m; P, κ) − f (m; F0, κ)|
≤ | f (m; P, κ) − f (mi ; P, κi)| + | f (mi ; P, κi) − f (mi ; F0, κi)| + | f (mi ; F0, κi) − f (m; F0, κ)|
<
ǫ

9
+
ǫ

9
+
ǫ

9
=
ǫ

3
.

This proves thatW containsW1 and hence the claim is proved. Clearly
thisW satisfies condition (iii). Since (F0, κǫ) is in supp(Π1) and in the in-
terior ofW×W, thereforeΠ1(W×W) > 0. This completes the proof.

(b) SinceM is compact, assumptionsA5 andA6 imply thatc0 = infm∈M f0(m) >
0. Forδ > 0 define

Wδ =

{

(P, κ) : sup
m∈M
| f0(m) − f (m; P, κ)| < δ

}

.

If (P, κ) ∈ Wδ, then,

inf
m∈M

f (m; P, κ) ≥ inf
m∈M

f0(m) − δ ≥ c0

2
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if we chooseδ ≤ c0/2. Then for any givenǫ > 0,
∫

M
f0(m) log

{ f0(m)
f (m; P, κ)

}

λ(dm) ≤ sup
m∈M

∣

∣

∣

∣

∣

f0(m)
f (m; P, κ)

− 1
∣

∣

∣

∣

∣

≤ 2δ
c0

< ǫ

if we chooseδ < c0ǫ/2. Hence forδ sufficiently small,f (.; P, κ) ∈ KL( f0, ǫ)
whenever (P, κ) ∈ Wδ, with KL( f0, ǫ) denoting anǫ-sized Kullback–Leibler
neighborhood aroundf0. From part (a) it follows thatΠ1(Wδ) > 0 for any
δ > 0 and therefore

Π1{(P, κ) : f (.; P, κ) ∈ KL( f0, ǫ)} > 0.

�

Proof of Theorem 12.2 From the proof of Theorem 12.1, it follows that
given anyδ1 > 0, we can find aκ0 > 0 such that for anyκ1 ≥ κ0, with
Q1 = F0 ⊗ δκ1,

sup
m∈M
| f0(m) − f (m; Q1)| < δ1,

∫

M
f0(m) log

{ f0(m)
f (m; Q1)

}

λ(dm) < δ1. (12.7)

Hence, if we chooseδ1 ≤ c0/2 wherec0 = infm∈M f0(m) > 0 then infm∈M f (m; Q1) ≥
c0/2. From assumptionA7 it follows that we can chooseκ1 sufficiently big
so thatQ1 ∈ supp(Π2). Let E be a compact set containingκ1 in its inte-
rior. Then, being continuous in its arguments,K is uniformly continuous
on M × M × E. ForQ inM(M ×ℜ+), define

f (m; QE) =
∫

M×E
K(m; µ, κ)Q(dµdκ).

For fixedm ∈ M, the integral mapping fromQ to f (m; QE) is continuous
at Q1 because

Q1{∂(M × E)} = Q1{M × ∂(E)} = 0,

∂(A) denoting the boundary of a setA. Therefore forδ2 > 0 andm ∈ M,

Wm(δ2) = {Q : | f (m; QE) − f (m; Q1)| < δ2}

defines a weakly open neighborhood ofQ1. We also claim that

W =
{

Q : sup
m∈M
| f (m; QE) − f (m; Q1)| < δ2

}

,

contains an open neighborhood ofQ1. To see this, choose aδ3 > 0 such
thatρ(m1,m2) < δ3 implies that

sup
(µ,κ)∈M×E

|K(m1; µ, κ) − K(m2; µ, κ)| <
δ2

3
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which in turn implies

| f (m1; QE) − f (m2; QE)| < δ2

3
(12.8)

for all Q ∈ M(M ×ℜ+). Next coverM by finitely many balls of radiusδ3:
M =

⋃N
i=1 B(mi , δ3). Then we show thatW ⊇ ⋂N

i=1Wmi (δ2/3). To prove
that, pickQ in

⋂N
i=1Wmi (δ2/3). Then fori = 1, . . . ,N,

| f (mi ; QE) − f (mi ; Q1)| <
δ2

3
. (12.9)

Choosingm ∈ B(mi , δ3), (12.8) implies that

| f (m; QE) − f (mi ; QE)| < δ2

3
(12.10)

for all Q ∈ M(M×ℜ+). From (12.9) and (12.10) it follows that| f (m; QE)−
f (m; Q1)|

≤ | f (m; QE) − f (mi ; QE)| + | f (mi ; QE) − f (mi ; Q1)| + | f (mi ; Q1) − f (m; Q1)|
< δ2/3+ δ2/3+ δ2/3 = δ2

for any m ∈ M and Q ∈ ⋂N
i=1Wmi (δ2/3). HenceW ⊇ ⋂N

i=1Wmi (δ2/3)
which is an open neighborhood ofQ1. ThereforeΠ2(W) > 0. ForQ ∈ W,

inf
m∈M

f (m; QE) ≥ inf
m∈M

f (m; Q1) − δ2 ≥
c0

4

if δ2 <
c0

4 . Then
∫

M
f0(m) log

{ f (m; Q1)
f (m; Q)

}

λ(dm) ≤
∫

M
f0(m) log

{ f (m; Q1)
f (m; QE)

}

λ(dm)

≤ sup
m∈M

∣

∣

∣

∣

∣

f (m; Q1)
f (m; QE)

− 1
∣

∣

∣

∣

∣

≤ δ2

c0/4
< δ1,

(12.11)

providedδ2 is sufficiently small. From (12.7) and (12.11) we deduce that,
for Q ∈ W,

∫

M
f0(m) log

(

f0(m)
f (m; Q)

)

λ(dm) =

∫

M
f0(m) log

(

f0(m)
f (m; Q1)

)

λ(dm) +
∫

M
f0(m) log

(

f (m; Q1)
f (m; Q)

)

λ(dm) < δ1 + δ1 = ǫ

if δ1 = ǫ/2. Hence

{ f (.; Q) : Q ∈ W} ⊆ KL( f0, ǫ)
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and sinceΠ2(W) > 0, therefore

Π2{Q : f (.; Q) ∈ KL( f0, ǫ)} > 0.

Sinceǫ was arbitrary, the proof is completed. �

Proof of Theorem 12.5 In this proof and the subsequent ones, we shall
use a general symbolC for any constant not depending onn (but possibly
on ǫ). Givenδ1 > 0 (≡ δ1(ǫ, n)), coverM by N1 (≡ N1(δ1)) many disjoint
subsets of diameter at mostδ1: M = ∪N1

i=1 Ei . AssumptionA10 implies that
for δ1 sufficiently small,N1 ≤ Cδ−a3

1 . Pickµi ∈ Ei , i = 1, . . . ,N1, and define
for a probabilityP,

Pn =

N1
∑

i=1

P(Ei)δµi , Pn(E) = (P(E1), . . . ,P(EN1))
′. (12.12)

Denoting theL1-norm as‖.‖, for anyκ ≤ κn,

‖ f (P, κ) − f (Pn, κ)‖ ≤
N1
∑

i=1

∫

Ei

‖K(µ, κ) − K(µi , κ)‖P(dµ)

≤ C
∑

i

∫

Ei

supm∈M |K(m; µ, κ) − K(m; µi , κ)|P(dµ) (12.13)

≤ Cκa1
n δ1. (12.14)

The inequality in (12.14) follows from (12.13) using assumptionA8.
For κ, κ̃ ≤ κn, P ∈ M(M),

‖ f (P, κ) − f (P, κ̃)‖ ≤ C sup
m,µ∈M

|K(m; µ, κ) − K(m; µ, κ̃)|

≤ Cκa2
n |κ − κ̃|, (12.15)

the inequality in (12.15) following from assumptionA9. Given δ2 > 0
(≡ δ2(ǫ, n)), cover [0, κn] by finitely many subsets of length at mostδ2, the
number of such subsets required being at mostκnδ

−1
2 . Call the collection of

these subsetsW(δ2, n).
LettingSd = {x ∈ [0, 1]d+1 :

∑

xi ≤ 1} be thed-dimensional simplex,Sd

is compact under theL1-metric (‖x‖L1 =
∑ |xi |, x ∈ ℜd), and hence given

anyδ3 > 0 (≡ δ3(ǫ)), can be covered by finitely many subsets of the cube
[0, 1]d each of diameter at mostδ3. In particular coverSd−1 with cubes of
side lengthδ3/d lying partially or totally inSd−1. Then an upper bound on
the numberN2 ≡ N2(δ3, d) of such cubes can be shown to beλ(Sd(1+δ3))

(δ3/d)d , λ
denoting the Lebesgue measure onℜd andSd(r) = {x ∈ [0,∞)d :

∑

xi ≤
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r}. Sinceλ(Sd(r)) = rd/d!, hence

N2(δ3, d) ≤ dd

d!

(

1+ δ3

δ3

)d

.

LetW(δ3, d) denote the partition ofSd−1 as constructed above.
Let dn = N1(δ1). For 1≤ i ≤ N2(δ3, dn), 1 ≤ j ≤ κnδ

−1
2 , define

Di j = { f (P, κ) : Pn(E) ∈ Wi , κ ∈Wj},

with Wi andWj being elements ofW(δ3, dn) andW(δ2, n) respectively.
We claim that this subset ofDn hasL1 diameter of at mostǫ. For f (P, κ),
f (P̃, κ̃) in this set,‖ f (P, κ) − f (P̃, κ̃)‖ ≤

‖ f (P, κ) − f (Pn, κ)‖ + ‖ f (Pn, κ) − f (P̃n, κ)‖+
+‖ f (P̃n, κ) − f (P̃, κ)‖ + ‖ f (P̃, κ) − f (P̃, κ̃)‖.

(12.16)

From inequality (12.14), it follows that the first and third terms in (12.16)
are at mostCκa1

n δ1. The second term can be bounded by

dn
∑

i=1

|P(Ei) − P̃(Ei)| < δ3

and from the inequality in (12.15), the fourth term is bounded byCκa2
n δ2.

Hence the claim holds if we chooseδ1 = Cκ−a1
n , δ2 = Cκ−a2

n , andδ3 = C.
The number of such subsets coveringDn is at mostN2(δ3, dn)κnδ

−1
2 . From

AssumptionA11, it follows that forn sufficiently large,

dn = N1(δ1) ≤ Cκa1a3
n .

Using the Stirling’s formula, we can bound log(N2(δ3, dn)) by Cdn. Also
κnδ
−1
2 is bounded byCκa2+1

n , so thatN(ǫ,Dn) ≤

C +C log(κn) +Cdn ≤ Cκa1a3
n

for n sufficiently large. This completes the proof. �

Proof of Lemma 12.9 Express ˜c(κ) as

C
∫ 1

−1
exp{−κ(1− t)}(1− t2)d/2−1dt
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and it is clear that it is decreasing. This expression suggests that

c̃(κ) ≥ C
∫ 1

0
exp{−κ(1− t)}(1− t2)d/2−1dt

≥ C
∫ 1

0
exp{−κ(1− t2)}(1− t2)d/2−1dt

= C
∫ 1

0
exp(−κu)ud/2−1(1− u)−1/2du

≥ C
∫ 1

0
exp(−κu)ud/2−1du

= Cκ−d/2

∫ κ

0
exp(−v)vd/2−1dv

≥ C
{

∫ 1

0
exp(−v)vd/2−1dv

}

κ−d/2

if κ ≥ 1. This completes the proof. �

Proof of Theorem 12.7 Denote byM the unit sphereSd and byρ the ex-
trinsic distance on it. Express the vMF kernel as

K(m; µ, κ) = c−1(κ) exp
[

κ
{

1− ρ2(m, µ)/2
}]

(m, µ ∈ M; κ ∈ [0,∞)).

Sinceρ is continuous on the product spaceM ×M andc is continuous and
non-vanishing on [0,∞), K is continuous onM×M×[0,∞) and assumption
A2 follows.

For a given continuous functionφ on M, m ∈ M, κ ≥ 0, define

I (m, κ) = φ(m)−
∫

M

K(m; µ, κ)φ(µ)V(dµ) =
∫

M
K(m; µ, κ){φ(m)−φ(µ)}V(dµ).

Then showing assumptionA2 for f0 = φ is equivalent to showing

lim
κ→∞

(sup
m∈M
|I (m, κ)|) = 0.

To simplify I (m, κ), make a change of coordinatesµ 7→ µ̃ = U(m)′µ, µ̃ 7→
θ ∈ Θd ≡ (0, π)d−1 × (0, 2π) whereU(m) is an orthogonal matrix with first
column equal tom andθ = (θ1, . . . , θd)′ are the spherical coordinates of
µ̃ ≡ µ̃(θ) which are given by

µ̃ j = cosθ j

∏

h< j

sinθh, j = 1, . . . , d, µ̃d+1 =

d
∏

j=1

sinθ j .
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Using these coordinates, the volume form can be written as

V(dµ) = V(dµ̃) = sind−1(θ1) sind−2(θ2) . . . sin(θd−1)dθ1 . . .dθd

and henceI (m, κ) equals
∫

Θd

c−1(κ) exp
{

κ cos(θ1)
}{

φ(m) − φ (U(m)µ̃)
}

sind−1(θ1) . . . sin(θd−1)dθ1 . . .dθd

= c−1(κ)
∫

Θd−1×(−1,1)

exp(κt)
{

φ(m) − φ (U(m)µ̃)
}

(1− t2)d/2−1

sind−2(θ2) . . . sin(θd−1)dθ2 . . .dθddt

(12.17)

wheret = cos(θ1), µ̃ = µ̃
(

θ(t)
)

andθ(t) = (arccos(t), θ2, . . . , θd)T . In the
integrand in (12.17), the distance betweenmandU(m)µ̃ is

√
2(1− t). Sub-

stitutet = 1− κ−1s in the integral withs ∈ (0, 2κ). Define

Φ(s, κ) = sup
{|φ(m) − φ(m̃)| : m, m̃ ∈ M, ρ(m, m̃) ≤

√
2κ−1s

}

.

Then
∣

∣

∣φ(m) − φ (U(m)µ̃)
∣

∣

∣ ≤ Φ(s, κ).

Sinceφ is uniformly continuous on (M, ρ), thereforeΦ is bounded on (ℜ+)2

and limκ→∞Φ(s, κ) = 0. Hence from (12.17), we deduce that supm∈M |I (m, κ)| ≤

c−1(κ)κ−1

∫

Θd−1×(0,2κ)

exp(κ − s)Φ(s, κ)(κ−1s(2− κ−1s))d/2−1

sind−2(θ2) . . . sin(θd−1)dθ2 . . .dθdds≤

Cκ−d/2c̃−1(κ)

∞
∫

0

Φ(s, κ)e−ssd/2−1ds. (12.18)

From Lemma 12.9, it follows that

lim sup
κ→∞

κ−d/2c̃−1(κ) < ∞.

This in turn, using the Lebesgue DCT implies that the expression in (12.18)
converges to 0 asκ → ∞. This verifies assumptionA2 and completes the
proof. �

Proof of Theorem 12.8 It is clear from the vMF kernel expression that it
is continuously differentiable onℜd+1 ×ℜd+1 × [0,∞). Hence

sup
m∈Sd,κ∈[0,K ]

∣

∣

∣K(m; µ, κ) − K(m; ν, κ)
∣

∣

∣ ≤ sup
m∈Sd,x∈Bd+1,κ∈[0,K ]

∥

∥

∥

∥

∂

∂x
K(m; x, κ)

∥

∥

∥

∥

2
‖µ − ν‖2.
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Since
∂

∂x
K(m; x, κ) = κc̃−1(κ) exp{−κ(1−m′x)}m,

its norm is bounded byκc̃−1(κ). Lemma 12.9 implies that this in turn is
bounded by

K c̃−1(K) ≤ CKd/2+1

for κ ≤ K andK ≥ 1. This proves assumptionA8 with a1 = d/2+ 1.

To verify A9, givenκ1, κ2 ≤ K , use the inequality,

sup
m,µ∈Sd

∣

∣

∣K(m; µ, κ1) − K(m; µ, κ2)
∣

∣

∣ ≤ sup
m,µ∈Sd,κ≤K

∣

∣

∣

∣

∂

∂κ
K(m; µ, κ)

∣

∣

∣

∣

|κ1 − κ2|.

