Statistical Analysis on Manifolds: A Nonparametric
Approach for Inference on Shape Spaces

Abhishek Bhattacharya
Department of Statistical Science, Duke University

ABSTRACT. This article concerns nonparametric statistics on manifolds with
special emphasis on landmark based shape spaces in which a k-ad, i.e., a set
of k points or landmarks on an object or a scene, is observed in 2D or 3D,
for purposes of identification, discrimination, or diagnostics. Two different no-
tions of shape are considered: reflection shape invariant under all translations,
scaling and orthogonal transformations, and affine shape invariant under all
affine transformations. A computation of the extrinsic mean reflection shape,
which has remained unresolved in earlier works, is given in arbitrary dimen-
sions, enabling one to extend nonparametric inference on Kendall type shape
manifolds from 2D to higher dimensions. For both reflection and affine shapes,
two sample test statistics are constructed based on appropriate choice of or-
thonormal frames on the tangent bundle and computations of differentials of
projection maps with respect to them at the sample extrinsic mean. The sam-
ples in consideration can be either independent or be the outcome of a matched
pair experiment. Examples are included to illustrate the theory.
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1. Introduction

Statistical analysis of a probability measure @) on a differentiable manifold M
has diverse applications in directional and axial statistics, morphometrics, medical
diagnostics and machine vision. In this article, we are concerned with the analysis
of shapes of landmark based data, in which each observation consists of k& > m
points in m-dimension called landmarks which represent k locations on an object.
The configuration of k landmarks is called a k-ad. The choice of landmarks is gen-
erally made with expert help in the particular field of application. Depending on
the way the data are collected or recorded, the appropriate shape of a k-ad is its
orbit under a group of transformations. For example, one may look at k-ads modulo
size and Euclidean rigid body motions of translation and rotation. The analysis of
shapes under this invariance was pioneered by Kendall (1977, 1984) and Bookstein
(1978). Bookstein’s approach is primarily registration-based requiring two or three
landmarks to be brought into a standard position by translation, rotation and scal-
ing of the k-ad. For these shapes, we would prefer Kendall’s more invariant view
of a shape identified with the orbit under rotation (in m-dimension) of the k-ad
centered at the origin and scaled to have unit size. The resulting shape spaces are
called similarity shape spaces and denoted by XK . A fairly comprehensive account
of parametric inference on these spaces, with many references to the literature, may
be found in Dryden and Mardia (1998).

Once we consider the orbits under all orthogonal transformations and scaling,
we get the reflection shape spaces RXE . Tt is possible to embed RXF into an
Euclidean space and carry out extrinsic analysis. Such an embedding was first
considered by Bandulasiri and Patrangenaru (2005) and later independently by
Dryden et al. (2008). However the correct computation of the extrinsic mean re-
flection shape seems to have eluded earlier authors. It is computed in Corollary 6.3
in Section 6. This is one of the major results of this article.

Recently there has been much emphasis on the statistical analysis of other
notions of shapes of k-ads, namely, affine shapes invariant under affine transfor-
mations, and projective shapes invariant under projective transformations. Recon-
struction of a scene from two (or more) aerial photographs taken from a plane is
one of the research problems in affine shape analysis. Potential applications of pro-
jective shape analysis include face recognition and robotics-for robots to visually
recognize a scene (Mardia and Patrangenaru (2005)).

In this article, we will mainly focus on the reflection and affine shape spaces.
We define the notions of extrinsic means and variations of probability distributions
on general manifolds and compute them for the shape spaces. We develop nonpara-
metric two sample tests to distinguish between two distributions by comparing the
sample extrinsic means and variations. The nonparametric methodology pursued
here, along with the geometric and other mathematical issues that accompany it,
stems from the earlier work of Bhattacharya and Patrangenaru(2002, 2003, 2005)
and Bhattacharya and Bhattacharya (2008a, 2008b, 2008c). Examples of analysis
with real data in Bhattacharya and Bhattacharya (2008a) suggest that appropriate
nonparametric methods detect differences in shape distributions better than their
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parametric counterparts in the literature, for distributions that occur in applica-
tions.

The article is organized as follows. Section 2 introduces the notions of Fréchet
mean and variation of a probability distribution @ on a metric space (M, p).

Section 3 outlines the theory of extrinsic analysis on general manifolds where
p is the distance inherited by the manifold from an embedding J into some Eu-
clidean space EV. The image of M under .J is a differentiable submanifold of E¥.
A H-equivariant embedding (see Definition 3.1) with a relatively large group H
preserves a corresponding group of symmetries of the manifold M and is therefore
preferred in our analysis. The image of the Fréchet mean under the embedding J
is the projection of the Euclidean mean of the push forward Q o J~!' of @ on to
J(M) (see Proposition 3.1). This makes the Fréchet mean or extrinsic mean easy to
compute in a number of important examples. In Section 3.1, we deduce the asymp-
totic distribution of the sample extrinsic mean. By the delta method, we linearly
approximate the projection map by its differential into the tangent space of J(M)
at the embedding of the extrinsic mean of ). With suitable choice of orthonormal
basis for the tangent space, we derive coordinates for the difference between the
embeddings of the sample extrinsic mean and the extrinsic mean of ) which have
asymptotically Gaussian distribution. This is used to construct confidence region
for the extrinsic mean of (), both by an asymptotic chi-squared statistic and pivotal
bootstrap methods. In Section 3.2, we deduce the asymptotic distribution of the
sample extrinsic variation and construct confidence intervals for the extrinsic vari-
ation of ). The asymptotic theory is used in Section 3.3 to carry out two sample
tests to identify differences between two probability distributions on the manifold.
Appropriate tests are constructed for independent as well as matched pair samples.
Matched pair samples arise, when, for example, we have two set of observations
from the same subject (see Section 8.1). Hence the paired sample can be viewed as
one sample in the product manifold M x M. To do inference on the marginals of a
probability distribution on M x M, we apply the methods of Sections 3.1 and 3.2
to the tangent space of J(M) x J(M) at (J(pu1g), J(u2g)) where p;g, i = 1,2, are
the extrinsic means of marginal distributions.

Section 4 provides a brief expository description of the geometries of the man-
ifolds that arise in shape analysis.

Section 5 outlines the geometry of the planar similarity shape spaces and the
general similarity shape spaces. The notions of a k-ad and how to represent its
shape by an orbit under a group of transformations are introduced.

In Section 6, we derive an expression for the extrinsic mean on the reflection
shape spaces under an equivariant embedding (see Corollary 6.3). We derive ex-
pressions for the tangent and normal spaces to the embedded submanifold through
Proposition 6.1. We construct suitable orthonormal frames for the tangent space
in Section 6.1 and use that to get asymptotic coordinates for the sample extrinsic
mean. We require perturbation theory arguments for eigen values and eigen vec-
tors to prove that the projection map of Section 3.1 is well defined and smooth.
The methods of Section 3.3 are applied in Section 6.2 to carry out nonparametric
inference on the reflection shape spaces.

In Section 7, analogous results are obtained for the affine shape spaces.
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Finally, Section 8 illustrates the theory with two applications to real data. The
data considered in Section 8.1 is a matched pair sample of 3D reflection shapes.
We compare the extrinsic mean shapes and extrinsic variations in shape of the
marginals by appropriate two sample tests. In the example in Section 8.2, we have
an independent random sample of 2D affine shapes. After removing some outliers,
we construct confidence regions for the mean shape and confidence intervals for the
variation in shape.

When there are too many landmarks on the sample k-ads, making the dimen-
sion of the shape space close to the sample size, it becomes difficult to carry out
inference on the mean shapes using pivotal bootstrap methods. That is because, in
many simulations, the bootstrap covariance matrix is singular or close to being sin-
gular. Then one may compare only the first few principal scores of the coordinates
of the sample extrinsic means, or use a nonpivotal bootstrap statistic, where one
replaces the bootstrap covariance matrix by the sample covariance matrix. We try
both these approaches for the examples in Section 8. Our analysis shows that the
results obtained through appropriate bootstrap methods are consistent with those
obtained by chi-squared approximation.

[Note: Henceforth, BP (...) stands for Bhattacharya and Patrangenaru (...)
and BB (...) stands for Bhattacharya and Bhattacharya (...).]

2. Fréchet Mean and Variation on Metric Spaces

Let (M, p) be a metric space, p being a distance metrizing the topology of M.
For a given probability distribution @ on (the Borel sigmafield of) M, define the
Fréchet function of Q) as

(2.1) Fo) = [ ppa)Qu). pe M.

Now we define the Fréchet mean and Fréchet variation of Q). A general notion
of a mean of a probability distribution on a metric space was first defined by Fréchet
(1948). The concept of variation was introduced in BP (2002) where it has been
referred to as the total variance.

DEFINITION 2.1. Suppose F(p) < oo for some p € M. Then the set of all
p for which F(p) is the minimum value of F on M is called the Fréchet mean
set of @, denoted by Cq. If this set is a singleton, say {ur}, then pp is called
the Fréchet mean of ). The minimum value of F' on M is called the Fréchet
variation of @ and denoted by V. If X1, X5, ..., X, are independent and identically
distributed (iid) M-valued random variables defined on some probability space
(Q, F, P) with common distribution @, and Q,, = % Z?:1 dx, is the corresponding
empirical distribution, then the Fréchet mean set of Q,, is called the sample Fréchet
mean set, denoted by Cq, . The Fréchet variation of @, is called the sample Fréchet
variation and denoted by V,.

Proposition 2.1 shows that under mild assumptions, the minimum value of F'

on M is attained, thereby proving that the Fréchet mean set is nonempty, as proved
in Theorem 2.1, BP (2003).
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PROPOSITION 2.1. Suppose every closed and bounded subset of M is compact.
If the Fréchet function F' of Q is finite for some p € M, then Cq is nonempty and
compact.

Proposition 2.2 below proves the strong consistency of the sample Fréchet mean
as an estimator of the Fréchet mean of ). Here we define the sample Fréchet mean
as a measurable selection from the sample Fréchet mean set Cop,, .

