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Difference of two proportions



Example - Melting ice cap survey

Sclentists predict that global warming may have big effects on
the polar regions within the next 100 years. One of the
possible effects I1s that the northern ice cap may completely
melt. Would this bother you a great deal, some, a little, or not
at all If it actually happened?



Results from the GSS & Duke

The GSS asks this question, below Is the distribution of
responses from the 2010 survey:

A great deal 454
Not a great deal 226

Total 680




Results from the GSS & Duke

The GSS asks this question, below Is the distribution of
responses from the 2010 survey:

A great deal 454
Not a great deal 226
Total 680

The same question was asked of 88 Duke students, of which 56
sald 1t would bother them a great deal.

We will collapse the data such that we consider only the
responses of a great deal and 1ts compliment, not a great deal.



Collapsed Results

US Duke | Total
A great deal 454 56 510
Not a great deal | 226 32 258
Total 680 88 /68

This is an example of a contingency table (specifically a 2 x 2
contingency table).



Collapsed Results

US Duke | Total
A great deal 454 56 510
Not a great deal | 226 32 258
Total 680 88 /68

This is an example of a contingency table (specifically a 2 x 2
contingency table).

We are Interested in comparing proportion of Duke students
who say it would both them a gread deal (pgpipyre = 56/88) to
the proportion of all Americans who say it would both them a
gread deal (pgpjys = 454/680).




Condition on what?

Knowing which of the two variables to condition on can be
tricky some times.

Ask yourself - which of the two variables 1s most likely the
dependent variable (y) and which is most likely the
independent variable (x). In other words, changes in x should
cause changes in y (not the other way around).

Once we know this then the two proportions of interest are:



Parameter and point estimate

- Parameter of interest: Difference between the proportions
of all Duke students and all Americans who would be
bothered a great deal by the northern ice cap melting.

PGp|Duke — PGD|US



Parameter and point estimate

- Parameter of interest: Difference between the proportions
of all Duke students and all Americans who would be
bothered a great deal by the northern ice cap melting.

PGp|buke — PGD|US

- Point estimate: Difference between the proportions of
sampled Duke students and sampled Americans who
would be bothered a great deal by the northern ice cap

melting.

PGD|Duke — pGD|US



Inference for comparing proportions

The detaills for Inference are the same as what we've seen
previously,
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Inference for comparing proportions

The detaills for Inference are the same as what we've seen
previously,
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p-value using sampling distribution.

- We just need to figure out the appropriate sampling
distribution and Its parameters..



Sampling Distribution

Last time we saw that the sampling distribution for p is a
normal with mean p and variance p(1—p)/n.
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Last time we saw that the sampling distribution for p is a
normal with mean p and variance p(1—p)/n.

We can combine that result with the approach we used for the
test of two means to find the distribution of p; — p»

D1 — D2 ~ N(M — E(fj1 — 152), 0’ = Var(ﬁ1 — 152))
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normal with mean p and variance p(1—p)/n.
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test of two means to find the distribution of p; — p»
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Sampling Distribution

Last time we saw that the sampling distribution for p is a
normal with mean p and variance p(1—p)/n.

We can combine that result with the approach we used for the
test of two means to find the distribution of p; — p»

D1 — D2 ~ N(M — E(ﬁ1 — 152), 0’ = Var(ﬁ1 — ﬁz))
— PI - Pz — AP (('I’l)

+ f O )

E(p1 — P2) = E(p1) — E(P2) ~ Var(p1 — p2) = Var(p1) + Var(pz)

= p1- p; \ _ pi(1=p1) | pa(1—p2)
n- ' n_~

Note - as with the test of two means, this result requires that
D1 and p, are independent.




Conditions for Cl for the difference of two proportions

1. Independence within groups:
- The US group Is sampled randomly and we're assuming
that the Duke group represents a random sample as well.
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Conditions for Cl for the difference of two proportions

1. Independence within groups:
- The US group Is sampled randomly and we're assuming

that the Duke group represents a random sample as well.
* Npure < 10% of all Duke students and 680 < 10% of all

Americans.
We can assume that the attitudes of Duke students In the
sample are independent of each other, and attitudes of
US residents in the sample are independent of each other

as well.
2. Independence between groups: The sampled Duke

students and the US residents are independent of each

other.
3. Success-failure:

At least 10 observed successes and 10 observed fallures In
~ 10

both groups.