By direct computations, one can show that

∂

∂κ
K(m; µ, κ) = − ∂

∂κ
c̃(κ)c̃−2(κ) exp{−κ(1−m′µ)}

−c̃−1(κ) exp{−κ(1−m′µ)}(1−m′µ),

∂

∂κ
c̃(κ) = −C

∫ 1

−1
exp{−κ(1− t)}(1− t)(1− t2)d/2−1dt,

∣

∣

∣

∣

∂

∂κ
c̃(κ)

∣

∣

∣

∣

≤ Cc̃(κ).

Therefore, using Lemma 12.9,
∣

∣

∣

∣

∂

∂κ
K(m; µ, κ)

∣

∣

∣

∣

≤ Cc̃−1(κ) ≤ Cc̃−1(K) ≤ CKd/2

for anyκ ≤ K andK ≥ 1. HenceA9 is verified witha2 = d/2.

Denote byBd(r) the ball inℜd of radiusr, i.e. {x ∈ ℜd : ‖x‖ = r} and
Bd(1) asBd. Then to verifyA10, note thatSd ⊂ Bd+1 ⊂ [−1, 1]d+1 which
can be covered by finitely many cubes of side lengthǫ/(d + 1). Each such
cube hasL2 diameterǫ. Hence their intersections withSd provides a finite
ǫ-cover for this manifold. Ifǫ < 1, such a cube intersects withSd only if it
lies entirely inBd+1(1+ ǫ) ∩ Bd+1(1− ǫ)c. The number of such cubes, and
hence theǫ-cover size can be bounded by

Cǫ−(d+1){(1+ ǫ)d+1 − (1− ǫ)d+1} ≤ Cǫ−d

for someC > 0 not depending onǫ. This verifiesA10 for appropriate
positive constantsA3,A4 anda3 = d and completes the proof. �
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Proof of Theorem 12.10 ExpressK as

K(m; µ, κ) = c−1(κ) exp
{

κ(1− 1/2d2
E(m, µ))

}

wherec(κ) = (πκ−1)(k−2){exp(κ) − ∑k−3
r=0 κ

r/r!} and AssumptionA1 is satis-
fied.

As the kernel is symmetric inm andµ, for any continuousf0, define
I : Σk

2→ℜ as

I (m) ≡ f0(m) −
∫

Σk
2

K(m; µ, κ) f0(µ)V(dµ) =
∫

Σk
2

{ f0(m) − f0(µ)}K(m; µ, κ)V(dµ).

(12.19)

Choose preshapesz andν for m andµ, respectively, in the complex sphere
CSk−2, so thatm = [z] and µ = [ν]. Let V1 denote the volume form on
CSk−2. Then for any integrable functionφ : Σk

2→ℜ,
∫

Σk
2

φ(µ)V(dµ) =
1
2π

∫

CSk−2

φ([ν])V1(dν).

Hence the integral in (12.19) can be written as

I (m) =
c−1(κ)

2π

∫

CSk−2

{ f0([z]) − f0([ν])}exp(κν∗zz∗ν)V1(dν). (12.20)

Consider a singular value decomposition ofzz∗ as zz∗ = UΛU∗ where
Λ = diag(1, 0, . . . , 0) andU = [U1, . . . ,Uk−1] with U1 = z. Thenν∗zz∗ν =
x∗Λx = |x1|2 wherex = U∗ν = (x1, . . . , xk−1)′. Make a change of variables
from ν to x in (12.20). This is an orthogonal transformation, so does not
change the volume form. Then (12.20) becomes

I (m) =
exp(κ)
2πc(κ)

∫

CSk−2

{

f0([z]) − f0([Ux])
}

exp
{

κ(|x1|2 − 1)
}

V1(dx). (12.21)

Write xj = r1/2
j exp(iθ j), j = 1, . . . , k − 1, with r = (r1, . . . , rk−1)′ in the

simplex Sk−2 (= {r ∈ [0, 1]k−1 :
∑

r j = 1}) and θ = (θ1, . . . , θk−1)′ ∈
(−π, π)k−1, so thatV1(dx) = 22−kdr1 · · ·drk−2dθ1 · · ·dθk−1. Hence (12.21)
can be written asI (m) =

21−kπ−1eκc−1(κ)
∫

Sk−2×(−π,π)k−1

{

f0([z]) − f0([y(r, θ, z)])
}

exp
{

κ(r1 − 1)
}

drdθ,

(12.22)
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with y ≡ y(r, θ, z) =
∑k−1

j=1 r1/2
j exp(iθ j)U j . Thend2

E([y], [z]) = 2(1− r1). For
d ∈ ℜ+, define

ψ(d) = sup{| f0(m1) − f0(m2)| : m1,m2 ∈ Σk
2, d2

E(m1,m2) ≤ d}.

Then the absolute value off0
(

[z]
) − f0

(

[y(r, θ, z)]
)

in (12.22) is at most
ψ
(

2(1− r1)
)

, so that

sup
m∈Σk

2

|I (m)| ≤ πk−2eκc−1(κ)
∫

Sk−2

ψ
(

2(1− r1)
)

exp
{

κ(r1 − 1)
}

dr1 . . .drk−2

= πk−2(k− 3)!−1eκc−1(κ)
∫ 1

0
ψ
(

2(1− r1)
)

exp
{

κ(r1 − 1)
}

(1− r1)
k−3dr1.

(12.23)

Make a change of variables= κ(1− r1) to rewrite (12.23) as

sup
m∈Σk

2

|I (m)| ≤ πk−2(k− 3)!−1κ2−keκc−1(κ)
∫ κ

0
ψ(2κ−1s)e−ssk−3ds

≤ Ckc
−1
1 (κ)

∫ ∞

0
ψ(2κ−1s)e−ssk−3ds, (12.24)

wherec1(κ) = 1− e−κ
∑k−3

r=0 κ
r/r! andCk is some constant depending onk.

Since f0 is uniformly continuous on the compact metric space (Σk
2, dE), ψ is

bounded and limd→0ψ(d) = 0. Also it is easy to check that limκ→∞ c1(κ) =
1. Sincee−ssk−3 is integrable on (0,∞), using the Lebesgue DCT on the
integral in (12.24), we conclude that

lim
κ→∞

sup
m∈Σk

2

|I (m)| = 0.

Hence assumptionA3 is also satisfied. This completes the proof. �
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NONPARAMETRIC BAYES
REGRESSION, CLASSIFICATION AND

HYPOTHESIS TESTING ON MANIFOLDS

13.1 Introduction

Consider the general problem of predicting a responseY ∈ Y based on pre-
dictorsX ∈ X, whereY andX are initially considered to be arbitrary metric
spaces. The spaces can be discrete, Euclidean or even non-Euclidean man-
ifolds. In the context of this book, such data arise in many chapters. For ex-
ample, for each study subject, we may obtain information on an unordered
categorical response variable such as presence/absence of a particular fea-
ture as well as predictors having different supports including categorical,
Euclidean, spherical or on a shape space. In this chapter we will extend the
methods of Chapter 12 to define a very general nonparametric Bayes mod-
eling framework for the conditional distribution ofY givenX = x through
joint modeling ofZ = (X,Y). The flexibility of our modelling approach will
be justified theoretically through Theorems, Proposotionsand Corollaries
13.1, 13.2, 13.3, 13.4, 13.5 and 13.7. For example, using results 13.2, 13.3,
and 12.1, 12.2 from the earlier chapter, we will show that the joint model
can approximate any continuous positive density, to any level of accuracy.
In other words, our model has full support. Under some additional condi-
tions on prior and model choice, we prove consistency in estimating the
true data generating distribution, given a random sample, in both weak and
strong sense. This in turn implies consistency of the estimated regression
or classification function, i.e. the conditional distribution ofY as a function
of X = x.

Apart from establishing flexibility, we will also present efficient algo-
rithms for getting random draws from the posterior of the regression func-
tion. Several applications will be presented at the end which apply our
methods and compare them with other standard estimates.

A closely related problem to classification is testing of differences in the
distribution of features across various groups. In this setting, the nonpara-
metric Bayes literature is surprisingly limited perhaps due to the computa-

178
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tional challenges that arise in calculating Bayes factors.Here, we modify
the methodology developed for the classification problem to obtain an easy
to implement approach for nonparametric Bayes testing of differences be-
tween groups, with the data within each group constrained tolie on a com-
pact metric space, and prove consistency of this testing procedure. We also
present a novel algorithm to estimate the Bayes factor. The method is ap-
plied to hyothesis testing problems on spheres and shape spaces.

As in the last chapter, all proofs will be presented at the end in §13.6.

13.2 Regression Using Mixtures of Product Kernels

Suppose thatY ∈ Y andX = {X1, . . . ,Xp} ∈ X =
∏p

j=1X j with Xj ∈ X j , for
j = 1, . . . , p. We let the sample spacesX j andY be very general topological
spaces ranging from subsets ofℜ or {1, 2, . . . ,∞} to arbitrary manifolds.
We assume that the pair (X,Y) has a joint densityf with respect to some
fixed product base measure on the product space. We modelf as

f (x, y) =
∫

{
p

∏

j=1

K(x j )(xj ; θ
(x j ))

}

K(y)(y; θ(y))P(dθ), θ = {θ(x1), . . . , θ(xp), θ(y)},

(13.1)

whereK(x j ) and K(y) are some parametric densities onX j , j = 1, . . . , p,
andY respectively with known expressions. The parameterP is a mixing
distribution onX × Y, it is assigned a priorΠP. In particular, we assume
ΠP is chosen so that

P =
∞
∑

h=1

whδθh, θh = {θ(x1)
h , . . . , θ

(xp)
h , θ

(y)
h }

iid∼ P0 =
(

p
∏

j=1

P
(x j )
0

)

P(y)
0 , (13.2)

where P0 is a base measure constructed as a product. Prior (13.2) en-
compasses a broad class of sampling priors, with the Dirichlet process
DP(w0P0) arising as a special case by lettingwh = Vh

∏

l<h(1 − Vl) with

Vh
iid∼ Beta(1;w0), for h = 1, . . . ,∞. BesidesP, there can be other parame-

ters in the model, such as scale parameter, shape parametersetc, which can
easilly be taken into account. Model (13.1)-(13.2) implies the following
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model for the conditional densityf (y|x),

f (y|x) =
∞
∑

h=1

{ wh
∏p

j=1 K(x j )(xj ; θ
(x j )
h )

∑∞
l=1 wl

∏p
j=1 K(x j )(xj ; θ

(x j )
l )

}

K(y)(y; θ(y)
h )

=

∞
∑

h=1

wh(x)K(y)(y; θ(y)
h ),

which expresses the conditional density as a predictor-dependent mixture
of kernels that do not depend onx.

Given a training sample of sizen, let yi and xi = {xi1, . . . , xip} denote

the response and predictor values for subjecti and assume (xi , yi)
iid∼ f , for

i = 1, . . . , n. To generate{wh, θh}∞h=1 from their joint posterior and hence
f (x, y) or f (y|x) from their respective posteriors given the training sample,
as in Chapter 12, we introduce latent class variablesS1, . . .Sn, and express
model (13.1)-(13.2) in the following way.

(xi , yi ,Si |−) ∼ wSi

{ p
∏

j=1

K(x j )(xi j ; θ
(x j )
Si

)

}

K(y)(yi ; θ
(y)
Si

), i = 1, . . . , n.

Then, conditionally on the latent class status for the different subjects,
the response and different predictors are independent with the parameters
in the different likelihoods assigned independent priors. The dependence
comes in through sharing of a common cluster allocation accross the dif-
ferent data types. This conditional independence greatly facilitates poste-
rior computation in very general problems involving mixtures of different
complicated and high-dimensional data types. The method is illustrated in
detail in the context of classification in§13.3.1.

If the product kernel and the prior on the parameters satisfies the as-
sumptions in Chapter 12, the induced prior on the space of alldensities
on the product space has full support in KL sense, as shown in Theorems
12.1 and 12.2. Then using the Schwartz theorem, we have weak posterior
consistency for the joint ofX andY. This in turn implies consistency in
estimating the conditional probabiltyPr(Y ∈ B|X ∈ A), A ⊂ X andB ⊂ Y,
provided the true joint gives positive mass toA×Y and zero probability to
the boundaries ofA× B andA× Y.

To prove consistency in estimating the conditional densityfunction f (.|x),
we need to show strong consistency for the jointf (., .). This follows from
Corollary 12.6 under necessary assumptions. ThenL1 consitency for the
conditional density function follows from Proposition 13.1. In its proof,
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λ = λ1 × λ2 denotes the base measure onX × Y with respect to which all
densities are defined.

Proposition 13.1 Let (x1, y1), . . . , (xn, yn) be iid ft. Let gt and ft(.|x) be
the X-marginal density and the Y-conditional density function given X=
x respectively under ft. Let f be a joint density model for(X,Y). Strong
consistency for the posterior of f implies that the posterior probability of

{

f : Eft

∣

∣

∣

∣

∣

f (Y|X)
ft(Y|X)

− 1
∣

∣

∣

∣

∣

< ǫ

}

converges to 1 as n→ ∞ a.s. for anyǫ > 0.

Hence, for example, if we have scalar responseY such as image size and
predictorX on a manifold such as image shape, then we may use a discrete
mixture of products of Log-normal and Watson kernels as the joint model,
and then we can consistently estimate the conditional density of size given
shape, in the sense of Proposition 13.1, under mild assumtions.

It is interesting that such a rich model can be induced through the very
simple structure on the joint through (13.1)-(13.2), which does not directly
model dependence betweenY andX or between the different elements ofX.
In fact, it can be shown that the dependence only comes in through sharing
of a common cluster allocation latent class variable acrossthe different
data types. Such shared latent class models are useful not only in modeling
of conditional distributions in regression and classification but also in data
fusion and combining of information from disparate data sources.

13.3 Classification

In this section, we focus on the special case of classificationwhereY takes
finitely many values, say,Y ∈ Y = {1, . . . , c}. The goal is to model the
classification functionp(y, x) ≡ Pr(Y = y|X = x) flexibly as a function of
x ∈ X for eachy ∈ Y. To do so, we use the approach in§13.2, model the
joint of (X,Y) via a joint densityf as in (13.1). The base measure onY
is the counting measure,λ2 =

∑c
j=1 δ j . In expression (13.1), we let theY-

kernelK(y) be ac-dimensional probability vecorν taking values from the
simplexSc−1 = {ν ∈ [0, 1]c :

∑

ν j = 1}. Hence the joint density model
simplifies to

f (x, y; P, φ) =
∫

νyK(x; θ, φ)P(dθdν), (x, y) ∈ X × Y, (13.3)

K(.; θ, φ) being some density with respect toλ1 onX with parametersθ and
φ. While definingf , we have integrated outθ using the mixing distribution
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P which takes a form as in (13.2). Hence the parameters used in defining
the joint density are the random distributionP and scale/shape parameters
φ. By setting appropriate priors on them, we induce a prior on the joint of
X andY and hence on the probability functionsp( j, .), j = 1, . . . , c. By
sampling from their posteriors given a training sample, we estimate these
functions and classifyY based onX.

This joint model can be interpreted in the following hierarchical way.
First draw parameters (P, φ) from their prior, denoted byΠ1. Then draw
(θ, ν) from P. Given (θ, ν, φ), X andY are conditionally independent withX
having the conditional densityK(.; θ, φ) with respect toλ1 andY follows a
multinomial with

Pr(Y = j | θ, ν, φ) = ν j , 1 ≤ j ≤ c.

In the next section, we present an algorithm to get draws from the pos-
terior. In §13.3.2, we will provide sufficient conditions for the model to
have full support in uniform and KL sense. We also theoretically prove our
estimated classification functions to be consistent, without any paramet-
ric assumptions on the truth. This is not just of theoreticalinterest, as it
is important to verify that the model is sufficiently flexible to approximate
any classification function, with the accuracy of the estimate improving as
the amount of training data grows. This is not automatic for nonparametric
models in which there is often concern about over-fitting.

13.3.1 Posterior Computation

Given a training sample (xn, yn), we classify a new subject based on the
predictive probability of allocating it to categoryj, which is expressed as

Pr(yn+1 = j | xn+1, xn, yn), j ∈ Y, (13.4)

wherexn+1 denotes the feature for the new subject andyn+1 its unknown
class label. It follows from Theorem 13.4 and Corollary 13.5 that the clas-
sification rule is consistent if the kernel and prior are chosen correctly.
For the prior, as recommended in the earlier sections, we letP ∼ ΠP =

DP(w0P0) independently ofφ ∼ π, with P0 = P01 × P02, P01 a distribution
on theθ space,P02 a Dirichlet distribution Diri(a) (a = (a1, . . . , ac)) on
Sc−1, andπ a base distribution on theφ space. With such a choice for the
baseP02, we achieve conjugacy as is illustrated below. Since it is not possi-
ble to get a closed form expression for the predictive probability posterior
distribution, we need a MCMC algorithm to approximate it.