PROPOSITION 2.2. Suppose every closed and bounded subset of M is compact
and the Fréchet function of @Q is finite. Then given any € > 0, there exists an
integer-valued random variable N = N(w,€) and a P-null set A(w,€) such that

(2.2) Cq, CCH={pe M:p(p,Cq) <e€}, Vn> N

outside of A(w,€). In particular, if Cg = {ur}, then the sample Fréchet mean pp,
(any measurable selection from Cq, ) is a strongly consistent estimator of pp.

PROOF. See Theorem 2.3, BP (2003). O

From Proposition 2.1 it follows that if the Fréchet function F'(p) is finite for
some p, then the Fréchet variation V is finite and equals F(p) for all p in the Fréchet
mean set Cg. The sample Fréchet variation V,, is the value of F,, on the sample
Fréchet mean set Cg,, . Proposition 2.3 establishes the strong consistency of V;, as
an estimator of V. For a proof, see BB (2008a).

PROPOSITION 2.3. Suppose every closed and bounded subset of M is compact,
and F' is finite on M. Then V, is a strongly consistent estimator of V.

REMARK 2.1. It is known that a Riemannian manifold M which is complete
(in its geodesic distance) satisfies the topological hypothesis of Propositions 2.1,
2.2 and 2.3: every closed and bounded subset of M is compact (see Theorem 2.8,
Do Carmo (1992), pp. 146-147). The affine shape spaces considered in Section 7
are compact Riemannian manifolds and hence complete. When a manifold is not
complete (similarity and reflection shape spaces, for example), we deduce other ways
to establish consistency of the sample Fréchet mean and variation (e.g. Section 6,
Remark 6.1).

REMARK 2.2. Proposition 2.2 requires the Fréchet mean of @) to exist for the
sample Fréchet mean to be a consistent estimator. However the sample Fréchet
variation is a consistent estimator of the Fréchet variation of ) even when the
Fréchet function F' does not have a unique minimizer. We will investigate sufficient
conditions for the existence of the Fréchet mean on shape spaces in the subsequent
sections.

3. Extrinsic Analysis on Manifolds

From now on, we assume that M is a differentiable manifold of dimension d.
To carry out nonparametric inference on M, one may use the Fréchet mean and
variation to identify a probability distribution. Using the sample Fréchet mean and
variation from a random sample on M, we can construct confidence regions for the
population parameters, or given two such samples, we can distinguish between the
underlying probability distributions by comparing the sample means and variations.
The natural approach for nonparametric inference on a Riemannian manifold would
be to use the geodesic distance in the definition of Fréchet function in (2.1) and



6 ABHISHEK BHATTACHARYA

derive expressions for Fréchet mean and variation. However it is simpler both
mathematically and computationally to carry out an extrinsic analysis on M, by
embedding it into some Euclidean space BV ~ R via some map J : M — EV such
that both J and its derivative are injective, and for which J(M) has the induced
topology from EY. Then J induces the metric

(3.1) plz,y) = |J(z) = J ()]l

on M, where ||.|| denotes Euclidean norm (||u||? = Zf\; w2V u = (ug,uz,. .., uy)).

This is called the extrinsic distance on M. Among the possible embeddings, one
seeks out equivariant embeddings which preserve many of the geometric features of
M.

DEFINITION 3.1. For a Lie group H acting on a manifold M, an embedding
J : M — RY is H-equivariant if there exists a group homomorphism ¢ : H —
GL(N,R) such that

(3.2) J(hp) = ¢(h)J(p) Vp € M, Vh € H.
Here GL(N,R) is the general linear group of all N x N non-singular matrices.

For all our applications, H is compact.

In case J(M) = M is a closed subset of EV, for every u € EV there exists a
compact set of points in M whose distance from u is the smallest among all points
in M. We define this set to be the set of projections of v on M and denote it by

(3-3) Py (u)={z € M : |z —ul| < |y —u ¥y € M}.

If this set is a singleton, u is said to be a nonfocal point of EN (w.r.t. M), otherwise
it is said to be a focal point of EY. Definition 3.2 below defines the extrinsic
mean and variation of a probability distribution Q) corresponding to the embedding
J. The notion of extrinsic mean on a manifold was introduced independently by
Hendricks and Landsman (1998) and Patrangenaru (1998), and later considered in
detail in BP (2003, 2005).

DEFINITION 3.2. Let (M, p),J be as above. Let @ be a probability measure
on M such that the Fréchet function

(3.4) F(z) = / Pz, 9)Q(dy)

is finite. The Fréchet mean set of @) is called the extrinsic mean set of @ and the
Fréchet variation of @ is called the extrinsic variation of Q. If X;, i =1,... n are
iid observations from @ and @Q,, = % >i 0x,, then the Fréchet mean set of @, is
called the sample extrinsic mean set and the Fréchet variation of @ is called the
sample extrinsic variation.

We define the sample extrinsic mean p,g to be a measurable selection from the
sample extrinsic mean set. We say that @) has an extrinsic mean pg if the extrinsic
mean set of () is a singleton. Proposition 3.1 below gives a necessary and sufficient
condition for that to hold.

PROPOSITION 3.1. Let~Q = Qo J~! be the image of Q in EN. (a) If i =
fEN uQ(du) is the mean of Q, then the extrinsic mean set of Q is given by J (P (fi)).
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(b) The extrinsic variation of Q equals
(35) V= [ e iR + = ul?

where € Py (fi). (c) If fi is a nonfocal point of EN, then the extrinsic mean of Q
exists (as a unique minimizer of F').

PROOF. See Proposition 3.1, BP (2003). O

3.1. Asymptotic Distribution of the Sample Extrinsic Mean. In this
section, we assume that the extrinsic mean pp of @ is uniquely defined. Then the
mean [ of Q is a nonfocal point of EN and hence the projection set in (3.3) is a well
defined map in a neighborhood of fi. Let us call that P (P : EN — ]\Zf) Also in
a neighborhood of a nonfocal point such as ji, P(.) is smooth. Let ¥ = & Z;’:l Y;

be the sample mean of Y; = J(X}), J=1,2,...,n. Since Y converges to fi almost
surely, for sample size large enough, Y is nonfocal and it can be shown that
(3.6) Vn[P(Y) = P(f)] = Vn(dz P)(Y — 1) + op(1)

where d; P is the differential (map) of the projection P(.), which takes vectors
in the tangent space of EN at ji to tangent vectors of M at P(fi) (see BP(2005)).
Since /n(Y — ji) has an asymptotic Gaussian distribution, and dz P is a linear map,
from (3.6) it follows that /n[P(Y) — P(ji)] has an asymptotic mean zero Gaussian
distribution on the tangent space of J(M) at P(ji). Hence if we denote by T},
the coordinates of (dP)(Y; — i), j = 1,2,...,n with respect to some orthonormal
basis for Tp(ﬁ)M, then

(3.7) VT -5 N(0, %)
where ¥ denotes the covariance matrix of 77. Let Ly : EN — Tp(ﬁ)M denote the
linear projection on to Tp(ﬂ)M. Then from (3.6) and (3.7), it follows that

- N _ > L
(3-8) n(La[P(Y) = P(R)]) 57 La[P(Y) = P()] — Xj.
Using (3.8), we can construct the following confidence region for up:
(3.9) {up =J7'[P(R)] : n(L[P(R) — P(Y)])ST LIP(R) — P(Y)] < X7 (1 - )}
with asymptotic confidence level (1 — a). Here L : EN — TP(Y)M denotes the
linear projection on to TP(Y)M, 3 is the sample estimate of ¥ and X3(1—a)is

the (1 — a)-quantile of the chi-squared distribution with d degrees of freedom (X7).
The corresponding pivotal bootstrap confidence region for ug is given by

(3.10) {ue + n(LIPGE) — P(TYYSLIP(E) — P(V)] < ¢*(1 - )},
Here ¢*(1 — «) denotes the (1 — a)-quantile of the bootstrap distribution of
n(L[P(Y) = P(Y"))'S" L [P(Y) — P(Y7)],

Y" is the bootstrap resample from Yj, j = 1,...,n, Y* and £* are the bootsrap ana-

logues of Y and Y respectively, and L* denotes the linear projection into T'p(y+) M.
In the example from Section 8.2, bootstrap methods yield much smaller confidence
region for pp than by chi-squared approximation.
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3.2. Asymptotic Distribution of the Sample Extrinsic Variation. Let
V and V,, denote the extrinsic variation of @) and @, respectively. Let p be the
extrinsic distance of (3.1).

PROPOSITION 3.2. If Q has extrinsic mean pg and if Ep* (X1, pg) < oo, then
(3.11) ViV = V) =5 N(0, Var (0 (X1, i)

PROOF. From definition of V,, and V, it follows that

VoV = 2 Y )~ [ el

j=1
1 n n
= E ZP2<XjaMnE) - ZIO (X]7ME)
=1 j=1
1 n
(3.12) + = PH(Xj ) — B [p* (X1, )]
j=1

where p, g is the sample extrinsic mean, i.e. some measurable selection from the
sample extrinsic mean set. Note that

*ZP JanE Z”Y P ”2

(3.13) ZIIY P()|* +[1P(g) = P(Y)|* = 2(Y = P(i), P(Y) = P(f))

Substitute (3.13) in (3.12) to get that
Vo =V = |P(Y) = P(@)||* = 2(Y — P(f), P(Y) — P(u)

n

(3.14) + % > (X, pe) =B [p° (X1, )]
j=1
which implies that
(3.15) Vn(V, = V) =T, + Ty
where
(3.16) Ty = Vn|P(Y) = P(0)||* = 2vn(Y — P(i), P(Y) — P()) and
(3.17) % Z Xj.pp) — E [p*(X1, pe)]

From the classical CLT, it follows that if Ep*(X1, ug) < oo, then

(3.18) Ty =5 N(0, Var[p?(X1, ug)]).
Compare the expression of 77 with (3.6) to get that
(3.19) Ty = —2{(d;P(Y — 1), i — P(f1)) + op(1).