Cl for difference of proportions

Construct a 95% confidence interval for the difference between
the proportions of Duke students and Americans who would
be bothered a great deal by the melting of the northern ice

Cap (pGD\Duf?e - pGD\US)-

Duke US

A great deal 56 454
Not a great deal 32 226

Total 33 0630
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the proportions of Duke students and Americans who would
be bothered a great deal by the melting of the northern ice

Cap (pGD\Duf?e - pGD\US)-

Duke  US Popjpuke = 56/88 = 0.636

A great deal 56 454 ﬁGD|US — 454/680 — 0668
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Total 33 0630
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Cl for difference of proportions

Construct a 95% confidence interval for the difference between
the proportions of Duke students and Americans who would
be bothered a great deal by the melting of the northern ice

Cap (pGD\Du/?e - pGD\US)-

Duke  US Pobloure = 56/88 = 0.636
A great deal 56 454 ﬁGD|US — 454/680 — 0668
Not a great deal 32 226
Total 88 680

I
MNpuke Nus

SF ~ \/ﬁGDDUW“ - ﬁGD|Du/?e) | ﬁGD|US(1 — ﬁGD|US)

B \/0.636(1—0.636) ~ 0.668(1 — 0.668)

23 530 = 0.0537

1



Cl for difference of proportions, cont.

P6p|puke = 0.636
Pepjus = 0.668
SE = 0.0537
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Cl for difference of proportions, cont.

P6p|puke = 0.636
Pepjus = 0.668
SE = 0.0537

Cl =PE+CV x SE

—

A
. . ” 1—p = of\S -
_ (pGD|Dufee o pGD|US) L 7* \/pGDDuke( pGDlDul?e) _+_¥€0/ )
MDuke mms

— (0.636 — 0.668) & 1.96 x 0.0537
— (—0.138, 0.074)
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Cl for difference of proportions, cont.

P6p|puke = 0.636
Pepjus = 0.668
SE = 0.0537

Cl =PE+CV x SE

—

A A ﬁGD\DukeU - ﬁGD|Duhe) —
— (pGD Duke — PGD US) + 7" —
| | Mpuke —

— (0.636 — 0.668) & 1.96 x 0.0537
— (—0.138, 0.074)

What conclusion should we draw here?
12



Hypotheses for testing the difference of two proportions

Just like the other hypothesis tests we have seen thus far, we
formulate our null and alternative hypotheses for testing If the
proportion of all Duke students who would be bothered a
oreat deal by the melting of the northern ice cap differs from
the proportion of all Americans who do as follows,

Ho : Pep|puke = P6b|Us = PGp|puke — Pepjus = O

Ha * PGp|puke 7 Pa6b|US = Pep|puke — Papjus 7 O

13



Flashback to working with one proportion

When constructing a confidence interval for a population
oroportion, we check If the observed number of successes and
fallures are at least 10.

14



Flashback to working with one proportion

When constructing a confidence interval for a population
oroportion, we check If the observed number of successes and
fallures are at least 10.

np > 10 n(1—p)>10
When conducting a hypothesis test for a population
oroportion, we check 1f the expected number of successes and
fallures are at least 10.

npo > 10 n(1— po) > 10

14



A slight wrinkle ...

In setting the null hypothesis for comparing two proportions
we haven't fixed either peppyre OF Pepjus - INStead we have
fixed their difference.

15
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A slight wrinkle ...

In setting the null hypothesis for comparing two proportions

we haven't fixed either peppyre OF Pepjus - INStead we have
fixed their difference.

As such, we don't have a specific null value we can use to
calculated the expected number of successes and failures In
each group or the standard error. So, we know the following

PGblbuke = PGDIUS

PGD|Duke =

Pepjus =

Does this null give us any additional useful information?

15



Proportions and Probabilities

Think about the sample proportions as probabilities, what
does It mean If

P(GD|Duke) = P(GD|US)
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Proportions and Probabilities

Think about the sample proportions as probabilities, what
does It mean If

P(GD|Duke) = P(GD|US)

f these two probabilities are equal then global warming
concern 1s independent of the Duke vs. US grouping. Which
means that,

P(GD|Duke) = P(GD|US) = P(GD)

16



As such, our null hypothesis is equivalent to claiming that our two
categorical variables are independent. So when conducting the
hypothesis test we assume the null hypothesis to be true, which
means we must also assume that the two variables are independent.