Using the stick-breaking representation (13.2) forP and introducing
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cluster allocation indicesS = (S1, . . . ,Sn), the generative model (13.3)
can be expressed in hierarchical form as

xi ∼ K(; θSi , φ), yi ∼ Multi(1, . . . , c; νSi ), Si ∼
∞
∑

j=1

wjδ j ,

wherewj = Vj
∏

h< j(1− Vh) is the probability that subjecti is allocated to
clusterSi = j ( j = 1, . . . ,∞); andφ ∼ π, Vj ∼ Beta(1,w0), θ j ∼ P01 and
ν j ∼ Diri(a), j = 1, . . . ,∞, are mutually independent.

We apply the exact block Gibbs sampler (Yau et al. (2010)) for posterior
computation. The joint posterior density of{Vj , θ j , ν j}∞j=1, S andφ given the
training data is proportional to

{

n
∏

i=1

K(xi ; θSi , φ)νSiyi wSi

}{

∞
∏

j=1

Beta(Vj ; 1,w0)P01(dθ j)Diri(ν j ; a)
}

π(φ).

To avoid the need for posterior computation for infinitely-manyunknowns,
we introduce slice sampling latent variablesu = {ui}ni=1 drawn iid from
Unif(0,1) such that the augmented posterior density becomes

π(u,V, θ, ν,S, φ | xn, yn) ∝
{ n
∏

i=1

K(xi ; θSi , φ)νSiyi I (ui < wSi )
}

×

{ ∞
∏

j=1

Beta(Vj ; 1,w0)P01(dθ j)Diri(ν j ; a)
}

π(φ).

Letting max(S) denote the largest of labels{Si}, the conditional posterior
distribution of{(Vj , θ j , ν j), j > max(S)} is the same as the prior, and we can
use this to bypass the need for updating infinitely-many unknowns in the
Gibbs sampler. After choosing initial values, the sampler iterates through
the following steps.

1. UpdateSi , i = 1, . . . , n, independently by sampling from multinomial
distributions with

Pr(Si = h) ∝ K(xi ; θh, φ)νhyi for h ∈ {h : 1 ≤ h ≤ H,wh > ui},
with H being the smallest index satisfying 1− min(u) <

∑H
h=1 wh. In

implementing this step, drawVh ∼ Beta(1,w0) and (θh, νh) ∼ P0 for
h > max(S) as needed.

2. Updateφ by sampling from the full conditional posterior which is pro-
portional to

π(φ)
n

∏

i=1

K(xi ; θSi , φ).
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If direct sampling is not possible, rejection sampling or Metropolis-
Hastings (MH) sampling can be used.

3. Update the atoms (θ j , ν j), j = 1, . . . ,max(S) from the full conditional
posterior distribution, which is equivalent to independently sampling
from

π(θ j | −) ∝ P01(dθ j)
∏

i:Si= j

K(xi ; θ j , φ)

(ν j | −) ∼ Diri
(

a1 +
∑

i:Si= j

I (yi = 1), . . . , ac +
∑

i:Si= j

I (yi = c)
)

.

Hence Dirichlet choice forP02 yields conjugacy forν. In most applica-
tions, the first componentP01 can also be chosen conjugate or approxi-
mately conjugate.

4. Update the stick-breaking random variablesVj , for j = 1, . . . ,max(S),
from their conditional posterior distributions given the cluster alloca-
tion S but marginalizing out the slice sampling latent variablesu. In
particular, they are independent with

Vj ∼ Beta















1+
∑

i

I (Si = j),w0 +
∑

i

I (Si > j)















.

5. Update the slice sampling latent variables from their conditional poste-
rior by letting

ui ∼ Unif(0,wSi ), i = 1, . . . , n.

These steps are repeated a large number of iterations, with aburn-in dis-
carded to allow convergence. Given a draw from the posterior,the predic-
tive probability of allocating a new observation to category l, l = 1, . . . , c,
as defined through (13.4) is proportional to

max(S)
∑

j=1

wjν jl K(xn+1; θ j , φ) + (1−
max(S)
∑

j=1

wj)
∫

νlK(xn+1; θ, φ)P0(dθdν).

We can average these conditional predictive probabilitiesacross the MCMC
iterations after burn-in to estimate predictive probabilities. For moderate to
large training sample sizen,

∑max(S)
j=1 wj ≈ 1 with high probability, so that

an accurate approximation can be obtained by setting the final term equal
to zero and hence bypassing need to calculate the integral.
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13.3.2 Support of the prior and consistency

In this section, we theoretically justify the classificationmodel specifica-
tion (13.3) by showing flexibility in approximating any jointdensity and
consistency of the posterior estimate of the classificationfunctions. Since
the non-Euclidean predictor spaces of interest in this book are mostly com-
pact, we assume compact support in all our theorems.

In this context the results of Chapter12 can no more be applied. That
is because theY-kernel is not a location-scale kernel, it has only one free
parameter which is not fromY.

We assume thatX has a marginal densitygt on X and Pr(Y = y|X =
x) = pt(y, x), y ∈ Y = {1, . . . , c} and x ∈ X. Hence the joint distribu-
tion of (X,Y) has a densityft(x, y) = gt(x)pt(y, x) which is modelled by
a specificationf (x, y; P, φ) as in (13.3). Denote byΠ1 the chosen prior on
parameters (P, φ), such asDP(w0P0) × π. Let Π denote the prior induced
on the spaceD(X × Y) of all joint densities throughΠ1 and (13.3). Under
minor assumptions onΠ1 and henceΠ, Theorem 13.2 shows that the prior
probability of anyL∞ neighborhood of any continuous density is positive.
As a corollary,Π satisfies the KL condition at any continuous positive den-
sity. For sake of illustration, in this theorem and the subsequent ones, we
choose theX kernelK(.; θ, φ) be a location-scale kernel withθ ∈ X being
the location parameter whileφ ∈ ℜ+, the (inverse) scale parameter. When
X is a Riemannian manifold,K may be chosen to be a parametric density
with respect to the invariant volume form, such as Gaussian onℜd, Fisher
distribution on a sphere and Complex-Watson on the planar shape space.
In each case,θ is the kernel extrinsic mean whileφ a monotonic function
of the extrinsic dispersion.

The theorems can easily be extended to more general predictor spaces,
involving combinations of discrete, categorical and continuous predictors.
That is left to the readers.

Theorem 13.2 Under the assumptions

A1 (X, ρ) is a compact metric space,
A2 K is continuous in its arguments,
A3 For any continuous function g fromX toℜ,

lim
φ→∞

sup
x∈X

∣

∣

∣

∣

∣

∣

∣

∣

g(x) −
∫

X

K(x; θ, φ)g(θ)λ1(dθ)

∣

∣

∣

∣

∣

∣

∣

∣

= 0,

A4 For anyφ > 0, there exists̃φ ≥ φ such that(Pt, φ̃) ∈ supp(Π1) where
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Pt ∈ M(X × Sc−1) is defined as

Pt(dµdν) =
∑

j∈Y
ft(µ, j)λ1(dµ)δej (dν),

withM(.) denoting the space of all probability distributions and
ej ∈ ℜc a zero vector with a single one in position j, and

A5 ft(., j) is continuous for all j∈ Y,

given anyǫ > 0,

Π
(

{

f ∈ D(X × Y) : sup
x∈X,y∈Y

| f (x, y) − ft(x, y)| < ǫ}
)

> 0.

AssumptionsA2 and A3 place minor regularity condition on theX-
kernelK. If K(x; θ, φ) is symmetric inx andθ, as will be the case in most
examples,A3 implies thatK(.; θ, φ) converges toδθ in the weak sense uni-
formly in θ asφ → ∞. This justifies the names ‘location’ and ‘inverse
scale’ for the parameters. AssumptionA4 provides a minimal condition on
the support of the prior on (P, φ). We may take the prior to have full sup-
port and the assumption will be automatically satisfied. These assumptions
provide general sufficient conditions for the induced priorΠ on the joint
density of (X,Y) to have fullL∞ support.

Although L∞ support is an appealing property, much of the theoretical
work on asymptotic properties of nonparametric Bayes estimators relies
on large KL support. The following corollary shows that full KLsupport
follows from A1-A5 and the additional assumption that the true density
is everywhere positive. The KL divergence of a densityf from ft is de-
fined asKL( ft; f ) =

∫

X×Y ft log ft
f λ(dxdy). Given ǫ > 0, Kǫ( ft) = { f :

KL( ft; f ) < ǫ} will denote anǫ-sized KL neighborhood offt. The priorΠ
is said to satisfy the KL condition atft, or ft is said to be in its KL support,
if Π{Kǫ( ft)} > 0 for anyǫ > 0.

Corollary 13.3 Under assumptionsA1-A5 and

A6 ft(x, y) > 0 for all x, y,

ft is in the KL support ofΠ.

The proof follows from Theorem 13.2 just as Theorem 12.1(b) follows
from part (a).

Suppose we have an iid sample (xn, yn) ≡ (xi , yi)n
i=1 from ft. Since ft is
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unobserved, we take the likelihood function to be
n

∏

i=1

f (xi , yi ; P, φ).

Using the priorΠ on f and the observed sample, we find the posterior dis-
tribution of f , as in§13.3.1, denote it byΠ(.|xn, yn). Using the Schwartz
(1965) theorem, Corollary 13.3 implies weak posterior consistency for es-
timating the joint distribution of (X,Y). This in turn implies that for any
subsetA of X, with λ1(A) > 0, λ1(∂A) = 0, andy ∈ Y, the posterior con-
ditional probability ofY = y givenX ∈ A converges to the true conditional
probability almost surely. Here∂A denotes the boundary ofA.

Under stronger assumptions on the kernel and the prior, we prove strong
posterior consistency for the joint model.

Theorem 13.4 Under assumptionsA1-A6 and

A7 There exist positive constantsΦ0, a1,A1 such that for allΦ ≥ Φ0,
θ1, θ2 ∈ X,

sup
x∈X,φ∈[0,Φ]

∣

∣

∣K(x; θ1, φ) − K(x; θ2, φ)
∣

∣

∣ ≤ A1Φ
a1ρ(θ1, θ2),

A8 There exists positive constants a2,A2 such that for allφ1, φ2 ∈ [0,Φ],
Φ ≥ Φ0,

sup
x,θ∈X

∣

∣

∣K(x; θ, φ1) − K(x; θ, φ2)
∣

∣

∣ ≤ A2Φ
a2 |φ1 − φ2|,

A9 There exist positive constants a3,A3,A4 such that given anyǫ > 0, X
can be covered by at-most A3ǫ

−a3 + A4 many subsets of diameter
at-mostǫ, and

A10 Π1(M(X) × (na,∞)) is exponentially small for some a< (a1a3)−1,

the posterior probability of any total variation neighborhood of ft con-
verges to 1 almost surely.

Given the training data, we can classify a new feature based on adraw
from the posterior of the predictive probability functionp. As a corollary
to Theorem 13.4, we show that it converges to the truthpt in L1 sense as
the training sample size increases.

Corollary 13.5 (a) Strong consistency for the posterior of f implies that,
for anyǫ > 0,

Π
{

f : max
y∈Y

∫

X

|p(y, x) − pt(y, x)|gt(x)λ1(dx) < ǫ
∣

∣

∣xn, yn
}
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converges to 1 as n→ ∞ a.s.
(b) Under assumptionsA5-A6 on ft, this implies that

Π
{

f : max
y∈Y

∫

X

|p(y, x) − pt(y, x)|w(x)λ1(dx) < ǫ
∣

∣

∣xn, yn
}

converges to 1 a.s. for any non-negative function w withsupx w(x) < ∞.

Remark 13.6 Part (a) of Corollary 13.5 holds even whenX is non-compact.
It just needs strong posterior consistency for the joint model.

From part (b) of Corollary 13.5, it would seem intuitive that point-wise
posterior consistency can be obtained for the predictive probability func-
tion. However, this is not immediate because the convergence rate may
depend on the choice of weight functionw.

AssumptionA10 is hard to satisfy, especially when the feature space is
high dimensional. Thena1 anda3 turn out to be very big, so that the prior
is required to have very light tails and place small mass at high precisions.
This is undesirable in applications and instead we can letΠ1 depend on
the sample sizen and obtain weak and strong consistency under weaker
assumptions.

Theorem 13.7 LetΠ1 = Π11 ⊗ πn whereπn is a sequence of densities on
ℜ+. Assume the following.

A11 The priorΠ11 has full support.
A12 For anyβ > 0, there exists aφ0 ≥ 0, such that for allφ ≥ φ0,

lim inf
n→∞

exp(nβ)πn(φ) = ∞.

A13 For someβ0 > 0 and a< (a1a3)−1,

lim
n→∞

exp(nβ0)πn{(na,∞)} = 0.

(a) Under assumptionsA1-A3, A5-A6 andA11-A12, the posterior proba-
bility of any weak neighborhood of ft converges to one a.s. (b) Under as-
sumptionsA1-A3, A5-A9 and A11-A13, the posterior probability of any
total variation neighborhood of ft converges to 1 a.s.

The proof is very similar to that of Theorems 2.6 and 2.9 in Bhattacharya
and Dunson (2010b) and hence is omitted.

With Π11 = DP(w0P0) andπn = Gam(a, bn), the conditions in Theo-
rem 13.7 are satisfied (for example) whenP0 has full support andbn =

b1n/{log(n)}b2 for any b1, b2 > 0. Then from Corollary 13.5, we haveL1

consistency for the classification function estimate.
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13.4 Nonparametric Bayes Testing

13.4.1 Hypotheses and Bayes factor

A related problem to classification is testing of differences between groups.
In particular, instead of wanting to predict the class labelyn+1 for a new
subject based on training data (xn, yn), the goal is to test whether the distri-
bution of the features differs across the classes. Although our methods can
allow testing of pairwise differences between groups, we focus for sim-
plicity in exposition on the case in which the null hypothesis corresponds
to homogeneity across the groups. Formally, the alternative hypothesisH1

corresponds to any joint density inD(X × Y) excluding densities of the
form

H0 : f (x, y) = g(x)p(y) (13.5)

for all (x, y) outside of aλ-null set. Note that the prior onf induced through
model (13.3) will in general assign zero probability toH0, and hence is an
appropriate model for the joint density underH1.

As a model for the joint density under the null hypothesisH0 in (13.5),
we replaceP(dθdν) in (13.3) byP1(dθ)P2(dν) so that the joint density be-
comes

f (x, y; P1,P2, φ) = g(x; P1, φ)p(y; P2) where

g(x; P1, φ) =
∫

X

K(x; θ, φ)P1(dθ), p(y; P2) =
∫

Sc−1

νyP2(dν). (13.6)

We set priorsΠ1 andΠ0 for the parameters in the models underH1 andH0,
respectively. The Bayes factor in favor ofH1 over H0 is then the ratio of
the marginal likelihoods underH1 andH0,

BF(H1 : H0) =

∫

∏n
i=1 f (xi , yi ; P, φ)Π1(dPdφ)

∫

∏n
i=1 g(xi ; P1, φ)p(yi ; P2)Π0(dP1dP2dφ)

The priors should be suitably constructed so that we get consistency of the
Bayes factor and computation is straightforward and efficient. The prior
Π1 on (P, φ) underH1 can be constructed as in§13.3. To choose a prior
Π0 for (P1,P2, φ) underH0, we take (P1, φ) to be independent ofP2 so that
the marginal likelihood becomes a product of theX andY marginals ifH0

is true. Dependence in the priors for the mixing measures would induce
dependence between theX andY densities, and it is important to maintain
independence underH0.

Expression (13.6) suggests that underH0 the density ofY depends onP2
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only through thec-dimensional vector

p = (p(1;P2), p(2;P2), . . . , p(c; P2))
′ ∈ Sc−1.