From the definition of P, it follows that P(i) = argmin .y [|f — p|%. Hergce the
Euclidean derivative of ||z — p||* at p = P(j2) must be orthogonal to Tp(z) M, or

i — P(i) € (TpyM)*.
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Since dz P(Y — i) € Tp(ﬂ)M, the first term in the expression of 77 in (3.19) is 0,
and hence Ty = op(1). From (3.15) and (3.18), we conclude that

(3.20) ViV =V) = in > P (X5, me) = E [p*(X1, 1)} + 0p(1)
(3.21) £, N(0, Var [p?(X1, p)])-
This completes the proof. ([

REMARK 3.1. Although Proposition 2.3 does not require the uniqueness of the
extrinsic mean of ) for V,, to be a consistent estimator of V', Proposition 3.2 breaks
down in the case of non-uniqueness. (see BB (2008a)).

Using Proposition 3.2, we can construct the following confidence interval I for
V:
s o S

%2(1 — ) Va+ %Z(l - %)}}.

The interval I has asymptotic confidence level of (1 — ). Here s* is the sample
variance of p*(X;, png), j = 1,...,n and Z(1 — $) denotes the (1 — §)-quantile
of N(0,1) distribution. From (3.22), we can also construct a pivotal bootstrap
confidence interval for V', the details of which are left to the reader.

(3.22) I={V:Vel,-

2

3.3. Two Sample Tests. In this section, we will use the asymptotic distri-
bution of the sample extrinsic mean and variation to construct nonparametric tests
to compare two probability distributions ()1 and Q2 on M.

3.3.1. Independent Samples. Let X1,...,X,, and Yi,...,Y,, be two iid sam-
ples from @1 and Qs respectively that are mutually independent. Let u;p and V;
denote the extrinsic means and variations of Q);, i = 1,2 respectively. Similarly
denote by fi;5 and Vl the sample extrinsic means and variations. We want to test
the hypothesis Hp : Q1 = Q>.

We start by comparing the sample extrinsic means. Let Xj = J(X;), f’j =
J(Y;) be the embeddings of the sample points into EN. Let p; be the mean of
Qi=Q;o0J ', i=1,2. Then under Hy, ju; = po = p (say). Let fi;, i = 1,2 be the
sample means of {X;} and {Y;} respectively. Then from (3.6), it follows that

(823)  VmlP(i) — P()] = Vin(d, P)(jis — p) + op(1), i=1,2.

Hence, if n; — oo such that

23

— i, 0 <p; <1, p1 +p2 =1, then

ni+nz
Vn(P(in) — P(fi2)) = Vnd, P(fin — p1) — v/nd,, P(jia — p) + op(1)
r i 32

Here n = n; +ny is the pooled sample size, ¥, ¢ = 1,2, are the covariance matrices

of the coordinates of d, P(X; — u) and d, P(Y; — ) with respect to some chosen

basis for T'p(,) M. We estimate p by the pooled sample mean ji = %(nlﬂl + nojia).

Denote the coordinates of {d;P(X; — 1)}, and {d;P(Y; — 1) 72, by {S}}iL,
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and {S7}72, respectively. Let 3 = 1,2, denote the sample covariance matrices
of {5} ”L 1 = 1,2, respectively. Then if Hy is true, the statistic

—1

o1 oy L 1 oo o1 P)
(3.25) T =(S1-8)|—X +—% (St —52)
nq no

converges in distribution to A? distribution with d degrees of freedom, where d is
the dimension of M. Hence we reject Hy at asymptotic level v if 1 > X7(1 — ).

Alternatively, under the null hypothesis Hy : u1g = pog, from (3.6), it follows
that

(3.26)  Vn[P(j1n) — P(i2)] = Vndy, P(in — p1) — v/nd,i, P(fia — p2) 4 op(1)
which implies that, for i € M,
La[vn{P(fi) — P(ji2)}] = L1a[v/ndy, P(f1 — pa)]
- L2ﬂ[\/—d 2 P(fie — p2)] +op(1)

1
(3.27) £, N(0, LME Ly + p—LQﬁEQLgﬁ).
2

In (3.27), L denotes the linear projection from EY into T,;M identified with R<.
Similarly L;z, 7 = 1,2, denote the linear projections from TP(M)M into Tﬂ]\;[ or their
associated matrices with respect to some chosen bases for the tangent spaces. For
sake of simplicity we use the same notations. Finally 3;, ¢ = 1,2, are the covariance
matrices of the coordinates of d,,, P(X1 — 1) and d,,, P(Y1 — p2) respectively. Note
that /i can be any point on M for (3.27) to hold. Using this one can construct the

test statistic
(328) T = (L{P(a) ~ P)) (S-LiSiLL+ - LaSaly)  LIPGa) — Pl

to test if Hy is true. In the statistic T, L is the linear projection from EV into
T, M, where p e M. L;, i = 1,2, are the matrices of linear projection from Tp(ul)M
into TpM. The tangent spaces TpM and Tp(ui)M, i =1,2, are identified with R?
with respect to convenient basis frames. Again, p can be any point on M, but tan-
gent space analysis is expected to provide better approximation to the asymptotic
limit if we choose p = P(ji), /i being the pooled sample mean. Finally 3, i = 1,2,
denote the sample covariance matrices of the coordinates of {d;, P(X; — — )}

and {d;, P(Y; — fi2)}72, respectlvely with respect to the chosen basis for TP(M)M

and Tp(ﬂz)M. Under Hy, 15 £, Xd. Hence we reject Hy at asymptotic level « if
T > Xf(l — a).

When the sample sizes are not too large, it is more efficient to construct a
bootstrap confidence region for P(uq) — P(ug) using the test statistic T in (3.28),
and use that to test if Hy is true. Let {X7,j =1,...,n1} and {Y}",j =1,...,na}
denote the bootstrap resamples from the original samples in M. Denote by w7,
i = 1,2, the bootstrap sample means, and by p*, the pooled sample mean. Let L},
i = 1,2, be the matrices of linear projections from Tp(, )M into Tp(, *)M, L* be

the linear projection from E¥ into Tp(u )M with the tangent spaces identified with
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R? and X, i = 1,2, be the bootstrap sample covariance matrices of the coordinates
of {d,;; P(X; — i)} and {d,; P(Y;" — u3)} respectively. Then the bootstrap version
of Ty in (3.28) is
(3.29) Ty = v*'S* 0" where
vt = L'[{P(p7) — P(fn)} — {P(u3) — P(fi2)}] and
1 ovenrr 1 e
Y= —LiNTLY + —L3Y5L5 .
Pt b + g 27202
We reject Hy at level o if Th > ¢*(1 — o), where ¢*(1 — «) is the (1 — «)-quantile
of the bootstrap distribution of 75

Next we test if Q1 and ()2 have the same extrinsic variations, i.e. Hg : V3 = V5.
From Proposition 3.2 and the fact that the samples are independent, we get that,
under Hy,

2 2
(3.30) Vi —15) £ N (0, EER U—2>
P1 P2
(3.31) = ﬂ £, N(0,1)
ni no

where 02 = Var[p?(X1, u1g)], 05 = Var[p?(Y1, u2g)] and s?, s3 are their sample
estimates. Hence to test if Hy is true, we can use the test statistic

Vi — Vi
(3.32) Ty= L 72

For a test of asymptotic size o, we reject Hy if |T3] > Z(1 — §). We can also con-
struct a bootstrap confidence interval for V7 — V5 and use that to test if Vi — V5 = 0.
The details of that are left to the reader.

3.3.2. Matched Paired Samples. Next consider the case when (X3,Y7), ...,
(X,.,Y,,) is an iid sample from some distribution Q on M = M x M. Such samples
arise, when for example two different treatments are applied to each subject in the
sample (see Section 8.1).

Let X;’s have distribution @1 while Y;’s come from some distribution @2 on
M. Our objective is to distinguish @1 and @2 by comparing the sample extrinsic
means and variations. Since the X and Y samples are not independent, we cannot
apply the methods of the earlier section. Instead we do our analysis on M. Note
that M is a differentiable manifold which can be embedded into EV x EV via the
map

J:M — EN < EN, J(z,y) = (J(z),J(y)).

Let Q = Qo JJ~!. Then if Q; has mean y;, i = 1,2, then Q has mean fi = (fi1, f12).
The projection of ji on to M = J(M) is given by P(u) = (P(u1), P(p2)). Hence if
Q; has extrinsic mean p;p, i = 1,2, then @ has extrinsic mean fip = (u1g, t2g).
Denote the paired sample as Z; = (X;,Y;), j = 1,...,n and let i = (i1, fi2),
iig = (fup, flap) be the sample estimates of i and jig respectively. From (3.6), it
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follows that
Vn(P(ji) = P(f)) = Vndp P(fi — i) + op(1)
which can be written as
P(fin) = P(un) '\ _
(3:33) \/ﬁ( P(fi2) = P(p2) ) B \/ﬁ(

Hence if Hy: @1 = po = p, then under Hy,

\/ﬁ< P(jin) — P(p) ) _ \/ﬁ( gﬂf_,({‘l —H ) +op(1)

d#lp(/ll - Ml)
Ay Pjis — pi2) ) or(l)

P(ji2) — P(p) WPz — )
1 12
(3.34) £LN(0,3 = ( 2221 222 )).

In (3.34), ¥', i = 1,2 are the same as in (3.24) and %'* = (2*!)/ is the covariance
between the coordinates of d,,P(X1 — i) and d, P(Y7 — p). From (3.34), it follows
that

(3.35) Vnd, P(jiy — fiz) = N(0,3" + 2 - £12 - 521,
This gives rise to the test statistic
(3.36) Ty, = n(S1 — §2)/(2 4+ £2 - 512 - $2)~1 (1 _ §2)

where 51, 52, 32! and %2 are as in (3.25) and 3!2 = (£21) is the sample covariance
between {S}}7_, and {S?}7_,. If Hy is true, Ty, converges in distribution to X7
distribution. Hence we reject Hy at asymptotic level « if Ty, > X7 (1 — ).

If the null hypothesis were Hy : u1g = pogp, then from (3.33), it follows that
under Hy,

(3.37)  Vn[P(jin) — P(ji2)] = Vndy, P(jix — p1) — vVndyu, P(jiz — pi2) + op(1)
which implies that, for any i € M,
LalValP() = P()}] = Lualy/ndu, P — o1)
—Lop[v/ndy, P(jiz — p2)] + op(1)
(3.38) £, N(0,%) where
S = LigSi Ly + LopSaLb; — LSl — LopYar L.
In (3.38), Lj, Lij and X, i = 1,2 are the same as in (3.27), and X5 = 35, denotes

the covariance between the coordinates of d,,, P(X; — 1) and d,,, P(Yy — ). Hence
to test if Hy is true, one can use the test statistic

. 2p = N ﬂl — [LQ 5~ ,Etl — ﬂg whnere
(3.39) T: LIP(fn) = P(fi2)'S7 L[P(jin) — P(fi2)] wh
(3.40) S = L13 L) 4 LoSoLly — L1 1oL — LoSia L.

In the statistic Ty, L, L; and 3, i = 1,2 are as in (3.28) and Yo = (5312)’ de-

notes the sample covariance between the coordinates of {dy, P(X; — ji1)}}_, and
{dp, P(Y; — f12) %_1. Under Hy, Ty, £, X?. Hence we reject Hy at asymptotic
level av if Ty, > X2(1 — ). In our example in Section 8.1, the two statistics T4,
and Ty, yield values which are quite close to each other.
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One can also find a bootstrap confidence region for P(u;) — P(u2) as in Section
3.3.1 and use that to test if Hy is true. The details are left to the reader.

Let V7 and V5 denote the extrinsic variations of @1 and @5 and let Vl, VQ be
their sample analogues. Suppose we want to test the hypothesis, Hy : V5 = V5.
From (3.20), we get that

(3.41)

( Vi(Vi = W) ) 1 ( S H(X pe) — BpA(X1, pp)] ) +op(1)
Vi(Va = V3) Vi \ Y [02(YG, par) — Ep*(Ya, o)) "

2
(3.42) ~EyN (o 9T 92
Jg12 (e

where 019 = Cov(p?(X1, 18), p*(Y1, p2r)), 07 and o3 are as in (3.30). Hence if Hy
is true,

(3.43) V(i — Vo) 55 N(0,02 + 02 — 2015).
This gives rise to the test statistic,
(Vi — V)
/82 + 53 — 2519
where 52,53, 515 are sample estimates of 02,02, 015 respectively. We reject Hy at

asymptotic level « if [T3,| > Z(1 — §). We can also get a (1 — «) level confidence
interval for V3 — V5 using bootstrap resamples and use that to test if Hy is true.

(3.44) Ty, =

4. Geometry of Shape Manifolds

Many differentiable manifolds M naturally occur as submanifolds, or surfaces
or hypersurfaces, of an Euclidean space. One example of this is the sphere S¢ =
{p € R¥1L: |p|| = 1}. The shape spaces of interest here are not of this type. They
are generally quotients of a Riemannian manifold N under the action of a transfor-
mation group G, i.e., M = N/G. A number of them are quotient spaces of N = S¢
under the action of a compact group G, i.e., the elements of the space are orbits in
S traced out by the application of G. Among important examples of this kind are
the Kendall’s shape spaces and reflection shape spaces. In some cases the action
of the group is free, i.e., gp = p only holds for the identity element g = e. Then
the elements of the orbit O, = {gp: g € G} are in one-one correspondence with
elements of G, and one can identify the orbit with the group. The orbit inherits
the differential structure of the Lie group G. The tangent space 1,N at a point p
may then be decomposed into a vertical subspace V), of dimension that of the group
G along the orbit space to which p belongs, and a horizontal subspace H, which
is orthogonal to it. The vertical subspace is isomorphic to the tangent space of G
and the horizontal one can be identified with the tangent space of M at the orbit
Op. With this identification, M is a differentiable manifold of dimension that of IV
minus the dimension of G.

For carrying out an extrinsic analysis on M, we use a smooth map J from
N into some Euclidean space E which is an embedding of M into that Euclidean
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space. Then the image J(M) is a differentiable submanifold of E. If = denotes the
projection map,

7: N — M, 7(p) = O,,
then the tangent space of J(M) at J(n(p)) is dJ(H,) where dJ denotes the dif-
ferential of the map J : N — E. Among all possible embeddings, we choose J
to be equivariant under the action of a large group H on M. In most cases, H is
compact.

5. Kendall’s (Direct Similarity) Shape Spaces ¥,

Kendall’s shape spaces are quotient spaces S¢/G, under the action of the spe-
cial orthogonal group G = SO(m) of m x m orthogonal matrices with determinant
+1. Important cases include m = 2, 3.

For the case m = 2, consider the space of all planar k-ads (z1,22,...,2k)
(zj = (x5,y;5)), k > 2, excluding those with k identical points. The set of all
centered and normed k-ads, say u = (uq,us,...,ux) comprise a unit sphere in a
(2k — 2)-dimensional vector space and is, therefore, a (2k — 3)-dimensional sphere
S§2k=3 " called the preshape sphere. The group G = SO(2) acts on the sphere by
rotating each landmark by the same angle. The orbit under G of a point v in
the preshape sphere can thus be seen to be the circle S!, so that Kendall’s pla-
nar shape space ¥& can be viewed as the quotient space S2¥73/G ~ S%=3/81 a
(2k — 4)-dimensional compact manifold. An algebraically simpler representation of
Y5 is given by the complex projective space CP*~2. For nonparametric extrinsic
analysis on X5, see BP (2003, 2005), BB (2008a). For many applications in archeol-
ogy, astronomy, morphometrics, medical diagnosis, etc., see Bookstein (1986, 1997),
Kendall (1989), Dryden and Mardia (1998), BP (2003, 2005), BB (2008a, 2008Db,
2008¢) and Small (1996).

When m > 2, consider a set of k points in R™, not all points being the same.
Such a set is called a k-ad or a configuration of k landmarks. We will denote a k-ad
by the m x k matrix, = (21,...,x)) where x;, i = 1,...,k are the k landmarks
from the object of interest. Assume k& > m. The direct similarity shape of this k-ad
is what remains after we remove the effects of translation, rotation and scaling. To
remove translation, we substract the mean = = % Zle x; from each landmark to
get the centered k-ad u = (x1 — Z,...,xx — T). We remove the effect of scaling by
dividing u by its euclidean norm to get

r1 — X T — T
(5.1) z=(
[

”u” ) = (2’1,22,. .. ,Zk).

This z is called the preshape of the k-ad = and it lies in the unit sphere S* in the
hyperplane HY = {z € R™**: 21 = 0}. Hence

(5.2) Sk = {z € R™**: Trace(zz') = 1, 21y = 0}

Here 1; denotes the k x 1 vector of all ones. Thus the preshape sphere S may
be identified with the sphere S*¥™~™=1  Then the shape of the k-ad z is the
orbit of z under left multiplication by m X m rotation matrices. In other words
Yk = Sk /SO(m). One can also remove the effect of translation from the original
k-ad x by postmultiplying the centered k-ad u by a Helmert matrix H which is a
k x (k—1) matrix satisfying H'H = Ij,_1 and 1, H = 0. The resulting k-ad @ = uH
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lies in R™*(*~1) " Then the preshape of z is Z = @/||i|| and the preshape sphere
can be represented as

(5.3) Sk = {z e R™* D Trace(zz') = 1}

The advantage of using this representation of S¥ is that there is no linear con-
straint on the coordinates of z and hence analysis becomes simpler. However, now
the choice of the preshape depends on the choice of H which can vary. In most
cases, including applications, we will represent the preshape of z as in (5.1) and
the preshape sphere by (5.2).

For m > 2, the direct similarity shape space ¥, fails to be a manifold. That is
because the action of SO(m) is not in general free. Indeed, the orbits of preshapes
under SO(m) have different dimensions in different regions (see, e.g., Kendall et al.
(1999) and Small (1996)). To avoid that, one may consider the shape of only those
k-ads whose preshapes have rank at least m — 1. This subset is a manifold but is
not complete (in its geodesic distance).

6. Reflection (Similarity) Shape Spaces RYF,

Consider now the reflection shape of a k-ad as defined in Section 5, but with
SO(m) replaced by the larger orthogonal group O(m) of all m x m orthogonal
matrices (with determinants either +1 or -1). Then the reflection (similarity) shape
of a k-ad x is given by the orbit

(6.1) o(x)=0(z) ={Az: Ac O(m)}

where z is the preshape of x in S¥ . For the action of O(m) on S*, to be free and the
reflection shape space to be a Riemannian manifold, we consider only those shapes
where the columns of z span R™. The set of all such z is called the nonsingular

part of S* and denoted by NSX . Then the reflection (similarity) shape space is
defined as

(6.2) RYF ={0(2): z € S*

m?

rank(z) = m} = NS¥ /O(m)

which is a Riemannian manifold of dimension km —m — 1 —m(m — 1)/2.

It has been shown that the map
(6.3) J:R¥E — S(k,R), J(o(2) =22

is an embedding of the reflection shape space into S(k,R) (see Bandulasiri and
Patrangenaru (2005), Bandulasiri et al. (2007) and Dryden et al. (2008)). It is
H-equivariant where H = O(k) acts on the right: Ao(z) = o(zA’), A € O(k).
Indeed, then J(Ao(z)) = ¢(A)J(0(z)) where

¢:0(k) — GL(k,R), ¢(A): S(k,R) — S(k,R), $(A)B = ABA’.
It is easy to show that ¢(A) is an isometry and ¢ is a group homomorphism. Define
MP as the set of all k x k positive semi-definite matrices of rank m and trace 1.
Then the image of RXF, under the embedding J in (6.3) is
(6.4) J(RXE) = {A e ME: A1, = 0}.

If we represent the preshape sphere S¥ as in (5.3), then M% = J(RXEHF!). Hence
MF is a submanifold (not complete) of S(k,R) of dimension km — 1 —m(m —1)/2.
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The main results of this section are Theorems 6.2, 6.4 and their corollaries.
Together with Corollary 6.3, Theorem 6.2 derives the extrinsic mean of a probabil-
ity distribution on the reflection shape space under the embedding (6.3). A recent
computation of this given in Dryden et al. (2008) is incorrect (See Remark 6.2).
Proposition 6.1 below identifies the tangent and normal spaces of MY. The ex-
pression for the tangent space has also been derived in Dryden et al. (2008). The
derivation of the tangent space in the proof of Proposition 6.1 is different from the
one in there and is included here for the sake of readability.