Hence, it is sufficient to choose a prior forp, such as Diri(b) with b =
(b1, . . . , bc)′, instead of specifying a full prior forP2. To independently
choose a prior for (P1, φ), we recommend the marginal induced from the
prior Π1 on (P, φ) underH1. Under this choice, the marginal likelihood
underH0 is

∫ n
∏

i=1

g(xi ; P1, φ)Π1(dPdφ)
∫

Sc−1

c
∏

j=1

p
∑n

i=1 I (yi= j)
j Diri(dp; b)

=
D(bn)
D(b)

∫ n
∏

i=1

g(xi ; P1, φ)Π1(dPdφ), (13.7)

with bn being thec-dimensional vector withj th coordinatebj +
∑n

i=1 I (yi =

j), 1 ≤ j ≤ c, D being the normalizing constant for Dirichlet distribution

given byD(a) =
∏c

j=1 Γ(a j )

Γ(
∑c

j=1 a j )
andΓ denoting the gamma function. The marginal

likelihood underH1 is
∫ n

∏

i=1

f (xi , yi ; P, φ)Π1(dPdφ). (13.8)

The Bayes factor in favor ofH1 againstH0 is the ratio of the marginal
(13.8) over (13.7).

13.4.2 Consistency of the Bayes factor

LetΠ be the prior induced on the space of all densitiesD(X × Y) through
Π1. For any densityf (x, y), let g(x) =

∑

j f (x, j) denote the marginal den-
sity of X while p(y) =

∫

X
f (x, y)λ1(dx) denotes the marginal probability

vector ofY. Let ft, gt and pt be the corresponding values for the true dis-
tribution of (X,Y). The Bayes factor in favor of the alternative, as obtained
in the last section, can be expressed as

BF =
D(b)
D(bn)

∫

∏

i f (xi , yi)Π(d f)
∫

∏

i g(xi)Π(d f)
. (13.9)

Theorem 13.8 proves consistency of the Bayes factor at an exponential rate
if the alternative hypothesis of dependence holds.

Theorem 13.8 If X and Y are not independent under the true density ft
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and if the priorΠ satisfies the KL condition at ft, then there exists aβ0 > 0
for which lim inf n→∞ exp(−nβ0)BF = ∞ a.s. f∞t .

13.4.3 Computation

We introduce a latent variablez= I (H1 is true) which takes value 1 ifH1 is
true and 0 ifH0 is true. Assuming equal prior probabilities forH0 andH1,
the conditional likelihood of (xn, yn) givenz is

Π(xn, yn|z= 0) =
D(bn)
D(b)

∫ n
∏

i=1

g(xi ; P1, φ)Π1(dPdφ) and

Π(xn, yn|z= 1) =
∫ n

∏

i=1

f (xi , yi ; P, φ)Π1(dPdφ).

In addition, the Bayes factor can be expressed as

BF =
Pr(z= 1|xn, yn)
Pr(z= 0|xn, yn)

. (13.10)

Next introduce latent parametersθ, ν,V,S, φ as in§13.3.1 such that

Π(xn, yn, θ,V,S, φ, z= 0) =
D(bn)
D(b)

π(φ)
n

∏

i=1

{wSi K(xi ; θSi , φ)}×

∞
∏

j=1

{Be(Vj ; 1,w0)P01(dθ j)},
(13.11)

Π(xn, yn, θ, ν,V,S, φ, z= 1) = π(φ)
n

∏

i=1

{wSiνSiyi K(xi ; θSi , φ)}×

∞
∏

j=1

{Be(Vj ; 1,w0)P0(dθ jdν j)}.
(13.12)

Marginalize outν from equation (13.12) to get

Π(xn, yn, θ,V,S, φ, z= 1) = π(φ)
∞

∏

j=1

D(a+ ãj(S))

D(a)
×

n
∏

i=1

{wSi K(xi ; θSi , φ)}
∞

∏

j=1

Be(Vj ; 1,w0)P01(dθ j)},
(13.13)

with ãj(S), 1 ≤ j < ∞ being c-dimensional vectors withl th coordinate
∑

i:Si= j I (yi = l), l ∈ Y. Integrate outz by adding equations (13.11) and
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(13.13) and the joint posterior of (θ,V,S, φ) given the data becomes

Π(θ,V,S, φ|xn, yn) ∝ {C0 +C1(S)}π(φ)
n

∏

i=1

{wSi K(xi ; θSi , φ)} ×

∞
∏

j=1

{Be(Vj ; 1,w0)P01(dθ j)}(13.14)

with C0 =
D(bn)
D(b)

andC1(S) =
∞

∏

j=1

D(a+ ãj(S))

D(a)
.

To estimate the Bayes factor, first make repeated draws from the posterior
in (13.14). For each draw, compute the posterior probability distribution of
z from equations (13.11) and (13.13) and take their average after discard-
ing a suitable burn-in. The averages estimate the posterior distribution of
z given the data, from which we can get an estimate forBF from (13.10).
The sampling steps are accomplished as follows.

1. Update the cluster labelsS given (θ,V, φ) and the data from their joint
posterior which is proportional to

{C0 +C1(S)}
n

∏

i=1

{wSi K(xi ; θSi , φ)}. (13.15)

Introduce slice sampling latent variablesu as in §13.3.1 and replace
wSi by I (ui < wSi ) to make the total number of possible states finite.
However unlike in§13.3.1, theSis are no more conditionally indepen-
dent. We propose to use a Metropolis-Hastings block update step in
which a candidate for (S1, . . . ,Sn), or some subset of this vector ifn is
large, is sampled independently from multinomials with Pr(Si = h) ∝
K(xi ; θh, φ), for h ∈ Ai whereAi = {h : 1 ≤ h ≤ H,wh > ui} andH is the
smallest index satisfying 1− min(u) <

∑H
h=1 wh. In implementing this

step, drawVj ∼ Be(1,w0) andθ j ∼ P01 for j > max(S) as needed. The
acceptance probability is simply the ratio ofC0 + C1(S) calculated for
the candidate value and the current value ofS.

2. Updateφ, {θ j ,Vj}max(S)
j=1 , {ui}ni=1 as in Steps (2) - (5) of the algorithm in

§13.3.1.
3. Compute the full conditional posterior distribution ofz which is given

by

Pr(z|θ,S, xn, yn) ∝














D(bn)
D(b) if z= 0,
∏max(S)

j=1
D(a+ã j (S))

D(a) if z= 1.
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13.5 Examples

In this section we present some data examples of classification and testing
of hypothesis problems, where we apply the methods of the earlier sections,
and compare with other inference methods introduced in earlier chapters
or from other sources. The first three examples consist of datasimulated
from known distributions on variuos dimensional spheres while the last
two constitute real data on directions and shapes.

13.5.1 Classification

We draw iid samples onS9 × Y, Y = {1, 2, 3} from

ft(x, y) = (1/3)
3

∑

l=1

I (y = l)vMF(x; µl , 200)

whereµ1 = (1, 0, . . .)′, µ j = cos(0.2)µ1+sin(0.2)vj , j = 2, 3,v2 = (0, 1, . . .)′

and v3 = (0, 0.5,
√

0.75, 0, . . .)′. Hence, the three response classesy ∈
{1, 2, 3} are equally likely and the distribution of the features within each
class is a vMF onS9 with distinct location parameters. We purposely chose
the separation between the kernel locations to be small, so that the classifi-
cation task is challenging.

We implemented the approach described in§13.3.1 to perform nonpara-
metric Bayes classification using a vMF kernel. The hyperparameters were
chosen to bew0 = 1, DP baseP0 = vMF(µn, 10)⊗ Diri(1, 1, 1), µn being
the feature sample extrinsic mean, and the priorπ on φ as in (12.6) with
a = 1, b = 0.1. Cross-validation is used to assess classification perfor-
mance, with posterior computation applied to data from a training sample
of size 200, and the results used to predicty given thex values for subjects
in a test sample of size 100. The MCMC algorithm was run for 5× 104

iterations after a 104 iteration burn-in. Based on examination of trace plots
for the predictive probabilities ofy for representative test subjects, the pro-
posed algorithm exhibits good rates of convergence and mixing. The out-
of-sample misclassification rates for categoriesy = 1, 2 and 3 were 18.9%,
9.7% and 12.5%, respectively, with the overall rate being 14%.

As an alternative method for flexible model-based classification, we con-
sidered a discriminant analysis approach, which models theconditional
density ofx giveny as a finite mixture of 10-dimensional Gaussians. In the
literature it is very common to treat data lying on a hypersphere as if the
data had support in a Euclidean space to simplify the analysis. Using the
EM algorithm to fit the finite mixture model, we encountered singularity
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problems when allowing more than two Gaussian components per response
class. Hence, we present the results only for mixtures of one or two mul-
tivariate Gaussian components. In the one component case, we obtained
class-specific misclassification rates of 27%, 12.9% and 18.8%, with the
overall rate being 20%. The corresponding results for the twocomponent
mixture were 21.6%, 16.1% and 28.1% with an overall misclassification
rate of 22%.

Hence, the results from a parametric Gaussian discriminant analysis and
a mixture of Gaussians classifier were much worse than those for our pro-
posed Bayesian nonparametric approach. There are several possible factors
contributing to the improvement in performance. Firstly, the discriminant
analysis approach requires separate fitting of different mixture models to
each of the response categories. When the amount of data in each cate-
gory is small, it is difficult to reliably estimate all these parameters, leading
to high variance and unstable estimates. In contrast our approach of joint
modeling of ft using a Dirichlet process mixture favors a more parsimo-
nious representation. Secondly, inappropriately modeling the data as hav-
ing support on a Euclidean space has some clear drawbacks. The size of the
space over which the densities are estimated is increased from a compact
subsetS9 to an unbounded spaceℜ10. This can lead to an inflated variance
and difficulties with convergence of EM and MCMC algorithms. In addi-
tion, the properties of the approach are expected to be poor even in larger
samples. As Gaussian mixtures give zero probability to the embedded hy-
persphere, one cannot expect consistency.

13.5.2 Hypothesis Testing

We draw an iid sample of size 100 onS9 × Y, Y = {1, 2, 3}, from the
distribution

ft(x, y) = (1/3)
3

∑

l=1

I (y = l)
3

∑

j=1

wl j vMF(x; µ j , 200),

whereµ j , j = 1, 2, 3 are as in the earlier example and the weights{wl j } are
chosen so thatw11 = 1 andwl j = 0.5 for l = 2, 3 and j = 2, 3. Hence, in
groupy = 1, the features are drawn from a single vMF density, while in
groupsy = 2 and 3, the feature distributions are equally weighted mixtures
of the same two vMFs.

Letting f j denote the conditional density ofX givenY = j for j = 1, 2, 3,
respectively, the global null hypothesis of no difference in the three groups
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is H0 : f1 = f2 = f3, while the alternativeH1 is that they are not all the
same. We set the hyperparameters asw0 = 1, P0 = vMF(µn, 10)⊗ Diri(a),
µn being the X-sample extrinsic mean,b = a = p̂ = (0.28, 0.36, 0.36) - the
sample proportion of observations from each group, and a prior π on φ as
in the earlier example. We run the proposed MCMC algorithm forcalcu-
lating the Bayes factor (BF) in favor ofH1 over H0 for 6 × 104 iterations
updating cluster labelsS in 4 blocks of 25 each every iteration. The trace
plots exhibit good rate of convergence of the algorithm. After discarding a
burn-in of 4× 104 iterations, the estimated BF was 2.23× 1015, suggesting
strong evidence in the data in favor ofH1. We tried multiple starting points
and different hyperparameter choices and found the conclusions to bero-
bust, with the estimated BFs not exactly the same but within an order of
magnitude. We also obtained similar estimates using substantially shorter
and longer chains.

We can also use the proposed methodology for pairwise hypothesis test-
ing of H0,ll ′ : fl = fl′ against the alternativeH1,ll ′ : fl , fl′ for any two
pairs,l, l′, with l , l′. The analysis is otherwise implemented exactly as in
the global hypothesis testing case. The resulting BF in favor of H1,ll ′ over
H0,ll ′ for the different possible choices of (l, l′) are shown in Table 13.1. We
obtain very large BFs in testing differences between groups 1 and 2 and 1
and 3, but a moderately small BF for testing a difference between groups
2 and 3, suggesting mild evidence that these two groups are equal. These
conclusions are all consistent with the truth. We have noteda general ten-
dency for the BF in favor of the alternative to be large when thealternative
is true even in modest sample sizes, suggesting a rapid rate of convergence
under the alternative in agreement with our theoretical results. When the
null is true, the BF appears to converge to zero based on empirical results
in our simulations, but at a slow rate.

For comparison, we also considered the frequentist nonparametric test,
introduced in§3.7, for detecting differences in the groups based on com-
paring the sample extrinsic means of thefls. The test statistic used has an
asymptoticX2

d(L−1) distribution whered = 9 is the feature space dimension
andL is the number of groups that we are comparing. The corresponding
p-values are shown in Table 13.1. The conclusions are all consistent with
those from the nonparametric Bayes approach.
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Table 13.1Nonparametric Bayes and frequentist test results for data
simulated for three groups with the second and third groups identical.

groups BF p-value

(1,2,3) 2.3× 1015 2× 10−6

(1,2) 2.4× 104 1.8× 10−4

(1,3) 1.7× 106 1.5× 10−5

(2,3) 0.235 0.43

13.5.3 Testing with No Differences in Means

In this example, we draw iid samples onS2 × Y, Y = {1, 2} from the
distribution

ft(x, y) = (1/2)
2

∑

l=1

I (y = l)
3

∑

j=1

wl j vMF(x; µ j , 200),

wherew =

[

1 0 0
0 0.5 0.5

]

, µ1 = (1, 0, 0)T , µ j = cos(0.2)µ1 + sin(0.2)vj

( j = 2, 3) andv2 = −v3 = (0, 1, 0)T . In this case the features are drawn
from two groups equally likely, one of them is a vMF, while the other is
a equally weighted mixture of two different vMFs. The locationsµ j are
chosen such that both the groups have the same extrinsic meanµ1.

We draw 10 samples of 50 observations each from the modelft and
carry out hypothesis testing to test for association betweenX andY via the
Bayesian method and the asymptotic chi-squared one. The prior, hyperpa-
rameters and the algorithm for Bayes Factor (BF) computation are as in the
earlier example. In each case we get insignificant p-values, often over 0.5,
but very high BFs, often exceeding 106. The values are listed in Table 13.2.

The reason for the failure of the frequentist test is because itrelies on
comparing the group specific sample extrinsic means and in this example
the difference between them is little. The other method on the other hand
compares the full conditionals and hence can detect differences that are not
in the means.

13.5.4 Magnetization direction data

In this example from Embleton and McDonnell (1980), measurements of
remanent magnetization in red silts and claystones were made at 4 loca-
tions. This results in samples from four group of directions onthe sphere
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Table 13.2Nonparametric Bayes and frequentist test results for 10
simulations of 50 observations each for two groups with samepopulation
means.

BF 6.1e9 6.4e8 1.3e9 4.3e8 703.1 4.4e7 42.6 4.7e6 1.9e6 379.1
p-value 1.00 0.48 0.31 0.89 0.89 0.49 0.71 0.53 0.56 0.60

S2, the sample sizes are 36, 39, 16 and 16. The goal is to compare the mag-
netization direction distributions across the groups and test for any signif-
icant difference. Figure 3.1 which shows the 3D plot of the sample clouds
suggests no major differences. To test that statistically, we calculate the
Bayes factor (BF) in favor of the alternative, as in§13.5.2. The estimated
BF was≈ 1, suggesting no evidence in favor of the alternative hypothesis
that the distribution of magnetization directions vary across locations.

To assess sensitivity to the prior specification, we repeated the analy-
sis with different hyperparameter values ofa, b equal to the proportions
of samples within each group andP01 corresponding to an uniform on the
sphere. In addition, we tried different starting clusterings in the data, with
a default choice obtained by implementing k-means with 10 clusters as-
sumed. In each case, we obtain BF≈ 1, so the results were robust.

In Example 7.7 of Fisher et al. (1987), a coordinate-based parametric
test was conducted to compare mean direction in these data, producing a
p-value of 1− 1.4205× 10−5 based on aX2

6 statistic. They also compared
the mean directions for the first two groups and obtained a non-significant
p-value. Repeating this two sample test using our Bayesian nonparametric
method, we obtained a Bayes factor of 1.00. The nonparametric frequentist
test from§3.10.1 yield p-values of 0.06 and 0.38 for the two tests.