PROPOSITION 6.1. Let A € MFE. (a) The tangent space of MY at A is given
by
T S
S0
where A = UDU’ is a singular value decomposition (s.v.d.) of A, U € SO(m) and
D = diag(A1,..., k), At > ... > A > 0. (b) The orthocomplement of the tangent
space in S(k,R) or the normal space is given by
M, 0
0o T

(6.5) TaME = {U < ) U'": T € S(m,R), trace(T) = 0}

(6.6) (TAMEE ={U ( ) U:NeR, TeSk—mR)}

PROOF. Represent the preshape of a (k4 1)—ad = by the m x k matrix z where
|z]|* = Trace(zz') = 1 and let S be the preshape sphere,
Sl — {2 e R™F: 2| = 1}.
Let NSk+! be the nonsingular part of S**1 ie.,
NSFFL = {2 € S¥+1: rank(z) = m}.
Then RXFFH! = NSk /O(m) and MY = J(RYEF). The map
J:RYFFL 5 Sk, R), J(o(2) =22=A
is an embedding. Hence
(6.7) TaME = dJ, ) (T, REE).

Note that T(,(Z)Ran+1 can be identified with the horizontal subspace H, of T, Sk
which is

(6.8) H, = {ve R™*: trace(zv') =0, 20/ = vz}
(see Kendall et. al. (1999)). Consider the map
(6.9) J:NSFY - S(k,R), J(z) = 2z

Its derivative is a isomorphism between the horizontal subspace of TNSk+!
TSk and TME . The derivative is given by

(6.10) dJ : TS — S(k,R), dJ.(v) = 2'v+ vz

Hence

(6.11) TaMF =dJ.(H,) = {z'v+v'2: v € H.}.

From the description of H, in (6.8) and using the fact that z has full row rank, it

follows that
(6.12) H, = {zv: v € R¥* trace(2'z2v) = 0, 202" € S(m,R)}.
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From (6.11) and (6.12), we get that
(6.13) TaMF = {Av+v'A: AvA € S(k,R), trace(Av) = 0}.

Let A=UDU’ be a s.v.d. of A as in the statement of the proposition. Using the
fact that A has rank m, (6.13) can be written as

TaMF = {U(Dv +4'D)U’: DvD € S(k,R), trace(Dv) = 0}

(6.14) ={U ( g, g > U':T € S(m,R), Trace(T) = 0}.

This proves part (a). From the definition of orthocomplement and (6.14), we get
that

(TAME): = {v e S(k,R): trace(v/w) =0 Y w € T4 MFE}

(6.15) —{U< Mo )U’: AeR, Re S(k—m,R)}

where I,,, is the m xm identity matrix. This proves (b) and completes the proof. [

For a k x k positive semi definite matrix p with rank at least m, its projection
into Mk is defined as

(6.16) P() = {A € ME: |l — AJ|? = argmin |1 — 2|2}

IeM’VEL
if this set is non empty. The following theorem shows that the projection set is
nonempty and derives formula for the projection matrices.

THEOREM 6.2. P(u) is non empty and consists of

m

-1
(6.17) A=>"(A -2+ —)U;U;
j=1
where \1 > Ay > ... > A\, are the ordered eigen galues of pu; Uy, Us, ..., Uy are
some corresponding orthonormal eigen vectors and A = % Z;”:l Aj.
PROOF. Let
(6.18) F(@) = =2, @ € S(k,R).

If f has a minimizer A in M then (grad f)(A) € T4(MF )+ where grad denotes the
Euclidean derivative operator. But (grad f)(A) = 2(A — u). Hence if A minimizes
f, then

A 0 ’

_ _ A m A
(6.19) A—pu=0U ( 0 T)U
where U4 = (U, U3}, ..., U{) is a k x k matrix consisting of an orthonormal basis
of eigen vectors of A corresponding to its ordered eigen values /\‘14 > )\‘24 > ... >
M >0=...=0. From (6.19) it follows that

A A A, s

(6.20) pU7 = (A7 =AU §=1,2,...,m,

Hence {/\3-4.— ALy are eigen values of p with {U.jf“}}":1 as corresponding -eigen
vectors. Since these eigen values are ordered, this implies that there exists a
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singular value decomposition of p: pu = Zle AjU;Uj, and a set of indices S =

{il,ig,...,im}, 1<t <ig < ... <1y <k such that
A
(6.21) M =X = ), and
(6.22) Ur=U;,, j=1,....m.
Add the equations in (6.21) to get A = -L — X\ where A = Z’% Hence
- 1
(6.23) A=A -2+ —)U;Uj.
jes

Since Z?Zl A\j = 1, therefore A < 1/m and \; — X + % > 0VjeS. Hence A is
positive semi definite of rank m. It is easy to check that trace(A)=1 and hence
Ae MPE.

It can be shown that among the matrices A of the form (6.23), the function f
defined in (6.18) is minimized when

(6.24) S={1,2,...,m}.

Define M%  as the set of all k x k positive semi-definite matrices of rank < m and
trace = 1. This is a compact subset of S(k,R). Hence f restricted to ME _ attains
a minimum value. Let Ag be a corresponding minimizer. If rank(Ag) < m, say
= my, then Ay minimizes f restricted to M} . MF is a Riemannian manifold (it
is J(RYA)). Hence Ay must have the form

my
(6.25) Ap=> (N —A +— )U Ul
j=1
where \ = % But if one defines
(6.26) A= (Aj — A + U; U’
j=1

DX
m

with A = ’ then it is easy to check that f(A) < f(Ap). Hence Ay cannot
be a minimizer of f over Mﬁm, that is, a minimizer must have rank = m. Then it

lies in M* and from (6.23) and (6.24), it follows that it has the form as in (6.26).
This completes the proof. O

Let Q be a probability distribution on RX*, and let ji be the mean of Q=
QoJ 1 in S(k,R). Then /i is positive semi definite of rank at least m and fily = 0.
Theorem 6.2 can be used to get the formula for the extrinsic mean set of (). This
is obtained in Corollary 6.3.

COROLLARY 6.3. (a) The projection of fi into J(RZ’“ ) is given by

(6.27) Prigs (i) = {A: A= Z)\ -2+ = )UU}
j=1
where A\ > ... > A\, are the ordered eigen values of i, Uy, ..., Uy are corresponding

orthonormal eigen vectors and \ = %J (b) The projection set in (6.27) is a
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singleton and Q has a unique extrinsic mean pg iff Apm > Ama1. Then up = o(F)
where F' = (Fl,...,Fm),, Fj = 1/)\3‘ - 5\4’ %U]

PROOF. Since fily = 0, therefore U;1; = 0Vj < m. Hence any A in (6.27) lies
in J(RXE) Now part (a) follows from Theorem 6.2 using the fact that J(RXE ) C
MF . For simplicity, let us denote Aj— A+ %, Jj=1,...,m by Aj. To prove part
(b), note that if \,,, = A\pu11, clearly Ay = Z;’;l )\;UjUj’ and A; = Z;n:_ll )\;ijUj'
+ Ay U1 U}, 1 are two distinct elements in the projection set of (6.27). Consider
next the case A\, > Ajpa1. Let f = UAU' = VAV’ be two different s.v.d. of ji.
Then U’V consists of orthonormal eigen vectors of A = diag(\y, ..., ). The fact
Am > Ay implies that

i, (Vi 0
oo v (0

where Vi1 € SO(m) and Vas € SO(k — m). Write

o A11 0
A_( . A22>.

Then AUIV = U/VA 1mphes A11V11 = V11A11 and A22V22 = V22A22. Hence

>NV
j=1

:Ui( /\§(V112)j(V11)} 0 )U’

j=1

This proves that the projection set in (6.27) is a singleton when A, > A,,,+1. Then
for any F in part (b) and A as in (6.27), A = F'F = J(o(F)). This proves part
(b) and completes the proof. |

From Proposition 3.1 and Corollary 6.3, it follows that the extrinsic variation
of @ has the following expression:

Ve [l QM) + 17 - AIP, A€ Prasy) (0.
J(RSE)

- 1 m
6.29 :/ z|2Q(dx) + m(— — N2 = A2
(6.29) st 2] Q(dz) (m ) ; j

REMARK 6.1. From the proof of Theorem 6.2 and Corollary 6.3, it follows that
the extrinsic mean set Cg of @ is also the extrinsic mean set of @ restricted to
Mém Since Mﬁm is a compact metric space, from Proposition 2.1, it follows that
Cyq is compact. Let X1, Xo,..., X, be an iid sample from @ and let p,z and V;, be
the sample extrinsic mean and variation respectively. Then from Proposition 2.3,
it follows that V,, is a consistent estimator of V. From Proposition 2.2, it follows
that if @) has a unique extrinsic mean pg, then p, g is a consistent estimator of pp.
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REMARK 6.2. In Dryden et al. (2008), the mean ¢-shape is defined as
> U U
Z;‘nﬂ Aj

The article states that this is the ‘natural projection’ of ji on to J(RXF,). However
one can easily check that the distance between ¢ (i) and [ is in general greater than
the distance of the latter from the correct expression of the projection Pjgrsk ) (1)
given in Corollary 6.3. The article also states that, “The mean ¢-shape so defined
is the ‘extrinsic’ mean reflection shape . . .in the sense of Bhattacharya & Patrange-

naru (2003, 2005) and Hendriks & Landsman (1998)” which is clearly incorrect.

o) =

6.1. Asymptotic Distribution of the Sample Mean Reflection Shape.
Let X1,..., X,, be an iid sample from some probability distribution @ on RXF, and
let unp be the sample extrinsic mean (any measurable selection from the sample
extrinsic mean set). In the last section, we saw that if @ has a unique extrinsic
mean /i, that is if the mean fi of Q = Qo J~! is a nonfocal point of S(k,R), then
lnp converges a.s. to pug as n — oo. Also from the calculations of Section 3.1,
it follows that if the projection map P = Pj(gsx ) is continuously differentiable at
&, then /n[J(ung) — J(ug)] has asymptotic mean zero Gaussian distribution on
Tium/ (RXF). To find the asymptotic coordinates and the asymptotic dispersion
matrix, we need to compute the differential of P at g (if it exists).

Consider first the map P : N(iz) — S(k,R), P(n) = Z?:l(/\j(,u) —AMu) +
1/m)U;(p)U;(p)" as in Theorem 6.2. Here N(ji) is an open neighborhood of i in
S(k,R) where P is defined. Hence for u € N(fi), A\pn() > Amy1(p). It can be
shown that P is smooth on N (ji) (see Theorem 6.4). Let v(¢) = i + tv be a curve
in N(f2) with 7(0) = i and 4(0) = v € S(k,R). Let i = UAU', U = (Us, ..., Us),
A = diag(A1, ..., Ar) be a s.v.d. of i as in Corollary 6.3. Then

(6.30) y(t) = U(A+tUvU)U" = UF(t)U’

where 3(t) = A + tU'vU. Then F(t) is a curve in S(k,R) starting at A. Say
9 =4(0) = U’'vU. From (6.30) and the definition of P, we get that

(6.31) Pl (1)) = UPF®IU.

Differentiate (6.31) at ¢ = 0, noting that %Ph/(t)”t:() =d;P(v) and %P[’y(t)“t:o
= dpP (D), to get that

(6.32) dzP(v) = UdpyP(0)U'.

Let us find £ P[F(t)][i=o. For that without loss of generality, we may assume
that Ay > Ao > ... > A;p. That is because, the set of all such matrices forms
an open dense set of S(k,R). Then we can choose a s.v.d. for (t): F(t) =
Ef L Aj(t)es(t)e;(t) such that {e;(t),\;(t)}¥_, are some smooth functions of ¢
satisfying e;(0) = e; and A;(0) = A;, where {e; };?:1 is the canonical basis for R*.
Since e;(t)'e;(t) =1, we get by differentiating,

(6.33) ¢éj(0)=0, j=1,....k
Also since F(t)e;(t) = A, (t)e;(t), we get that
(6.34) ve; + Aéj(0) = Xjé;(0) + Aj(0)ej, j=1,... k.
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Consider the orthonormal basis (frame) for S(k,R): {Eu : 1 < a < b <k} defined

as

ifa<bd

6.35
( ) if a =0.

1( t t

—=(eqel + epel)

Eu = ‘ﬁt b ¢
€€

a

Let 0 = Egp, 1 <a <b< k. From equations (6.33) and (6.34),

we get that

0 ifa=borj¢ {a,b}
(6.36) ¢;(0)=49272(N\g = Xp)"ley ifj=a<b
2712\ = Xo)"tey ifj=b>a
and
: 1 ifj=a=0b
(6.37) 3(0) = { =
0 ow.
Since
3 - < 1
PE()] =D () = M) + —lej (e (2
j=1
where A(t) = - 32" | A;(t), therefore
- 1 .
AO)=—3 4;(0),
j=1
d . - 5 :
P ®]l=0 = D 1(0) = A(O)]ese]
j=1
- N 1 . . /
(6.38) + D = A+ —lesés (0) +¢5(0)¢))-
j=1
Take 4(0) = & = Eg, 1 < a < b < k in (6.38). From equations (6.36) and (6.37),
we get that
(6.39)
Equ ifa<b<m,
d Eaa_%zgnzlE]J 1fa=b§m,

apw(tmt:o =dyP(Euw) = (Ao — A+ %)()\a — X)) *Eaw

0
Then from (6.32) and (6.39), we get that
UEWU’
U (Faa = & S By ) U
(>\a - 5\ + %)()‘a - )\b)ilUEabU/
0

(6.40) dzP(UELU’) =

ifa<m<b<k,
ifm<a<b<k.

ifa <b<m,
ifa=b<m,
ifa<m<b<ek,
ifm<a<b<k.

From the description of the tangent space Tp(mMjfI in (6.5), it is clear that

daP(UEU’) € TpayME ¥ a < b.



22 ABHISHEK BHATTACHARYA

Let us denote by

(6.41) Fup=UE,aU', 1<a<m,a<b<k,
(6.42) Fy=UE,U', 1<a<m.

Then from (6.40), we get that

Fap if1§a<b§m,
F,-F ifa=b<m,

(6.43) dpP(UELU") = - pa=o=m
()\a—)\—&-m)()\a—/\b)_lFab fl<a<m<b<k,
0 0.W.

where F' = L 3™  F,. Note that the vectors {Fy;, F,} in (6.41) and (6.42) are
orthonormal and Y (F, — F) = 0. Hence from (6.43), we conclude that the
subspace spanned by d; P(UE,,U’) has dimension
-1
%—i—m—l—i—m(k‘—m)
~ m(m—
2

= km — D _ dim(MPF).

This proves that
Tp( My, = Span{d; P(UE.,U") }a<o.
Consider the orthonormal basis {UE.,U’ : 1 < a <b <k} of S(k,R). Define

(6.44) Fo=) HuyFj, 1<a<m-—1
j=1

where H is a (m — 1) X m Helmert matrix, that is HH =1,_1 and H1,, = 0.
Then the vectors {Fg} defined in (6.41) and {F,} defined in (6.44) together form
an orthonormal basis of Tp(la)Mﬁl. This is proved in Theorem 6.4.

THEOREM 6.4. Let i be a nonfocal point in S(k,R). Let i = UAU’ be a s.v.d.
of fi. (a) The projection map P : N(f1) — S(k,R) is smooth and its derivative
dP : S(k,R) — TMFE is given by (6.40). (b) The vectors (matrices) {Fap : 1 <
a<m,a <b<k} defined in (6.41) and {F, : 1 < a < (m —1)} defined in (6.44)
together form an orthonormal basis of TpayMJ,. (c) Let A € S(k,R) = T S(k,R)
have coordinates ((a;j))1<i<j<k with respect to the orthonormal basis {UE;;U’} of

S(k,R). That is,
A= ZZ CLZ‘J‘UEZ‘jU/,

1<i<j<k

VRUIAU;  ifi<j

ij = (A, UE,;U") =
@iy = (A UE;U) {U;AUi ifi=3

Then dz P(A) has coordinates
Qij, 1<i<j<m,
a;, 1 <i<(m-—1),

- 1
()\l_)\—’—ﬁ) ()\i—)\j)_laij, 1<i<m<j<k
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w.r.t. the orthonormal basis {F;; : 1 <i < j<m}, {F,:1<i< (m~—1)} and
{Fij:1<i<m<j<k} of TpuMF. Here

a= (a117a227 oo »amm)/a

a= (&1,&2,...,&7,1,1)/ = Ha.

PROOF. Let € N(j1) have ordered eigen values \j(p) > Aa(u) > ... > Ap(p)
with corresponding orthonormal eigen vectors Uy (), U2(p), . .., Ux(p). Then from
Perturbation theory, it follows that if A, (1) > A1 (p), then

p = Span(Ur (), - -, Um (1)), Z Ai(p)

are smooth maps into their respective co domains (see Dunford and Schwartz
(1958), p. 598). Write

Plu) = S A (U5 () () + (— T ) >

j=1

Then Zm U;(1)U;(p)" is the projection matrix of the subspace Span(Ui (1), . . ..U (1)),
which is a smooth function of u. Also Z = AU (1)U () is the projection of p into

the subspace Span(Uy (1)U (p)', ..., Un, (,u) Un (,u) ) and hence is a smooth function

of . Thus p— P(p) is a smooth map on N (). This proves part (a).

From (6.43), we conclude that {F,, : 1 < a < m,a < b < k} and {F, — F :

1 < a < m} span TpME. Tt is easy to check from the definition of H that
Span{F, : 1 < a < (m —1)} = Span{F, — F : 1 < a < m}. Also since {F,} are
mutually orthogonal, so are {F,}. This proves that {F,; : 1 < a < m,a <b <k}

and {F, : 1 < a < (m—1)} together form an orthonormal basis of Tp(zy M}, which

is claimed in part (b). If A=33",, .} a;;UE;U’, then

dﬁP(A :zZa”cLP UEZ]U,)

ZZ a"L]F’Lj +Zazz

1<1<]<m

m

(6.45) +> Z aij(N — A+ )(A — ) THE

=1 j=m+1
m—1 B m k B 1
(646) = ZZ al—jFl-j + Z CNZZFl + Z Z (>\z - A + E)()\Z — )\j)flaijFij.
1<i<j<m i=1 i=1 j=m+1

This proves part (c). To get (6.46) from (6.45), we use the fact that ;" | a;;(F;—F)
=y 11 a;F;. To show that, denote by F, the matrix (F\,..., Fy,), by F — F the
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matrix (Fy — F,..., F,, — F) and by F the matrix (ﬁ'l, ce ﬁ'm_l). Then

m—1 - B
> aF, =Fa
i=1
=FHa=F(I,, — —1,1))a
B m
=(F-Fla=) ay(F;—F)
i=1
This completes the proof. O

COROLLARY 6.5. Consider the projection map restricted to So(k,R) = {A €
S(k,R): A1y, = 0}. Then its derivative is given by

dP: So(k,R) — TJ(RXE),

m—1
dpP(A) = ZZ a;jFij + Z a;F;
1<i<j<m i—1

m

k—1
o1
(6.47) +> 0D (= A+ —)(Xi = ) ai By
i=1 j=m+1

Hence c}ﬂP(A) has coordinates {a;;,1 < i < j < m}, {a;,;1 < i < (m—1)},
{ = A+ 2)(Ni = Xj)7lay, 1 < i <m < j < k} wrt the orthonormal basis
{Fij :1<i<j<m}, {F‘izlgig(mfl)} and {F;; :1 <i<m<j<k} of
Tp(ﬂ)J(RZ%).