13.5.5 Volcano location data

Consider the data analysed in§3.10.2. We are interested in testing if there
is any association between the location and type of the volcano. We con-
sider the most common three types which are Strato, Shield and Submarine
volcanoes, with data available for 999 volcanoes of these types worldwide.
Their location coordinates are shown in Figure 3.3. Denoting by X the vol-
cano location which lies onS2 and byY its type which takes values from
Y = {1, 2, 3}, we compute the Bayes factor (BF) for testing ifX andY are
independent.

As should be apparent from Figures 3.2 and 3.3, the volcano data are
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particularly challenging in terms of density estimation because the loca-
tions tend to be concentrated along fault lines. Potentially, data on distance
to the closest fault could be utilized to improve performance, but we do not
have access to such data. Without such information, the data present a chal-
lenging test case for the methodology in that it is clear that one may need to
utilize very many vMF kernels to accurately characterize the density of vol-
cano locations across the globe, with the use of moderate to large numbers
of kernels leading to challenging mixing issues. Indeed, wedid encounter
a sensitivity to the starting cluster configuration in our initial analyses.

We found that one of issues that exacerbated the problem with mixing of
the cluster allocation was the ordering in the weights on thestick-breaking
representation utilized by the exact block Gibbs sampler. Although label
switching moves can lead to some improvements, they proved to be insuffi-
cient in this case. Hence, we modified the computational algorithm slightly
to instead use the finite Dirichlet approximation to the Dirichlet process
proposed in Ishwaran and Zarepour (2002). The finite Dirichlettreats the
components as exchangeable so eliminates sensitivity to the indices on the
starting clusters, which we obtained usingk-means for 50 clusters. We used
K = 50 as the dimension of the finite Dirichlet and hence the upperbound
on the number of occupied clusters. Another issue that lead to mixing prob-
lems was the use of a hyperprior onφ. In particular, when the initial clus-
ters were not well chosen, the kernel precision would tend todrift towards
smaller than optimal values and as a result too few clusters would be oc-
cupied to adequately fit the data. We did not observe such issues at all in a
variety of other simulated and real data applications, but the volcano data
are particularly difficult as we note above.

To address this second issue, we chose and fixed the kernel precision pa-
rameterφ by cross-validation. In particular, we split the sample intotrain-
ing and test sets, and then ran our Bayesian nonparametric analysis on the
training data separately for a wide variety ofφ values between 0 and 1,000.
We chose the value that produced the highest expected posterior log likeli-
hood in the test data, leading toφ̂ = 80. In this analysis and the subsequent
analyses for estimating the BF, we chose the prior on the mixture weights to
be Diri(w0/K1K) (K = 50). The other hyper-parameters were chosen to be
w0 = 1, a = b = (0.71, 0.17, 0.11)= the sample proportion of different vol-
cano types,P01 = vMF(µ0, 10),µ0 being theX-sample extrinsic mean. We
collected 5×104 MCMC iterations after discarding a burn-in of 104. Using
a fixed band-width considerably improved the algorithm convergence rate.

Based on the complete data set of 999 volcanoes, the resulting BF in
favor of the alternative was estimated to be over 10100, providing conclu-
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sive evidence that the different types of volcanos have a different spatial
distribution across the globe. For the same fixedφ̂ value, we reran the anal-
ysis for a variety of alternative hyperparameter values and different starting
points, obtaining similar BF estimates and the same conclusion. We also re-
peated the analysis for a randomly selected subsample of 300 observations,
obtaining BF= 5.4 × 1011. The testing is repeated for other sub-samples,
each resulting in a very high BF.

For comparison, we perform the asymptoticX2 test as described in§3.10.2,
obtaining a p-value of 3.6 × 10−7 which again favorsH1. The large sam-
ple sizes for the three types (713,172,114) justifies the use ofasymptotic
theory. However given that the volcanoes are spread all overthe globe, the
validity of the assumption that the three conditionals haveunique extrinsic
means may be questioned.

We also perform a coordinate based test by comparing the meansof the
latitude longitude coordinates of the three sub-samples using aX2 statistic.
The three coordinate means are (12.6, 27.9), (21.5, 9.2), and (9.97, 21.5)
(latitude, longitude). The value of the statistic is 17.07 andthe asymptotic
p-value equals 1.9 × 10−3 which is larger by orders of magnitude than its
coordinate-free counterpart, but still significant. Coordinate based meth-
ods, however, can be very misleading because of the discontinuity at the
boundaries. They heavily distort the geometry of the spherewhich is evi-
dent from the figures.

13.6 Proofs of Proposition 13.1, Theorems 13.2, 13.4 and 13.8, and
Corollary 13.5

Proof of Proposition 13.1 Denote byg theX-marginal density correspond-

ing to f . Express Eft
∣

∣

∣

∣

f (Y|X)
ft(Y|X) − 1

∣

∣

∣

∣

as
∫

X×Y

∣

∣

∣

∣

∣

f (y|x)
ft(y|x)

− 1
∣

∣

∣

∣

∣

ft(x, y)λ(dxdy)

=

∫

X×Y
| ft(x, y) − f (y|x)gt(x)|λ(dxdy)

=

∫

X×Y
| ft(x, y) − f (x, y) + f (y|x)g(x) − f (y|x)gt(x)|λ1(dx)λ2(dy)

≤ ‖ ft − f ‖L1 + ‖gt − g‖L1 ≤ 2‖ ft − f ‖L1.

Hence any neighborhood offt(.|.) of the form
{

Eft

∣

∣

∣

∣

f (Y|X)
ft(Y|X) − 1

∣

∣

∣

∣

< ǫ

}

contains

a L1 neighborhood offt. Therefore strong consistency of the posterior dis-
tribution of f implies the desired result. �
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Before proving Theorem 13.2, we prove the following Lemma.

Lemma 13.9 Under assumptionsA3 andA5,

lim
κ→∞

sup
{| f (x, y; Pt, κ) − ft(x, y)| : (x, y) ∈ X × Y} = 0,

with f(x, y,P, κ) defined in(13.3).

Proof From the definition ofPt, we can write

f (x, y; Pt, κ) =
∫

X

K(x; µ, κ)φy(µ)λ1(dµ),

for φy(µ) = ft(µ, y). Then fromA5, it follows thatφy is continuous for all
y ∈ Y. Hence fromA3, it follows that

lim
κ→∞

sup
x∈X

∣

∣

∣

∣

∣

∣

∣

∣

ft(x, y) −
∫

X

K(x; µ, κ) ft(µ, y)λ1(dµ)

∣

∣

∣

∣

∣

∣

∣

∣

= 0

for anyy ∈ Y. SinceY is finite, the proof is complete. �

Proof of Theorem 13.2. Throughout this proof we will viewM(X×Sc−1)
as a topological space under the weak topology. From Lemma 13.9, it fol-
lows that there exists aκt ≡ κt(ǫ) > 0 such that

sup
x,y
| f (x, y; Pt, κ) − ft(x, y)| < ǫ

3
(13.16)

for all κ ≥ κt. From assumptionA4, it follows that by choosingκt suffi-
ciently large, we can ensure that (Pt, κt) ∈ supp(Π1). From assumptions
A1, A2, it follows thatK is uniformly continuous atκt, i.e. there exists an
open setW(ǫ) ⊆ ℜ+ containingκt s.t.

sup
x,µ∈X
|K(x; µ, κ) − K(x; µ, κt)| <

ǫ

3
∀ κ ∈W(ǫ).

This in turn implies that, for allκ ∈W(ǫ), P ∈ M(X × Sc−1),

sup
x,y
| f (x, y; P, κ) − f (x, y; P, κt)| <

ǫ

3
(13.17)

because the left expression in (13.17) is

sup
x,y

∣

∣

∣

∣

∣

∫

νy{K(x; µ, κ) − K(x; µ, κt)}P(dµdν)
∣

∣

∣

∣

∣

≤ sup
x,µ∈X
|K(x; µ, κ) − K(x; µ, κt)|.
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SinceX is compact andK(.; ., κt) is uniformly continuous onX × X, we
can coverX by finitely many open setsU1, . . .UK such that

sup
µ∈X,x,x̃∈Ui

|K(x; µ, κt) − K(x̃; µ, κt)| <
ǫ

12
(13.18)

for eachi ≤ K. For fixedx, y, κ; f (x, y; P, κ) is a continuous function ofP.
Hence forxi ∈ Ui , y = j ∈ Y,

Wi j (ǫ) = {P ∈ M(X × Sc−1) : | f (xi , j; P, κt) − f (xi , j; Pt, κt)| <
ǫ

6
},

1 ≤ i ≤ K, 1 ≤ j ≤ c, define open neighborhoods ofPt. LetW(ǫ) =
⋂

i, jWi j (ǫ) which is also an open neighborhood ofPt. For a generalx ∈ X,
y ≡ j ∈ Y, find aUi containingx. Then for anyP ∈ W(ǫ),

| f (x, y; P, κt) − f (x, y; Pt, κt)| ≤
| f (x, j; P, κt) − f (xi , j; P, κt)| + | f (xi , j; P, κt) − f (xi , j; Pt, κt)|

+| f (xi , j; Pt, κt) − f (x, j; Pt, κt)|. (13.19)

Denote the three terms to the right in (13.19) asT1, T2 andT3. Sincex ∈
Ui , it follows from (13.18) thatT1,T3 < ǫ

12. SinceP ∈ Wi j (ǫ), T2 <
ǫ
6 by definition ofWi j (ǫ). Hence supx,y | f (x, y; P, κt) − f (x, y; Pt, κt)| < ǫ

3.
Therefore

W2(ǫ) ≡ {P : sup
x,y
| f (x, y; P, κt) − f (x, y; Pt, κt)| <

ǫ

3
}

containsW(ǫ). Since (Pt, κt) ∈ supp(Π1) andW2(ǫ) ×W(ǫ) contains an
open neighborhood of (Pt, κt), therefore

Π1(W2(ǫ) ×W(ǫ)) > 0.

Let (P, κ) ∈ W2(ǫ) ×W(ǫ). Then for (x, y) ∈ X × Y,

| f (x, y; P, κ) − ft(x, y)| ≤
| f (x, y; P, κ) − f (x, y; P, κt)| + | f (x, y; P, κt) − f (x, y; Pt, κt)|

+| f (x, y; Pt, κt) − ft(x, y)|. (13.20)

The first term to the right in (13.20) is< ǫ
3 sinceκ ∈W(ǫ). The second one

is < ǫ
3 becauseP ∈ W2(ǫ). The third one is also< ǫ

3 which follows from
equation (13.16). Therefore

Π1

(

{(P, κ) : sup
x,y
| f (x, y; P, κ) − ft(x, y)| < ǫ}

)

> 0.

This completes the proof. �
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Proof of Theorem 13.4 For a densityf ∈ D(X × Y), let p(y) be the marginal
probability of Y being y and f (x|y) be the conditional density ofX at x
givenY = y. Thenp can be viewed as a vector inSc−1 while f (.|y) ∈ D(X)
∀y ∈ Y. Endow the density spacesD(X × Y) andD(X) with the respective
total variation distances‖.‖. Similarly equipSc−1 with theL1 distance. For
f1, f2 ∈ D(X × Y), fi(x, y) = pi(y) fi(x|y), i = 1, 2,

‖ f1 − f2‖ =
∫

| f1(x, y) − f2(x, y)|λ(dxdy) =
c

∑

j=1

∫

X

∣

∣

∣p1( j) f1(x| j) − p2( j) f2(x| j)
∣

∣

∣λ1(dx)

≤ max
j
‖ f1(.| j) − f2(.| j)‖ +

∑

j

|p1( j) − p2( j)|. (13.21)

Hence anǫ diameter ball inD(X × Y) contains the intersection ofc many
ǫ/2 diameter balls fromD(X) with a ǫ/2 diameter subset ofSc−1.

Represent the class of joint densities of the form (13.3) byD0, i.e.,

D0 = { f (.; P, κ) ∈ D(X × Y) : P ∈ M(X × Sc−1), κ ∈ ℜ+},

and define

D̃n =
⋃

j∈Y

{

f (.| j) ∈ D(X) : f ∈ D0, κ ∈ [0, na]
}

.

Any element ofD̃n can be expressed as

f (x| j) =
∫

X×Sc−1
ν jK(x; µ, κ)P(dµdν)

∫

X×Sc−1
ν jP(dµdν)

=

∫

X

K(x; µ, κ)Pj(dµ)

with Pj(dµ) =

∫

Sc−1
ν jP(dµdν)

∫

X×Sc−1
ν jP(dµdν)

.

Hence f (.| j) is as in (12.1) withM = X. Therefore, from Theorem 12.5,
under assumptionsA7-A9, the ǫ L1-metric entropyN(ǫ, D̃n) is of order
at-mostnaa1a3 which iso(n). Next define

Dn =
{

f ∈ D0 : κ ∈ [0, na]
}

.

By definition ofD̃n,

Dn =
{

f ∈ D(X × Y) : f (.| j) ∈ D̃n∀ j ∈ Y}. (13.22)

Hence from (13.21) and (13.22),N(ǫ,Dn) is alsoo(n). Therefore Propo-
sition 12.4 implies strong posterior consistency under assumptionsA1-
A10. �
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Proof of Corollary 13.5 (a) Note that
∫

X

|p(y, x) − pt(y, x)|gt(x)λ1(dx) =
∫

X

| ft(x, y) − f (x, y) + p(y, x)g(x) − p(y, x)gt(x)|λ1(dx)

≤
∫

X

| ft(x, y) − f (x, y)|λ1(dx) +
∫

X

|gt(x) − g(x)|λ1(dx) ≤ 2
∫

X

| f (x, y) − ft(x, y)|λ1(dx)

and hence any neighborhood ofpt(y, .) of the form{
∫

X
|p(y, x)−pt(y, x)|gt(x)λ1(dx) <

ǫ} contains anL1 neighborhood offt. Now part (a) follows from strong con-
sistency of the posterior distribution off .

(b) SinceX is compact,ft being continuous and positive implies that
c = inf x∈Xgt(x) > 0. Hence
∫

X

|p(y, x) − pt(y, x)|w(x)λ1(dx) ≤ c−1 sup(w(x))
∫

X

gt(x)|p(y, x) − pt(y, x)|λ1(dx)

Now the result follows from part (a). �

The proof of Theorem 13.8 uses Lemma 13.10. This lemma is funda-
mental to proving weak posterior consistency using the Schwartz theorem
and its proof follows from the discussion in§12.3.1.

Lemma 13.10 (a) If Π includes ft in its KL support, then

lim inf n→∞ exp(nβ)
∫

∏

i

f (xi , yi)
ft(xi , yi)

Π(d f) = ∞

a.s. f∞t for anyβ > 0. (b) If U is a weak open neighborhood of ft andΠ0

is a prior onD(X × Y) with support in Uc, then there exists aβ0 > 0 for
which

limn→∞ exp(nβ0)
∫

∏

i

f (xi , yi)
ft(xi , yi)

Π0(d f) = 0

a.s. f∞t .

Proof of Theorem 13.8 ExpressBF as

BF = {
∏

i

pt(yi)}
D(b)
D(bn)

∫

∏

i
f (xi ,yi )
ft(xi ,yi )

Π(d f)
∫

∏

i
g(xi )pt(yi )

ft(xi ,yi )
Π(d f)

= T1T2/T3

with T1 = {
∏

i pt(yi)} D(b)
D(bn) , T2 =

∫

∏

i
f (xi ,yi )
ft(xi ,yi )

Π(d f) andT3 =
∫

∏

i
g(xi )pt(yi )

ft(xi ,yi )
Π(d f).

SinceΠ satisfies the KL condition, Lemma 13.10(a) implies that lim infn→∞ exp(nβ)T2 =

∞ a.s. for anyβ > 0.
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Let U be the space of all dependent densities, that is

Uc = { f ∈ D(X × Y) : f (x, y) = g(x)p(y) a.s.λ(dxdy)}.

The priorΠ induces a priorΠ0 on Uc via f 7→ {∑ j f (., j)}pt andT3 can
be expressed as

∫

∏

i
f (xi ,yi )
ft(xi ,yi )

Π0(d f). It is easy to show thatU is open under
the weak topology and hence underH1 is a weak open neighborhood offt.
Then using Lemma 13.10(b), it follows that limn→∞ exp(nβ0)T3 = 0 a.s. for
someβ0 > 0.