Proor. Follows from the fact that

Tp(J (REL) = {v € Tpu My : v1), = 0}

and {F;;: j = k} lie in Tz J(REE)*. O

Consider the same set up as in Section 3.1. Let YV; = J(X;), j =1,...,n be
the image of the sample into J(RXF,). Let d be the dimension of RXF,. Let Tj,
j=1,...,n be the coordinates of dz P(Y; — fi) in Tp(z)J(REE ) ~ R Then from
(3.6), it follows that

Va[P(Y) = P(i)] = vaT + op(1) =5 N(0, Cov(T1)).
We can get expression for T; and hence T and Cov(T}) from Corollary 6.5 as follows.
Define
V) = V2ULY;Uy if 1 <a <b <k,
P TNULY U, — Ay if a = b,
S = H((Yj)11, (Vj)az, - (Vi) mm)',
(Yi)ap if 1 <a < b<m,
(648) (Tj)ab = (Sj)a if 1 S a=1b S (m — 1),
Aa = A+ D)X = X) H(Y))ap if 1 <a<m <b<k.

Then T; = ((T})as) is the vector of asymptotic coordinates of Y; in Tp(z)J (REE,)

~ R?. Now we can construct confidence regions for the extrinsic mean shape g
as in Section 3.1.
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6.2. Two Sample Tests on RYF . Now we are in the same set up as in Sec-
tion 3.3: there are two samples on RY* and we want to test if they come from the
same distribution, by comparing their sample extrinsic means and variations. To
use the test statistic 7} in (3.25) to compare the extrinsic means, we need to find the
coordinates of {d;P(X; — 1)} and {d,P(Y; — 1)} in Tp(a)J (REE,). We get those
from Corollary 6.5 as in (6.48). To use the test statistic T in (3.28), we need expres-
sions for L : S(k,R) — Tp(u)J(REE) and L; : Tp(p,J(REE) — TpayJ (REE),
1 = 1,2. Let o = UAU’ be a s.v.d. of . Consider the orthonormal basis
{UE;U’ :1<i<j<k}of S(k,R) and the orthonormal basis of Tpp(;)J (REE,) de-
rived in Corollary 6.5. Then if A € S(k,R) has coordinates {a;; : 1 <1 < j < k}, it
is easy to show that L(A) has coordinates {a;; : 1 <i<j<m}, {a;:1<i<m—1}
and {a;; : 1 < i < m < j <k} in TppyJ(REE,). If we label the bases of
Tp(ay)J (REE) as {v},...,v}}, i = 1,2 and that of Tp(z)J(REE) as {v1,...,vq},
then one can show that L; is the d x d matrix with coordinates

(Li)ab = <7ja7vl’i> 1< aab < da 1= 172
7. Affine Shape Spaces AXF

The affine shape of a k-ad = with landmarks in R™ may be defined as the orbit
of this k-ad under the group of all affine transformations x — F(x) = Ax+b, where
A is an arbitrary m X m non-singular matrix and b is an arbitrary point in R™.
Note that two k-ads @ = (21,...,2%) and y = (y1,...,yx), (z;, y; € R™ for all j)

have the same affine shape if and only if the centered k-ads u = (uy,us,...,ux) =
(x1 —Z,...,xp — ) and v = (v1,v2,...,0%) = (y1 — T, ..., yr — §) are related by
a transformation Au = (Auq,..., Aug) = v. The centered k-ads lie in a linear

subspace of R™ of dimension m(k —1). Assume k > m + 1. The affine shape space
is then defined as the quotient space H(m, k)/GL(m,R), where H(m, k) consists of
all centered k-ads whose landmarks span R™, and GL(m,R) is the general linear
group on R™ of all m x m nonsingular matrices. H(m,k) can be identified with
R™*=1 " GL(m,R) has the relative topology (and distance) of R™” and hence is
a manifold of dimension m?. Since the action of GL(m,R) on H(m,k) is free, it
follows that AXF is a manifold of dimension m(k — 1) — m?. For u,v € H(m, k),
since Au = v iff w'A’ =/, and as A varies u’ A’ generates the linear subspace L of
H(m, k) spanned by the m rows of u. The affine shape of u, (or of x), is identified
with this subspace. Thus AX¥ may be identified with the set of all m dimensional
subspaces of R¥~! namely, the Grassmannian G,,(k — 1)-a result of Sparr (1992)
(Also see Boothby (1986), pp. 63-64, 362-363). Affine shape spaces arise in certain
problems of bioinformatics, cartography, machine vision and pattern recognition
(see Mardia et al. (2005), Berthilsson and Heyden (1999), Berthilsson and Astrom
(1999), Sepiashvili et al. (2003) and Sparr (1992)).

Let u be a centered k-ad in H(m, k), and let o(u) denote its affine shape, which
is the orbit
o(u) = {Au: A€ GL(m,R)}.
Consider the map
(7.1) J:AXE — S(k,R), J(o(u))=A=FF'

where F' = (f1, f2,..., fm) is an orthonormal basis for the row space of u. It has
been shown that J is an embedding of AXF into S(k,R), equivariant under the
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action of O(k) (see Dimitric (1996)). In (7.1), A is the projection (matrix) onto the
subspace spanned by the rows of u. Hence through the embedding J, we identify
a m-dimensional subspace of RF~! with the projection map (matrix) onto that
subspace. Since A is a projection matrix, it is characterized by

A% = A, A= A" and trace(A) = rank(A) = m.

Also since u is a centered k-ad, that is, the rows of u are orthogonal to 1, therefore
Al = 0. Hence the image of AXX into S(k,R) under the embedding J is given by

(7.2) J(AZE Y = {A € S(k,R): A? = A, trace(A) = m, Al, =0}
which is a compact Riemannian submanifold of S(k, R) of dimension mk —m —m?.
1

It is easy to show that A = u/(uu’) " u.

Let @ be a probability distribution on AXF and let Q = Qo J! be its image
in J(AXF). Let i be the mean of Q, that is fi = Jrasr ) @Q(dz). Then fi is a
k x k positive semi definite matrix satisfying

trace(ft) = m, rank(f) > m and 1y = 0.

Let P(f1) be the set of projections of fi into J(AXE)), as described in (3.3). Propo-
sition 7.1 below gives an expression for P(fi) and hence finds the extrinsic mean set
of @. It has been proved in Sughatadasa (2006).

PROPOSITION 7.1. (a) The projection of ji into J(AXE) is given by
(7.3) = {Z U;U;}

where U = (Un,...,Ux) € SO(k) is such that i = UAU’, A = Diag(A1,..., k),
A > ... >N, =0. (b) i is nonfocal and Q has a unique extrinsic mean pg iff
Am > Ami1. Then pg = o(F') where F = (Uy,...,Up).

We can use Proposition 7.1 and Proposition 3.1 to get an expression for the
extrinsic variation V' of @) as follows:

=A@+ [ el

(7.4) =2(m — Z Ai).

Let X4,...,X,, be an iid sample from @ and let u,r be the sample extrinsic
mean, which is a measurable selection from the sample extrinsic mean set. It follows
from Proposition 2.2 that if () has a unique extrinsic mean pug, that is, if fi is a
nonfocal point of S(k,R), then p, g is a consistent estimator of ug.

7.1. Asymptotic distribution of the sample extrinsic mean. In this
section, we assume that i is a nonfocal point of S(k,R). Then the map P(i) =
Z i_1 U;U; is well defined and smooth in a neighborhood N (i) of fi in S(k,R).
That follows from Perturbation theory, because if A,, > A,,41, then the subspace
spanned by {Uy, ..., Uy} is a smooth map into G,,, (k—1) and P(j) is the projection
matrix onto that subspace. Then /n(J(ung) — J(ug)) is asymptotically normal in
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the tangent space of J(AXE ) at J(ug) = P(ft). To get the asymptotic dispersion,
we need to find the derivative of P. Define
(7.5) Nk ={A e S(k,R): A2 = A, trace(A) = m}.

Then N = J(AYFH), which is a Riemannian manifold of dimension km —m?2. It
has been shown in Dimitric (1996) that the tangent and normal spaces to N¥ are
given by

(7.6) TANF = {v € S(k,R): vA + Av = v},
(7.7) TAN® " = {v e S(k,R): vA = Av}.

Consider the map

m

(7.8) P:N(@) = Ny, P(u) =Y Ui ()Us(n)’

j=1
where p = Z?zl Aj()U;(w)U;(p) is a s.v.d. of p as in Proposition 7.1.

PROPOSITION 7.2. The derivative of P is given by

m k
(7.9) dP: S(k,R) — TN}, dzP(A) =" Y (\i = \) 'ai;UE;U’
i=1 j=m+1

where A = 221gi§jgk ai;UE;;U" and {UE;;U" : 1 <i < j <k} is the orthonor-
mal basis (frame) for S(k,R) mentioned in Section 6.1.

PROOF. Let v(t) = i + tv be a curve in N (i) with v(0) = 2 and 4(0) = v €
S(k,R). Then

(7.10) v(t) = U(A + tUvU)U' = UF(t)U’

where J(t) = A + tU'vU, which is a curve in S(k,R) satisfying 4(0) = A and
74(0) = v = U'vU. From (7.8) and (7.10), we get

(7.11) Ply(t)] = UP[H®)IU".
Differentiate (7.11) at t = 0 to get
(7.12) dpP(v) = UdpyP(0)U'.

To find dy P(v) = %P[’y(t)“tzo, we may assume w.l.o.g. that A\ > \g > ... > 4.
le Aj(t)e;(t)e;(t)" such that
{e;(t), Aj(t)}r_, are some smooth functions of ¢ satisfying e;(0) = e; and ;(0) =
Aj, where {e;}¥_, is the canonical basis for R*. Let o = E4, 1 <a <b < k. Then
we can get expressions for é;(0) from (6.36). Since

Then we can choose a s.v.d. for 4(t) as ¥(t) = >

P(6)] =Y ej(t)e;(t)',

<.
—

therefore

(7.13) aP[Zr(t)Ht:O = [ejé;(0) + é;(0)e)]
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From (6.36) and (7.13), we get that

Ao — o)~ ‘B ifa<m<b<k,

0 0.W.