The proof is complete if we can show that lim infn→∞ exp(nβ)T1 = ∞ a.s.
for anyβ > 0 or log(T1) = o(n) a.s. For a positive sequencean diverging to
∞, the Stirling’s formula implies that logΓ(an) = an log(an) − an + o(an).
Express log(T1) as

∑

i

log(pt(yi)) − log(D(bn)) + o(n). (13.23)

Sincept( j) > 0 ∀ j ≤ c, by the SLLN,
∑

i

log(pt(yi)) = n
∑

j

pt( j) log(pt( j)) + o(n) a.s. (13.24)

Let bn j = bj+
∑

i I (yi = j) be the jth component ofbn. Then limn→∞ bn j/n =
pt( j), that isbn j = npt( j)+o(n) a.s. and hence the Stirling’s formula implies
that

log(Γ(bn j)) = bn j log(bn j) − bn j + o(n)

= npt( j) log(pt( j)) − npt( j) + log(n)bn j + o(n) a.s.

which implies

log(D(bn)) =
L

∑

j=1

log(Γ(bn j)) − logΓ(
∑

j

bj + n)

= n
∑

j

pt( j) log(pt( j)) + o(n) a.s. (13.25)

From (13.23), (13.24) and (13.25), log(T1) = o(n) a.s. follows and this
completes the proof. �



APPENDIX A: Differentiable Manifolds

A d-dimensional differentiable manifold Mis a separable metric space with
the following properties:

(i) Every p ∈ M has an open neighborhoodUp and a homeomorphism
ψp : Up→ Bp,whereBp is an open subset ofℜd;

(ii) the mapsψp are (smoothly) compatible, that is, ifUp ∩ Uq , φ, then
ψp◦ψ−1

q is aC∞ (infinitely differentiable) diffeomorphism onψq(Up∩Uq)
(⊆ Bq) ontoψp(Up ∩ Uq) (⊆ Bp).

The pair (Up, ψp) in (ii) is called acoordinate neighborhoodof p, and
ψp(p′) = (x1(p′), . . . , xd(p′)), p′ ∈ Up, are sometimes referred to aslo-
cal coordinatesof p′. The collection{(Up, ψp) : p ∈ M} is called anatlas
or a differential structureof M. In general, there are many atlases which
are compatible with a given atlas or differential structure. One, therefore,
defines a differentiable manifold as given by a maximal atlas, i.e., the col-
lection of all coordinate neighborhoods compatible with a given one of in-
terest. The property (ii) of a differentiable manifoldM allows one to extend
differential calculus on an Euclidean space toM, as we shall see next.

Given two differentiable manifoldsM, N of dimensionsd and k, and
atlases{(Up, ψp) : p ∈ M}, {(Vq, φq) : q ∈ N}, respectively, a function
g : M → N is said to ber-times continuously differentiable, in sym-
bols g ∈ Cr (M → N), if, for each p ∈ M and q = g(p), g is r-times
continuously differentiable when expressed in local coordinatesψp(p′) =
(x1(p′), . . . , xd(p′)) for p′ ∈ Up andφq(q′) = (y1(q′), . . . , yk(q′)) for q′ ∈ Vq.
That is, assuming without loss of generality thatg(Up) ⊆ Vq, the function
h(x1, . . . , xd) ≡ φq◦g◦ψ−1

p (x1, . . . , xd) is r-times continuously differentiable
onψp(Up) ⊂ ℜd into φq(Vq) ⊂ ℜk. If this holds for all positive integersr,
theng is infinitely differentiable:g ∈ C∞(M → N). If N = ℜ, one simply
writes g is Cr or g ∈ Cr (M), g is C∞ or g ∈ C∞(M), etc. The set of all
real-valuedC∞ functions onM is denoted byC∞(M). In view of (ii), this

205
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definition of differentiability does not depend on the particular coordinate
neighborhoods chosen forp andq.

For the extension to a manifold of the notion of derivatives ofa func-
tion f on ℜd as providing local linear approximations, and for various
other purposes to be encountered, one needs to introduce thenotion of
tangent vectors and tangent spaces. One way to introduce it is to con-
sider aC1-function γ on an interval (−a, a), a > 0, taking values in a
manifold M. Let thenγ : (−a, a) → M be a continuously differentiable
function (curve), withγ(0) = p. Expressingγ in local coordinates,x(t) ≡
ψp ◦ γ(t) = (x1(t), . . . , xd(t)), say, is a differentiable curve inℜd, with a
tangent vector atψp(p) given byx′(0) = ((d/dt)x1(t), . . . , (d/dt)xd(t))t=0 =

lim t↓0{x(t) − x(0)}/t. For f ∈ C1(M), f ◦ γ is a real-valuedC1 function on
(−a, a), whose derivative at 0 is well defined and is given by

τp( f ) � (d/dt){ f ◦ γ(t)}t=0

= (d/dt){ f ◦ ψ−1
p x(t)}t=0 = 〈x′(0), grad(f◦ ψ−1

p ){x(0)}〉. (A.1)

Here grad(g){x(0)} = (∂g(x)/∂x1, . . . , ∂g(x)/∂xd)x=x(0) and〈, 〉 denotes the
Euclidean inner product on the appropriate tangent spaceTx(0)ℜd (which
may be identified withℜd) in the present case. Note thatτp is linear in
f on the vector spaceC1(M), and it depends only on the derivativex′(0)
of the curvex(t) at t = 0, and is determined by it, although there are in-
finitely manyC1-curvesγ with the same derivative (ofx(t)) at 0. The linear
function τp is called atangent vectorat p. In local coordinates, it is the
directional derivative atp in the directionx′(0). The set of all such vectors
is ad-dimensional vector space, called the tangent space atp, denoted as
Tp(M), or simply Tp when the manifoldM is clearly specified from the
context. Given a coordinate neighborhood (Up, ψp) of p, in local coordi-
nates,Tp is spanned by the basis{∂/∂x1, . . . , ∂/∂xd}x=x(0), i.e., by the basis
of derivatives in the directions{ei : i = 1, . . . , d}, whereei has 1 as itsith
coordinate and 0s as the remainingd − 1 coordinates.

The linear functionalτp on the vector spaceC1(M), defined by (A.1),
clearly satisfies the Leibnitz rule for differentiation of products of func-
tions:τp( f g) = τp( f )g + f τp(g) on C1(M). This is easily checked by ob-
serving that (f g)◦ψ−1

p = ( f ◦ψ−1
p )(g◦ψ−1

p ), and applying the usual Leibnitz
rule in the last equality in (A.1). Conversely, one can show that if a linear
functional onC1(M) satisfies the Leibnitz rule, then it is a tangent vector
at p, in the sense defined by (A.1) (see, e.g., Boothby (1986), ChapterIV).

The definition of a tangent vector as given by the first relation in (A.1)
does not depend on the coordinate system chosen, but its representation in
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terms ofx′(0) does. As we shall see in the following paragraph, one can
relate representations such as given in (A.1) in two different coordinate
systems by a linear map, or a Jocobian, on the tangent spaceTp.

Example 1. Some common examples of manifolds are the so-called
regular submanifolds of an Euclidean spaceℜn, defined as the setM =
{h(x) = 0 : x ∈ ℜn}, whereh(x) = (h1(x), . . . , hn−d(x)), is an infinitely
differentiable map on an open subsetV of ℜn into ℜn−d (1 ≤ d < n),
and Gradh(x) is of full rank n − d. Here Gradh(x) is the (n − d) × n ma-
trix {(∂hi(x)/∂xj)}1≤i≤n−d,1≤ j≤n, whose rows are (grad(hi(x)))1≤i≤n−d. It fol-
lows from the implicit function theorem that, with the relative topology
of ℜn, M is a d-dimensional differentiable manifold, i.e., it satisfies both
the defining properties (i), (ii) stated at the outset, if one chooses an atlas
{(Ux, ψx) : x ∈ M} whereUx = Ox ∩ M, with Ox a sufficiently small open
ball inℜn centered atx, andψx is the restriction toUx of aC∞ diffeomor-
phismθx of Ox onto an open setθx(Ox) ⊆ ℜn, such thatθx(Ux) is an open
subsetBx, say, ofℜd.

For submanifolds, to find/represent the tangent spaceTx at x ∈ M =

{h(x) = 0 : x ∈ ℜn}, one may proceed directly. Letγ : (−a, a) → ℜn

be a differentiable curve inℜn with γ(t) = (x1(t), . . . , xn(t)) = x(t) ∈ M,
x(0) = x. That is,γ is also a differentiable curve inM, with γ(0) = x.
Then the relationshi(x(t)) = 0, 1 ≤ i ≤ n − d, yield on differentiation,
〈gradhi(x(0)), x′(0)〉 = 0, i = 1, . . . , n − d. Thus the tangent vector atx =
x(0) (represented by a vector in the tangent space ofℜn at x) is orthogonal
to then−d linearly independent vectors gradhi(x), 1 ≤ i ≤ n−d. Thus thed-
dimensional tangent spaceTx of M at x is represented by thed-dimensional
subspace of the tangent space ofℜn at x orthogonal to gradhi(x), 1 ≤ i ≤
n− d.

A special submanifold of interest is thed-dimensional sphereSd = {x ∈
ℜd+1 : x2

1+ . . .+ x2
d+1 = 1}. It follows from the above that the tangent space

TxSd may be represented as thed-dimensional linear subspace ofTxℜd+1 ≡
ℜd+1 spanned by vectors (inℜd+1 ) orthogonal tox, since gradh(x) here
equals 2x.

We now turn to the notion of thedifferentialof a maph ∈ C1(M → N),
whereM, N are differentiable manifolds of dimensionsd andk, respec-
tively. First consider the caseM = ℜn andN = ℜk. The local linear ap-
proximation ofh in a neighborhood of a pointx0 inℜn is given by the linear
map represented by theJacobian matrix J(x) = [((∂hi(x)/∂xj))1≤i≤k,1≤ j≤n]x=x0,
writing h(x) = (h1(x), . . . , hk(x)). Given a vectorv ∈ ℜn, one has the ap-
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proximationh(x0 + v) ≈ h(x0) + J(x0)v (treatingh(x) andv as (k × 1) and
(n× 1) column vectors). One should think ofv, J(x0)v as tangent vectors:
v ∈ Tx0ℜn, andJ(x0)v ∈ Th(x0)ℜk. The transformationv→ J(x0)v defines
a linear map:Tx0ℜn → Th(x0)ℜk, called thedifferential of hat x0, denoted
asdx0h.

For general differentiable manifoldsM, N, let h ∈ C1(M → N). If f ∈
C1(N)- a continuously differentiable real-valued function onN, then f ◦h ∈
C1(M), and one may use a tangent space approximation off ◦h near a point
p ∈ M, using thedifferential dph : Tp(M) → Th(p)(N) formally defined as
the linear mapdph(τ) = η (τ ∈ Tp(M), η ∈ Th(p)(N)), where

η( f ) � τ( f ◦ h) ∀ f ∈ C1(N). (A.2)

Note that f ◦ h is linear in f andτ is linear, and hence the left side is a
linear function off ∈ C1(N), which obeys the Leibnitz rule and, therefore,
defines a tangent vectorη ∈ Th(p)(N) (see (A.1)). In terms of our more
explicit definition of tangent vectors, consider a tangent vectorτ ∈ Tp(M)
defined by aC1 curveγ, passing throughp = γ(0). Thenγ̃ ≡ h ◦ γ is aC1

curve passing throughq = h(p) = γ̃(0). Let (U, ψ) and (V, φ) be coordinate
neighborhoods ofp andq = h(p), respectively. Writingx(t) = ψ ◦ γ(t) and
y(t) = φ ◦ h ◦ γ(t) = φ ◦ h ◦ ψ−1 ◦ x(t), the tangent vectorη ∈ Th(p)(N) is
given in local coordinates byy′(0), namely,

y′(0) = (d/dt)(φ ◦ h ◦ ψ−1 ◦ x(t))t=0 = J(x(0))x′(0), (A.3)

whereJ(x(0)) is the Jacobian atx(0) of the transformatioñh ≡ φ ◦ h ◦ ψ−1

onψ(U) ≡ ℜd into φ(V) ≡ ℜk, given by [((∂(h̃)i(x)/∂xj))1≤i≤k,1≤ j≤d]x=x(0).
Thus, in local coordinates, the differential ofh is given by the linear map
J(x(0)) onTx(0)(U) (identified withℜd) intoTh(x(0))(V) (identified withℜk).
For f ∈ C1(N), and withγ̃ = h ◦ γ in place ofγ in (A.1), one obtains

η( f ) = (d/dt){ f ◦ γ̃(t)}t=0 = (d/dt){ f ◦ φ−1(y(t))}t=0 = 〈y′(0), grad(f ◦ φ−1)(y(0))〉
= 〈J(x(0))x′(0), grad(f ◦ φ−1)(y(0))〉 = 〈x′(0), J(x(0))tgrad(f ◦ φ−1)(y(0))〉
= 〈x′(0), J(x(0))tgrad(f ◦ φ−1)(φ ◦ h ◦ ψ−1(x(0)))〉
= 〈x′(0), grad(f ◦ h ◦ ψ−1)(x(0))〉, (A.4)

whereAt denotes the transpose of a matrixA. Writing h̃ = ϕ◦h◦ψ−1, the last
equality follows from the rule for differentiating the composite function

g(x) � ( f ◦ h ◦ ψ−1)(x) = ( f ◦ φ−1) ◦ (φ ◦ h ◦ ψ−1)(x) ≡ ( f ◦ φ−1) ◦ h̃(x),

∂g(x)/∂xi =

k
∑

j=1

{∂( f ◦ φ−1)(y)/∂yj}y=h̃(x)∂h̃j(x)/∂xi =

k
∑

j=1

{∂( f ◦ φ−1)(y)/∂yj}y=h̃(x)(J(x)) ji .
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The last expression of (A.4) equalsτ( f ◦ h) (see (A.1)), establishing (A.2).

A differentiable manifold M is said to beorientable, if it has an atlas
{(Up, ψp); p ∈ M} such that the determinant of the mapψp ◦ψ−1

q on Bp∩Bq

on to itself, defined at the beginning, has a positive determinant for all p,
q such thatBp ∩ Bq is not empty. For such a manifold, one can also easily
find an atlas such that the above maps have negative determinants. These
positive and negative orientations are the only possibilities on an orientable
manifold. There are many examples of non-orientable manifolds(See do
Carmo (1992)).

Next, consider the notion of a vector field on a manifoldM, which is
a smooth assignmentp 7→ τp of tangent vectors, or velocities, onM.
On the Euclidean spaceIEd ∼ Rd, such an assignment is determined
by a smooth vector-valued functionu(x) = (u1(x), . . . , ud(x)), x ∈ Rd,
with τp(x) =

∑

ui(x)∂/∂xi . Given such a vector (or velocity) field, the
path x(t) of a particle starting at a given pointx0 is determined, at least
in a neighborhood oft = 0, and is governed by the ordinary differen-
tial equation:dx(t)/dt = u(x(t)), x(0) = x0. Note that for smooth func-
tions f onRd, one hasd f(x(t))/dt =

∑

ui(x(t))(∂ f /∂xi)(x(t), i.e.,τx(t)( f ) =
∑

ui(x(t))(∂ f /∂xi)(x(t)). This is possible, because one has a well defined
field of basis vectors{∂/∂xi , i = 1, . . . , d}, or a tangent frame, on all of
R

d. Since tangent vectors at different points are not naturally related to
each other on a general manifoldM, to define smoothness of such an as-
signmentq 7→ τq, one needs to introduce a differential structure on the
tangent bundle T M= {(q, τq) : q ∈ M, τq ∈ Tq(M)}. This is deter-
mined by the coordinate mapsΨp : {(q, τq) : q ∈ Up, τq ∈ Tq(M)} =
TUp 7→ Bp × Rd, defined byΨp(q, τq) = (x, u) , wherex = ψp(q) and
u = u(q) = (u1(q), . . . , ud(q)) is determined bydψpτq =

∑

ui(q)∂/∂xi .
Here{∂/∂xi , i = 1, . . . , d} is the Euclidean tangent frame onBp. It is easy
to check that this defines a differential structure onT M, satisfying con-
ditions (i), (ii), making it a 2d-dimensional differentiable manifold. This
also defines a tangent frame{Ei,p : i = 1, . . . , d} on Up given byEi,p =
dψp−1(∂/∂xi), i = 1, . . . , d, corresponding to the frame{∂/∂xi , i = 1, , d} on
Bp. WE will refer to {Ei,p : i = 1, . . . , d} as thecoordinate frameon Up. A
vector field Won M is now defined as aC∞ map onM into T M of the form
q 7→ (q, τq), i.e., a smooth section ofT M. That is, in local coordinates, for
eachp the vector field

∑

ui(ψ−1
p (x))∂/∂xi on Bp is smooth:x 7→ ui ◦ ψ−1

p (x)
is C∞ for eachi = 1, . . . , d.