(7.14) dAP(Eq) = {
Then from (7.12), we get that

(7.15) dzP(UELU’) =

O0.W.

{(Aa — X)) WELU' ifa<m<b<k,

Hence if A=3">" ;<) ai;UE;U’, from (7.15), we get

m k
(7.16) =3 (=) e, UESU

i=1 j=m+1

This completes the proof. [

COROLLARY 7.3. Consider the projection map of (7.8) restricted to
So(k,R) :={A € S(k,R) : A1, = 0}.

It has the derivative

7.17)  dP: So(k,R) — TJ(AF), (\i — Aj) L, UE; U,
J J
i=1 j=m+1

Proor. Follows from Proposition 7.2 and the fact that
TP(ﬂ)J(AITCn) ={ve Tp(ﬁ)qu: vl = 0}.
O

From Corollary 7.3, it follows that {UE;;U" : 1 < i < m < j < k} forms an
orthonormal basis for Tp(z)J(AL,) and if A € S(k,R) has coordinates {a;; : 1 <
i < j <k} wur.t the orthonormal basis {UE;;U’ : 1 <1i < j <k} of S(k,R), then
diP(A) has coordinates {(A\; — Aj)"ta;; 1 1 <@ < m < j <k} in TppJ(AF).
Also it is easy to show that the linear projection L(A) of A into Tp(z)J(AL,) has
coordinates {a;; : 1 <i<m < j <k}

Now we can get asymptotic coordinates for v/n[J(tng)—J(1g)] as in Section 3.1
and perform two sample tests as in Section 3.3. An expression for the covariance
matrix as in (3.7) may also be found in Patrangenaru and Sughatadasa (2005).

8. Applications to Shape data

In this section, we mention two applications where we use the methods de-
veloped in the earlier sections to identify differences between extrinsic means and
variations of two populations of landmark based shapes. The numerical computa-
tions are done using Matlab software.
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8.1. Application to Glaucoma detection. To detect any shape change due
to Glaucoma, 3D images of the Optic Nerve Head (ONH) of both eyes of 12 mature
rhesus monkeys were collected. One of the eyes was treated to increase the Intra
Ocular Pressure (IOP) which is often the case of glaucoma onset, while the other
was left untreated. 5 landmarks were recorded on each eye. For details on landmark
registration, see Derado et al. (2004). The landmark coordinates can be found in
BP (2005). In this section, we consider the reflection shape of the k-ads in RXE,
k = 5. We want to test if there is any significant difference between the shapes of
the treated and untreated eyes by comparing the extrinsic means and variations.

Figure 1(a) shows the preshapes of the k-ads from the untreated eyes along with
a preshape of the sample extrinsic mean. The five landmarks are labelled from 1 to
5. The sample preshapes have been rotated and (or) reflected so as to minimize their
Euclidean distance from the mean’s preshape. Figure 1(b) shows the corresponding
landmarks for the k-ads from the treated eyes along with those from the sample
extrinsic mean. Again seperate rotation/reflection have been applied to each sample
preshape so as to bring it closest to the preshape of the mean. Figure 2 shows the
preshapes of the sample extrinsic means for the two eyes along with a preshape
of the pooled sample extrinsic mean. Again the two means’ preshapes have been
rotated /reflected appropriately to bring them closest to the pooled sample mean’s
preshape. The sample extrinsic means have coordinates

L[P(ji1) — P(7)] = (0.003, —0.011, —0.04, 0.021, 0.001, —0.001, 0.007, —0.004),
L[P(jiz) — P()] = (—0.003,0.011,0.04, —0.021, —0.001, 0.001, —0.007, 0.005)

in the tangent space at P(ji). Here P(ji1) and P(jiz) are the embeddings of the
sample extrinsic mean shapes of the untreated and treated eyes respectively, P(ji)
is the embedded extrinsic mean shape of the pooled sample and L denotes the lin-
ear projection into T'p(;)J (RY3). The sample extrinsic variations for the untreated
and treated eyes are 0.041 and 0.038 respectively.

The value of the matched pair test statistic 77, in Section 3.3.2 is 36.29 and
the asymptotic p-value for testing if the shape distributions for the two eyes are
the same is

P(X3 > 36.29) = 1.55 x 107°.

The value of the test statistic T3, for testing whether the extrinsic means are the
same is 36.56 and the p-value of the chi-squared test turns out to be 1.38 x 107°.
Hence we conclude at asymptotic level 0.0001 or higher that the mean shapes
of the two eyes are significantly different. Because of lack of sufficient data and
high dimension, the bootstrap estimates of the covariance matrix 3 in (3.40) turn
out to be singular or close to singular in many simulations. To avoid that, we
construct a pivotal bootsrap confidence region for the first few principal scores of
L;[P(p1) — P(p2)] and see if it includes 0. Here P(u;) is the embedding of the
extrinsic mean of Q;, i = 1,2 (see Section 3.3.2) and i = (u1 + p2)/2. The first two
principal components of 3 explain more than 80% of its variation. A confidence
region for the first two principal scores is given by the inequality

(8.1) nT! 37T, < ¢*(1 — o) where
(8.2) T = LIP(fin) = P(fi2) = P(pa) + P(p2)]-
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Here n = 12 is the sample size and ¢*(1 — «) is the (1 — a)-quantile of the boot-
strap distribution of nv*¥I7 v*, v* being defined in (3.29). If 3 = 25:1 U U
be a s.v.d. for 3, then £ = 23:1 )\j_lUjUj,- and X377 " is its bootstrap estimate.
The bootstrap p-value using 10 resamples turns out to be 0.0098. Hence we again
reject Hy : P(u1) = P(p2). The corresponding p-value using X2 approximation for

the distribution of nT?, %7 !T}, in (8.1) turns out to be 0.002.

Two sample tests to compare the mean shapes have also been carried out in
BP (2005) and Bandulasiri et al. (2007) by different methods but those tests yield
much bigger p-values.

Next we test if the two eye shapes have the same extrinsic variation. The value
of the test statistic T3, in (3.44) equals —0.5572 and the asymptotic p-value equals

P(|Z] > 0.5572) = 0.577, Z ~ N(0,1).

The bootstrap p-value from 10* resamples equals 0.59. Hence we accept Hp and
conclude that the extrinsic variations are equal at levels 0.5 or lower.

8.2. Application to Handwritten Digit Recognition. A random sample
of 30 handwritten digit ‘3’ were collected so as to devise a scheme to automatically
classify handwritten characters. 13 landmarks were recorded on each image by An-
derson (1997). The landmark data can be found in Dryden and Mardia (1998).

We analyze the affine shape of the sample points and estimate the mean shape
and variation in shape. This can be used as a prior model for digit recognition from
images of handwritten codes. Our observations lie on the affine shape space AXf,
k = 13. A representative of the sample extrinsic mean shape ., g has coordinates

u = (—0.53,-0.32,—-0.26, —0.41,0.14, —0.43,0.38, —0.29, 0.29, —0.11, 0.06, 0,

—0.22,0.06,0.02,0.08,0.19,0.13,0.30,0.21,0.18,0.31, —0.13,0.38, —0.42,0.38)
so that u,r = o(u). The coordinates are in pairs, x coordinate followed by y.
Figure 3 shows the plot of u. The sample extrinsic variation turns out to be 0.27
which is fairly large. There seems to be a lot of variability in the data. Following
are the extrinsic distances squared of the sample points from the mean shape:
(p2(Xj,unE), j=1,...,n)=(1.64,0.28,1.00,0.14,0.13,0.07,0.20,0.09,0.17,0.15,
0.26,0.17,0.14,0.20,0.42,0.31,0.14,0.12,0.51, 0.10, 0.06, 0.15, 0.05, 0.31, 0.08,
0.08,0.11,0.18,0.64,0.12).
Here n = 30 is the sample size. From these distances, it is clear that observations
1 and 3 are outliers. We remove them and recompute the sample extrinsic mean

and variation. The sample variation now turns out to be 0.19. An asymptotic 95%
confidence region for the extrinsic mean ug as in (3.9) is given by

{up : n(LIP() — P(Y)))£ ' LIP() — P(Y)] < X3,(0.95) = 314104},

The dimension 20 of AX}? is quite high compared to the sample size of 28. Tt is
difficult to construct a pivotal bootstrap confidence region as in (3.10) because the
bootstrap covariance estimates X* tend to be singular or close to singular in most
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Lmks. for untrt. eyes (black) along with the extrinsic mean (red)
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(a)

Lmks. for trt. eyes (black) along with the extrinsic mean (red)

1
0 i 33

05

-05 -1

(b)

FIGURE 1. (a) and (b) show 5 landmarks from untreated and
treated eyes of 12 monkeys, respectively, along with the sample
extrinsic mean shapes. . correspond to the mean shapes’ land-
marks (labelled from 1 to 5).

simulations. Instead, we construct the following nonpivotal bootstrap confidence
region:

{ne s n(LIP(R) = PY)))EILIP(R) = P(Y)] < ¢ (1 - )},
where ¢**(1 — «) is the (1 — «)-quantile of the bootstrap distribution of
n(L[P(Y) = P(Y")))STILIP(Y) = P(Y7)].

Then the 95" bootstrap percentile ¢**(0.95) turns out be 1.077 using 10° resam-
ples. Hence bootstrap methods yield much smaller confidence region for the true
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X Untreated eye mean
- Treated
O Pooled

-0.05

FIGURE 2. Landmarks from the sample extrinsic mean shapes for
the 2 eyes along with those from the pooled sample extrinsic mean
(labelled from 1 to 5).

13 Imks. (*) for mean shape
0.4 T T T T

0.3r 4

0.2r q

06 -05 -04 -03 -02 -01 0 0.1 0.2 0.3 0.4

FIGURE 3. Sample extrinsic mean shape for handwritten digit 3 sample.

mean shape compared to that obtained from chi-squared approximation.

A 95% confidence interval for the extrinsic variation V' by normal approxima-
tion is given by V € [0.140,0.243] while a pivotal bootstrap confidence interval
using 10° bootstrap resamples turns out to be [0.119,0.264].
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