For the final notion of this section, consider differentiable manifoldsM
and N of dimensionsd andk, respectively,k ≥ d (usually,k > d), one
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definesπ ∈ C∞(M → N) to be anembeddingof M into N, if π is a homeo-
morphism ontoπ(M) with its relative topology inN, and its differentialdpπ

is injective (i.e., one-to-one) onTp(M) into Tπ(p)(N) for every p ∈ M. We
will be mostly interested in the case of embedding ofM into an Euclidean
spaceN. Simple examples of such embeddings are provided by regular
submanifolds as considered under Example 1, withπ as the inclusion map.

Because most of our manifolds in this book are compact, the following
simple lemma is useful.

Lemma 1 Let M be a compact differentiable manifold, and F∈ C∞(M →
N) a one-to-one map whose differential dpF is injective at every p∈ M.
Then F is an embedding.

Proof SinceF is continuous and one-to-one, to establish thatF is a home-
omorphism onM ontoF(M), it is enough to show thatF−1 is continuous.
The continuous image of a compact set under a continuous map is com-
pact. HenceF(M) is compact, and, therefore, so is every closed subset of
F(M). The inverse image underF−1 of a closed and, therefore compact,
setC of M is F(C)-a compact and, therefore, closed subset ofF(M). This
provesF−1 is continuous. �

It can be shown that ifF ∈ C∞(M → Rk) is an embedding, thenF(M)
is a regular submanifold ofRk (See, e.g., Boothby (1986), p.68). We will,
however, directly establish this submanifolds property for our special man-
ifolds.

The shape spaces of special interest in this book are not regular sub-
manifolds, defined directly by an inclusion map in an Euclidean spaceRk.
Instead, they are often quotients of a high dimensional sphereSd under the
action of a (Lie) groupG acting on it. In general, aLie group Gis a group,
which is also a manifold such that the group operation of multiplication
g1, g2) → g1g2 is C∞(G × G → G) and the inverse operationg → g−1 is
C∞(G → G). We also allow the groupG to be adiscrete group, i.e.,G is
countable and has the discrete topology, which is thought ofas a manifold
of dimension zero. The groupsG aregroups of transformations, i.e., maps
g on M, with g1g2 as thecomposition g1 ◦ g2 of the mapsg1 andg2. That
is, eachg in G is a one-to-one mapg : p→ gpon M ontoM. One requires
that (g, p) → gp is C∞(G × M → M). If G is discrete, this simply means
that each mapg : p→ gp is C∞(M → M). Thequotient space M/G is the
space whose elements are theorbits Op = {gp : g ∈ G}, p ∈ M. Equiv-
alently,M/G is the space ofequivalence classesof elements ofM, where
the equivalence relation∼ is given byp ∼ q if q = gp for someg ∈ G, i.e.,
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if p andq belong to the same orbit. For thequotient topologyof M/G, a set
V ⊂ M/G is defined to beopenif the set of orbits inV comprises an open
subset ofM. We will generally assume that the map p→ Op (M → M/G)
is anopen map. That is, ifU ⊂ M is open, then the set{Op, p ∈ U} is an
open subset ofM/G, i.e., the union of the orbits{Op, p ∈ U} is open as a
subset ofM. The following lemma indicates the possibility ofM/G being
a manifold. Its proof may be found in Boothby (1986).

Lemma 2 Suppose the map p→ Op (M → M/G) is open in the quotient
topology. Then M/G is a separable metric space.

For each specific case of interest in this monograph, the manifold struc-
ture of M/G is explicitly constructed.
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Nonparametric inference from the Bayes perspective requiresputting a
prior distribution on the space of all probability measureson the measur-
able space (X,B) of observations.

C1. Finite X. We first consider a finiteX with k elementsa1, . . . , ak,
say, (andB is the class of all subsets), then the unknown probabilityP ∈ P
on (X,B) , which is the object of inference, is determined byθi = P({ai}),
1 ≤ i ≤ k, and this is a finite-dimensional (i.e., parametric) problem,and
a convenient conjugate prior forP is the multivariate Dirichlet, or beta,
distributionDα = D(α1, . . . , αk) for (θ1, . . . , θk), with θk = 1− θ1 . . . − θk−1.
First, consider the caseαi > 0 for all i. Thenθ = (θ1, . . . , θk−1) has the
density on the set{(θ1, . . . , θk−1) : θi > 0, for all i,

∑

1≤θ≤k−1 θi ≤ 1}, given
by

π(θ1, . . . , θk, α1, . . . , αk) = c(α1, . . . , αk)θ
α1−1
1 . . . θ

αk−1−1
k−1 θ

αk

k

(θk = 1− θ1 − . . . − θk−1) (C.1)

One may also defineDα = D(α1, . . . , αk) where some of theαi are zero.
If αi = 0, then the Dirichlet assigns probability one to{θi = 0}, and a
distribution such as given by (C.1) in the variablesθ j for which α j > 0.
This defines, for arbitrary nonnegativeα1, . . . , αk, the distributionDα =

D(α1, . . . , αk) on thesimplex= ∆k{(θ1, . . . , θk) : θi ≥ 0 for all i,
∑

1≤i≤k θi =

1}. Note that, underD(α1, . . . , αk) the distribution ofθi is beta(αi , α(X)),
where

α(X) = α1 + . . . + αk.

Before proceeding further, we recall a fruitful representationof a ran-
dom P with distributionD(α1, . . . , αk). For c > 0, aGamma (c ) distribu-
tion is defined by its densityΓ(c)−1exp{−z}zc−1 (z > 0). If c = 0, define
Gamma(0) to be the distribution degenerate at 0. SupposeZi , 1 ≤ i ≤ k, are
independent random variables, withZi having the distributionGamma(αi),

212
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and letSk = Z1 + . . .Zk. If α j > 0 for all i = 1, . . . , k, then by the usual
transformation rule yields thatZi/Sk, 1 ≤ i ≤ k − 1, have the joint den-
sity (C.1), and they are independent ofSk which isGamma(α1 + . . . + αk).
In particular, (Z1/Sk, . . .Zk/Sk) has the Dirichlet distributionD(α1, . . . , αk)
and it is independent ofSk. If a subset of theα′s are zero, then the corre-
sponding relationship holds among the remaining variables. Now inserting
the degenerate variables (with values 0) also, the representation holds for
the general case. The following lemma is proved using this representation.

Lemma 3 Suppose U1 and U2 are independent random vectors with
Dirichlet distributions Dα = D(α1, . . . , αk) and Dβ = D(β1, . . . , βk) re-
spectively, on∆k , and let Y be independent of{U1,U2} and have the Beta
distribution B(α1 + . . . + αk, β1 + . . . βk). Then YU1 + (1 − Y)U2 has the
distribution D(α1 + β1, . . . , αk + βk) = Dα+β.

Proof AssumeZi (i = 1, . . . , k) andZ′i , (i = 1, . . . , k) be 2k independent
random variables, withZi beingGamma(αi) (i = 1, . . . , k) , andZ′i be in
Gamma(βi) (i = 1, . . . , k). Write S j =

∑

1≤i≤ j Zi andS′j =
∑

1≤i≤ j Z′i . Then
YU1 + (1− Y)U2 has the same distribution as

[Sk/(Sk+S′k)](Z1/Sk, . . . ,Zk/Sk)+ [S′k/(Sk+S′k)](Z
′
1/S

′
k, . . . ,Z

′
k/S

′
k), (C.2)

since (Z1/Sk, . . . ,Zk/Sk) is D(α1, . . . , αk) and (Z′1/S
′
k, . . . ,Z

′
k/S

′
k) is D(β1, . . . , βk)

, independent of each other, and ofV = Sk/(Sk + S′k) and (1− V) =
S′k/(Sk+S′k), with V distributed as BetaB(α1+ . . .+αk, β1+ . . .+ βk). But
(C.2) equals

((Z1 + Z′1)/[Sk + Sk], . . . , (Zk + Z′k)/[Sk + S′k]),

which has the desired distributionD(α1 + β1, . . . , αk + βk) = Dα+β , since
Zi + Z′i are independent Gamma (αi + βi) , i = 1, . . . , k. �

If the random distributionP on ∆k has the Dirichlet distributionDα =

D(α1, . . . , αk), and if X1, . . . ,Xn are i.i.d. observations fromP, conditional
onP (i.e., given (θ1, . . . , θk)), then the likelihood function is proportional to

θ
α1−1+n1

1 . . . θ
αk−1−1+nk−1

k−1 θ
αk−1+nk

k

whereni =
∑

δX j ({ai}) is the number of observations having the valueai ∈
X. Hereδx is the point mass at x, i.e.,δx({x}) = 1,δx(X\{x}) = 0. Hence the
posterior distribution ofP (or of (θ1, . . . , θk) is D(α1 + n1, . . . , αk + nk). If
αi+ni = 0, this is interpreted, as before, asθi = 0 with posterior probability
one.

Whenα = (α1, . . . , αi) is viewed as a measure onX : α({ai}) = αi
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(1 ≤ i ≤ k), then the posterior may be expressed as the Dirichlet dis-
tribution Dα+

∑

1≤ j≤n δXj
with measureα +

∑

1≤ j≤n δX j . We define the Dirich-
let distribution Dδx to be the distribution degenerate atx ∈ X. That is,
Dδx({θi = 1}) = 1 if x = ai and this probability is zero ifx , ai . We will
make use of the fact that, ifY is beta(1, α(X)) independent of aP which is
Dirichlet Dα, then

Yδx + (1− Y)P has the distributionDα+δx. (C.3)

One may derive this from Lemma3 by takingZ′j = δ(i + j) but thei-th
gamma variables.

Next note that, conditionally givenP (i.e., given (θ1, . . . , θk)), a single
observationX from P has the marginal distribution

Prob(x = ai) = c(αi , α(X) − αi)
∫ 1

0
θiθ

αi−1
i (1− θi)

α(X)−αi−1dθi = αi/α(X)

(i = 1, . . . , k).(C.4)

Herec(a, b) = Γ(a+b)/Γ(a)Γ(b) is the normalizing constant of thebeta(a, b)
distribution. Thinking of the problem of a single observation X from P,
conditionally givenP, and using the fact that the conditional distribution of
P, givenX is Dα+δX , it follows that the marginal distribution ofP, namely,
the priorDα = D(α1, . . . , αk) satisfies the following identity:

Dα(B) =
∑

1≤i≤k

Dα+δai (B)αi/α(X) (B Borel subset of∆k)(C.5)

Lemma 4 Suppose (i) P is Dirichlet Dα = D(α1, . . . , αk), (ii) X is in-
dependent of P having the distributionα = α/α(X) on X , and (iii) Y
is independent of P and X and has the Beta distribution beta(1, α(X))
on [0,1]. Then YδX + (1 − Y)P has the same distribution as P , namely,
Dα = D(α1, . . . , αk).

Proof Conditionally givenX = ai , the distribution of the random mea-
sureYδX + (1−Y)P = QX , say, isDα+δai

, by (C.3). Now apply (C.5) to see
that the (marginal) distribution ofQX is Dα . �

C2. GeneralX .
We now turn to the general case of a Polish spaceX, with B as its

Borel sigma-field. Recall that a Polish space is a topologicalspace which is
homeomorphic to a complete separable metric space. In this case, the setP
of all probability measures on (X,B) is also Polish under the weak topol-
ogy (See, e.g., Parthasarathy (1967), Theorem 6.5, p. 46; or Bhattacharya
and Waymire (2007), pp. 68,69. ). LetB(P) denote the Borel sigma-field
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of P. If X is a compact metric space so isP , under the weak topology
(Bhattacharya and Waymire (2007), Proposition 5.5, p.66).

Let α be a nonzero measure on (X,B). We will construct theDirichlet
distribution Dα onP (i.e., onB(P) ) having the following finite-dimensional
distributions: Let{B1, . . . , Bk} be an arbitrary partition ofX, k > 1. That
is, Bi are measurable, nonempty, pairwise disjoint, and∪Bi = X. Write
θi = P(Bi), 1 ≤ i ≤ k, P ∈ P. Then the distribution of (θ1, . . . , θk) is k-
dimensional DirichletD(α(B1), . . . , α(Bk)). In other words, underDα, the
set{P ∈ P : ((θ1, . . . , θk) ∈ C} has the probabilityD(α(B1), . . . , α(Bk))(C)
for every Borel subsetC of the simplex∆k = {(θ1, . . . , θk) : θk ≥ 0 for all i,
∑

1≤i≤k θi = 1}. One can show that this assignment of finite-dimensional
distributions satisfies the Kolmogorov consistency theorem and, hence, de-
fines a unique probability measure on the product sigma-field generated
by the individual mapsB ∈ B into [0,1] defined byP 7→ P(B) , B ∈ B.
Although this sigma-field suffices whenX is countable, it is quite inade-
quate for most purposes whenX is uncountable. For example, whenX is
uncountable, singletons{Q}(Q ∈ P), do not belong to this sigma-field, and
non-constant continuous functions onP are not measurable with respect
to it. Ferguson (1973), who is the founder of the Dirichlet distribution on
P and thus of nonparametric Bayes theory, provided a construction of this
measure onB(P). We will, however, present a more convenient construc-
tion due to Sethuraman (1994), which immediately yields some important
information about the distribution, and which is very useful for purposes
of simulation. A random probabilityP, defined on some probability space
(Ω,F , Γ) with values inP , and measurable with respect toB(P), is called
a Dirichlet process withα as its base measure, if it has the Dirichlet distri-
bution Dα on (P,B(P)) . The proof of Sethuramans result given below is
adapted from Ghosh and Ramamoorthi (2002), pp. 103,104.

Theorem 1 Theorem C.1.(need to renumber them)Letα be a finite non-
zero measure on(X,B). Suppose two independent i.i.d. sequencesυn (n =
1, 2, ...) and Yn (n = 1, 2, ) are defined on a probability space(Ω,F , µ),
withυn distributed as beta(1,B(X)) on [0,1], and Yn having the distribution
α = α/α(X) onX. Let

p1 = θ1, pn = θn

∏

1≤i≤n−1

(1− θi)(n = 2, . . . ). (C.6)

Then the random probability measure Q defined by

Q(ω, B) =
∑

1≤n≤∞
pn(ω)δYn(ω)(B) B ∈ B(X) (C.7)
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has the Dirichlet distribution Dα.

Proof First note thatω 7→ Q(ω, .) is a measurable map onΩ into P ,
with respect to the sigma-fieldF on Ω and the Borel sigma-field onP
, since each term in the summation in (C.7) is. Thus one only needs to
show that, for every finite partition{B1, . . . , Bk} of X , the distribution of
(Q(., B1), ,Q(., Bk)) has the Dirichlet distributionD(α(B1), . . . , α(Bk)). For
this, write δYi:k as the restriction ofδYi to the partition, i.e.,δYi:k assigns
its entire mass 1 to the set of the partition to whichYi belongs. Also, let
Pk be DirichletD(α(B1), . . . , α(Bk)), independent of the two sequencesθn

(n = 1, 2, ...) andYn (n = 1, 2, ). By (C.3) ,Q1 ≡ p1δY1:k + (1− p1)Pk has the
Dirichlet distributionD(α(B1), . . . , α(Bk)). For the induction argument, we
will make use of the identity

∏

1≤i≤n(1− θi) = 1−∑

1≤i≤n pi . Suppose that

Qn ≡
∑

1≤i≤n

piδYi:k +
∏

1≤i≤n

((1− θi)Pk =
∑

1≤i≤n

piδYi:k + (1−
∑

1≤i≤n

pi)Pk (C.8)

has the Dirichlet distributionD(α(B1), . . . , α(Bk)). Now

Qn+1 =
∑

1≤i≤n+1

piδYi:k +
∏

1≤i≤n+1

(1− θi)Pi

=
∑

1≤i≤n

piδYi:k + pn+1δYn+1:k + (1− θn+1)(1−
∑

1≤i≤n

pi)Pk

=
∑

1≤i≤n

piδYi:k + (1−
∑

1≤i≤n

pi)(θn+1)δYn+1:k + (1− θn+1)Pk).

By (C.3) , the distribution ofθn+1δYn+1:k + (1− θn+1)Pk is that ofPk, namely,
D(α(B1), . . . , α(Bk)), and it is independent of{θi ,Yi:k : i = 1, . . . , n}. Hence
Qn+1 has the same distribution as

∑

1≤i≤n piδYi:k + +(1−∑

1≤i≤n pi)Pk = Qn.
This completes the induction argument proving thatQn has the Dirich-
let distributionD(α(B1), . . . , α(Bk)) for all n = 1, 2, . . .. Letting n → ∞ in
(C.8), and noting that

∏

1≤i≤n(1− θi) → 0 almost surely asn→ ∞ (by the
strong law of large numbers applied to the i.i.d. sequencelog(1−θi)), it fol-
lows that the distribution of (Q(., B1), . . . ,Q(., Bk)) is D(α(B1), . . . , α(Bk)),
whereQ is the random probability defined by (C.7). �

As an immediate consequence of Theorem 1, we have the following
result. We refer to Ghosh and Ramamoorthi (2002), Proposition 2.2.4, for
the fact that the set of all discrete distributions on (X,B) belongs to the
Borel sigma-field ofP .

Corollary 1 Corollary C.2.The Dirichlet distribution Dα assigns proba-
bility one to the set of discrete distributions on(X,B) .
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Proof Proof. The Dirichlet processQ in (C.7) assigns, for everyω, its
entire mass on the countable set{Yn(ω) : n = 1, 2, . . .}. �

We now state for generalX the obvious analog of the posterior distribu-
tion derived inC1 for finiteX.

Theorem 2 The posterior distribution of the Dirichlet process P with
base measureα, given (conditionally i.i.d) observations X1, . . . ,Xn from it,
is Dirichlet with base measureα +

∑

1≤ j≤n δX j .

Let {B1, . . . , Bk} be a given partition ofX, and letα : k, δX j:k be the
restrictions, respectively, ofα andδX j to this partition, i.e.,δX j:k is the prob-
ability measure which assigns mass 1 to the set of the partition to which
Xj belongs and zero to others. From the argument in the case of finite X,
it is clear that, given only the information about the sets of partition to
which X1, . . . ,Xn belong, the posterior distribution of (P(B1), . . . ,P(Bk)) is
Dirichlet Dα:k+

∑

1≤ j≤n +δXj:k
. One may intuitively argue that as the partition gets

finer and finer, in the limit distribution ofP, givenX1, . . . ,Xn, is obtained as
Dirichlet with base measureα : k+

∑

1≤ j≤n+δX j:k. For a complete argument
we refer to Sethuraman (1994), or Ghosh and Ramamoorthi (2002).

We conclude this appendix by recalling that for a locally compact met-
ric spaceX, such as ad-dimensional manifold, and a measureµ on (X,B)
which is finite on compact subsets ofX, the spaceL1(X,B, µ) of (equiv-
alence classes of)µ-integrable functions on is a separable Banach space
under theL1-norm (See, e.g., Dieudonne’ (1970), p. 155). In particular, the
space of probability measures which are absolutely continuous with respect
to µ is a complete separable metric space in theL1-norm and, therefore, in
the total variation distance. One may consider an even stronger distance on
the space of probabilities with continuous densities with respect to a finite
µ on a compact metric spaceX, namely, the supremum distance. Since the
spaceC(X) of continuous functions on a compact metric is a complete sep-
arable metric space under the supremum distance(See, e.g., Bhattacharya
and Waymire (2007), p. 189), the set of continuous densities, which is a
closed subset ofC(X), is a separable complete metric space in this dis-
tance.
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One of the early parametric models on the circleS1 is due to von Mises
(1918) with a density (with respect to Lebesgue measure for arc length)
given by

g(θ; µ, κ) = c(κ)eκ cos(θ−µ), 0 ≤ θ < 2π, (κ ≥ 0, 0 ≤ µ < 2π). (D.1)
(13.6.26)

Herec(κ) =
(

∫ 2π

0
exp{κ cosθ}dθ

)−1

is the normalizing constant. Ifκ = 0,

then the distribution is the uniform distribution. Supposeκ > 0. Then the
distribution is symmetric aboutµ, andµ is the extrinsic as well as the in-
trinsic mean, and it is also the mode of the distribution.

One may also consider the one-parameter family with density

g(θ; κ) = C(κ)eκ cosθ, 0 ≤ θ < 2π, (κ ≥ 0). (D.2)

To test the hypothesis of uniformity of the distribution of ’fractional
parts’θ = x− [x] ([ x] = integr part ofx) of atomic weightsx of elements,
von Mises used the fractional parts of 24 elements, deemed as arandom
sample of all elements. A test forκ = 0 with this model yields a p-value of
the order 10−7, leading to the rejection of the hypothesis (Mardia and Jupp
(2000), p.99).

Thevon Mises-Fisher distributionon Sd (d > 1) has the following den-
sity with respect to the uniform distribution on the sphere (Fisher (1953);
also see Mardia and Jupp (2000), p.168):

f (x;µ, κ) = cd(κ)exp{κ < x,µ >}, x ∈ Sd, (κ ≥ 0,µ ∈ Sd). (D.3)

Here<, > denotes the inner product inRd+1. The caseκ = 0 corresponds to
the uniform distribution onSd. Assumeκ > 0, unless otherwise specified.
Note that this distribution is invariant under all rotations around the axis
defined byµ. Indeed, ifO is an orthogonal (d + 1) × (d + 1) matric for
which Oµ = µ, then f (x;µ, κ) = f (Ox;µ, κ). In particular, this means
that the mean of this distribution, considered as a probability measure on
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R
d+1, is invariant under all such transformations. Hence this mean is of the

form aµ, a > 0. Therefore, the extrinsic mean of (D.3) on the sphereSd,
which is given by the projection ofaµ on Sd, is µ. That the scalera is
positive, follows from the fact thatf attains its maximum atx = µ ( and
minimum atx = −µ). Another way of viewing this is to take the average
of x over the small (d − 1)-dimensional sphere (small circle, in the case
d = 2) {x ∈ Sd;< x,µ >= r} = Sr , say, (−1 ≤ r ≤ 1). This average is
the centersr of the disc whose boundary isSr . Note thats1 = µ, s−1 = −µ
and, in general,sr = b(r)µ, whereb is odd:b(−r) = −b(r). The (overall)
mean ofRd+1 is aµ wherea is the weighted average ofb(r), with weights
proportional toexp{κr}v(r), v(r) being the ((d− 1)-dimensional) ”volume”
(surface area) ofSr . Sincev is symmetric:v(−r) = v(r), it follows that
a > 0.

One may find the normalizing constantcd(κ) by a similar argument.
Writing r = cosθ, whereθ is the angle betweenx andµ, the radius of

Sr is sinθ = (1− r2)1/2, andv(r) =
(

2πd/2/Γ(d/2)
) (

1− r2
)

d−1
2
. Therefore,

cd(κ)−1 =

∫ 1

−1
eκr

2πd/2

Γ(d/2)

(

1− r2
)

d−1
2 dr√

1− r2

=
2πd/2

Γ(d/2)

∫ 1

−1
eκr (1− r2)

d−2
2 dr. (D.4)

It follows from Proposition 2.2 in Bhattacharya and Patrangenaru (2003)
that the intrinsic mean of (D.3) is alsoµ.

To find the MLE ofµ based on i.i.d. observationsX1, . . . ,Xn from (D.3),
one may write the likelihood function as

l(µ, κ : X1, . . . ,Xn) = Cd(κ)nexp
{

nκ|X| < X/|X|,µ >
}

. (D.5)

For eachκ > 0, the maximum ofl is attained atµ = X/|X| (X , 0, with
probability one). Hence,the MLE ofµ is the extrinsic sample mean. The
MLE of κ is not explicitly computable (See Fisher (1953)).

It is an interesting (and simple-to-check) fact that the von Mises-Fisher
distribution (D.3) is the conditional distribution, given|X| = 1, of a Nor-
mal random vectorX onRd+1 with meanµ and dispersion matrixκId+1. A
more general family of distribution onSd may be obtained as the condi-
tional distribution, given|X| = 1, of a NormalX onRd+1 with meanγ and
dispersion matricΓ. Its density with respect to the uniform distribution on
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Sd may be expressed as

f1(x;γ, Γ) = c1(Γ)exp{−1
2
< x − γ, Γ−1(x − γ) >}

= c2(γ, Γ)exp{< x, Γ−1γ > −1
2
< x, Γ−1x >}, (x ∈ Sd). (D.6)

Letting κ = |Γ−1γ|, one may writeΓ−1γ = κµ (µ ∈ Sd). Also write A =
− 1

2Γ
−1. One then obtains theFisher-Bingham distribution(Bingham (1974))

with density (with respect to the uniform distribution onSd)

f (x; κ,µ,A) = c(κ,A)exp{κ < x,µ > + < x,Ax >}, x ∈ Sd

(κ ≥ 0,µ ∈ Sd, A a (d + 1)× (d + 1) symmetric matrix). (D.7)

Observe that on replacingA by A + cId+1 for some scalarc, one does not
change the above distribution. Hence, for the purpose of identifiability, we
let

Trace A= 0. (D.8)

One may also takeκ = −|Γ−1γ| and replaceµ by −µ without changing the
distribution. Hence we chooseκ ≥ 0.

Turning toaxial distributions, consider a random vectorX ∈ Sd which
has the same distribution as−X. This defines a distribution on the real
projective spaceRPd of [X] = {X,−X}. Recall thatRPd is quotient ofSd

under the two element groupG = {e, x 7→ −x} as an element ofRPd, one
may get a density off onRPd by changing< x,µ > to < x,µ >2 in (D.3)
and, more generally, in (D.7):

f ([x]; κ,µ,A) = C3(κ,A)exp{κ < x,µ >2 + < x,Ax >}. (D.9)

This is a density with respect to the uniform distribution onRPd induced
from that onSd by the quotient map. In the special caseA = 0 (the null
matrix), one has theDimroth-Watson distribution(Dimroth (1963), Watson
(1965)) with density

f ([x]; κ,µ) = c4(κ)exp{κ < x,µ >2}. (D.10)

We next turn to the so-called complex Bingham distribution introduced
by Kent (1994) on the planar shape spaceΣk

2. Let a pointm = [z] in Σk
2 be

expressed by a representative point{(z1, . . . , zk−1)′ :
∑k−1

i=1 |zi |2 = 1}. A very
useful system of coordinates for complex projective spaceΣk

2 = CPk−2 was
given by Kent (1994) as follows. Letzj = r1/2

j exp{iθ j} wherer j = |zj |2,
θ j ∈ (−π, π] (1 ≤ j ≤ k − 1). Since

∑k−1
j=1 r j = 1, rk−1 = 1 − ∑k−2

i=1 r j and
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r = (r1, . . . , rk−2) belongs to the simplex

Sk−2 = {r = (r1, . . . , rk−2} :
k−2
∑

i=1

r j ≤ 1, r j ≥ 0 ∀ j = 1, . . . , k−2}. (D.11)

A pointz inCSk−2 ∼ S2k−3 is then represented by the coordinates (r1, . . . , rk−2,
θ1, . . . , θk−1). Consider the distribution onCSk−2 having the constant den-
sity (1/(k−2)!)(2π)−(k−1) with respect to the (2k−3)-dimensional Lebesgue
measure onSk−2× (−π, π]k−1. In these coordinatesθ1, . . . , θk−1 are i.i.d. uni-
form on (−π, π], r = (r1, . . . , rk−2) has the uniform distribution onSk−2,
and θ = (θ1, . . . , θk−1) and r = (r1, . . . , rk−2) are independent. To derive
the corresponding distribution onCPk−2, considerθ1, . . . , θk−1 defined up
to rotation aroundzk−1, i.e., letϕ j = θ j − θk−1 (1 ≤ j ≤ k − 1), identi-
fied so as to belong to (−π, π]. Thenϕk−1 = 0, and, conditionally given
θk−1, the free coordinatesϕi , . . . , ϕk−2 are again i.i.d, uniform on (−π, π]k−2.
The resulting distribution onCPk−2, represented asSk−2 × (−π, π]k−2, has
the density (1/(k − 2)!)(2π)−(k−2), with r uniformly distributed onSk−2,
ϕ = (ϕ1, . . . , ϕk−2) uniformly distributed on (−π, π]k−2, and r andϕ inde-
pendent. Let us denote this distribution byν. Thecomplex Bingham distri-
bution CB(A) has the density (with respect to the uniform distribution on
CPk−2

C(A)exp{z∗Az} (z ∈ CSk−2), (D.12)

where [z] ∈ CPk−2 may be thought of as the orbit ofzunder all rotations in
the plane, or [z] = {eiθz : −π < θ ≤ π}, andA is a (k−1)× (k−1) Hermitian
matric,A∗ = A. Note that if one replacesA by cIk−1+A for somec ∈ R, the
distribution does not change. Hence, without loss of generality, we assume
that the eigenvaluesλ1, . . . , λk−1 of A satisfyλ1 ≤ λ2 ≤ . . . ≤ λk−1 = 0.
There exists a special unitary matrixU (i.e., UU∗ = Ik−1, detU =1) such
thatA = UΛU∗ whereΛ = Diag(λ1, . . . , λk−1) and the exponent in (D.12)
may be expressed as

∑k−1
j=1 λ j |µ j |2. Here thej-th column ofU, sayU j , is a

unit eigenvector ofA with eigenvalueλ j (1 ≤ j ≤ k − 1). One may more
simply takeA = Diag(λ1, . . . , λk−1) with λ1 ≤ . . . λk−1 = 0, and consider
the complex Bingham distribution with density

C(A)exp















k−2
∑

j=1

λ jr j















. (D.13).

An important special case of (D.12) is thecomplex Watson distribution
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with density (with respect toν)

f ([z]; µ, σ) = c(σ)exp{|z∗µ|2/σ2}
z ∈ CSk−2, [z] ∈ CPk−2, (D.14)

with parameterµ ∈ CSk−2, andσ > 0. In this case,A = −µµ∗ = ((−µ jµ j′))
has rank one, with all columns being scalar multiples ofµ. Arguing as in
the case of the von Mises-Fisher distribution in (D.3), one shows that [µ]
is the extrinsic mean.



References

Anderson, C. R. 1997.Object recognition using statistical shape analysis. PhD Thesis,
University of Leeds.

Bandulasiri, A., Bhattacharya R. N., and Patrangenaru, V. 2008. Nonparametric Infer-
ence on Shape Manifolds with Applications in Medical Imaging. To appear.

Barron, A. R. 1989. Uniformly powerful goodness of fit tests.Ann. Statist., 17, 107–24.
Bhattacharya, A., and Dunson, D. 2010a. Nonparametric Bayesian Density Estimation

on Manifolds with Applications to Planar Shapes.Biometrika. In Press.
Bhattacharya, A., and Dunson, D. 2010b. Strong consistency of nonparametric Bayes

density estimation on compact metric spaces. To appear.
Bhattacharya, R. N., and Patrangenaru, V. 2005. Large sample theory of intrinsic and

extrinsic sample means on manifolds-II.Ann. Statist., 33, 1225–1259.
Bookstein, F. L. 1991.Morphometric Tools for Landmark data: Geometry and Biology.

Cambridge, U.K.: Cambridge Univ. Press.
Boothby, W.M. 1986. An Introduction to Differentiable Manifolds and Riemannian

Geometry. U.S.A.: Academic Press.
Dryden, I. L., and Mardia, K. V. 1998.Statistical Shape Analysis. Wiley N.Y.
Embleton, B.J.J., and McDonnell, K.L. 1980. Magnetostratigraphy in the Sydney

Basin, SouthEastern Australia.J. Geomag. Geoelectr., 32, 304.
Escobar, M. D., and West, M. 1995. Bayesian density-estimation and inference using

mixtures.J. Am. Statist. Assoc., 90, 577–588.
Ferguson, T. S. 1973. A Bayesian analysis of some nonparametric problems. Ann.

Statist., 1, 209–230.
Ferguson, T. S. 1974. Prior distributions on spaces of probability measures. Ann.

Statist., 2, 615–629.
Fisher, N.I. 1993.Statistical Analysis of Circular Data. Cambridge University Press,

Cambridge.
Fisher, N.I., Lewis, T., and Embleton, B.J.J. 1987.Statistical Analysis of Spherical

Data. N.Y.: Cambridge Uni. Press.
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