Under the assumption of independence our best guess for both
Pep|puke @Nd Pepjus Will be pgp, which is the sample proportion of all
respondents (from Duke or US) who answered “A great deal”.

We call this value Ppooled,

R of successes In 1+ # of successes In 2 N1D1 + N2Py
Ppooled = —

N+ Ny M+ Ny

17



Pooled estimate of a proportion

Calculate the estimated pooled proportion of Duke students
and Americans who would be bothered a great deal by the
melting of the northern ice cap.

A ¥,

e,
/\#
(Duke S | Total
A great deal @ 510

Not a greatdeal | 32 226 | 258

Total @ éSO} 788

56 4 454 510

b - - — 0.664
Ppooled = g™ "¢ ~ 788

13



Pooled estimate of a proportion

Calculate the estimated pooled proportion of Duke students
and Americans who would be bothered a great deal by the
melting of the northern ice cap.

Duke US | Total

A great deal 56 454 | 510
Not a greatdeal | 32 226 | 258

Total 38 030 | /33

56 4 454 510

b - _ — 0.664
Ppooled = g™ "¢ ~ 788

Which sample proportion (ﬁcmouke or ﬁcmus) IS closer to the

pooled estimate? Why? 18



Implications for the SE

Under the null hypothesis we are stating that p; = p, which
does not uniquely 1dentify either p; or p,. Therefore we are
using the pooled proportion (p) as our best suess for p1 and p»
under the null hypothesis.

For a confidence interval we use p, and p, to approximate for p; and p»

SE:\/P1(1—P1) - P21 —p2) %\/ﬁqﬁ—[%) 21— P2)

oK 2. M1 2.

While for a hypothesis test we use Ppooed t0 @approximate for p; and p;

SE:\/w—m pa(1—p2) %\/ﬁp(w—m Dol(1—P)

[ | - ok 2,

19




HT for comparing proportions

Do these data suggest that the proportion of all Duke students
who would be bothered a great deal by the melting of the
northern ice cap differs from the proportion of all Americans
who do?

Prooled = 0.664, Ny =88, Ny, =680

20
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Prooled = 0.664, Ny =88, Ny, =680
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HT for comparing proportions

Do these data suggest that the proportion of all Duke students
who would be bothered a great deal by the melting of the
northern ice cap differs from the proportion of all Americans

? ANEA Ae-f P, Cc-
WhOdO P|—-F,DN N(P,-Fz/f b (/7/)

Prooled = 0.664, Ny =88, Ny, =680

SE = \/ﬁpm —bp) (; : r:) — \/0.664(1 — 0.664) (818 | 6;()) = 0.0535

56/88 — 454/680) — 0
0.0535

[ = ( = —0.99
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HT for comparing proportions

Do these data suggest that the proportion of all Duke students
who would be bothered a great deal by the melting of the
northern ice cap differs from the proportion of all Americans
who do?

Prooled = 0.664, Ny =88, Ny, =680

SE = \/ﬁpm —bp) (; : r:) — \/0.664(1 — 0.664) (818 | 6;()) = 0.0535

(56/88 — 454/680) — 0
0.0535
p-value = P(Z < —0.59 or Z > 0.59)

= 0.2/77 +0.277 = 0.555 20

[ = = —0.59




HT and Cl agreement

Confidence Interval:

Cl = (—0.138,0.074)

Hypothesis test:

Ho : PGpipuke = P6D|US £ =—0.59
Ha  D6p|puke 7 PGD|US p-value = 0.555

Do the results of the Confidence interval and hypothesis test
agree? Do the necessarily have to agree?

2



Picking successes?

What would happen to our analysis If we had picked “Not a
oreat deal”?

Duke US | Total
A great deal 56 454 510
Not a great deal 32 226 258
Total 88 680 /88

22
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Picking successes?

What would happen to our analysis If we had picked “Not a
oreat deal”?

Duke US Total
A great deal 56 454 510
Not a great deal 32 226 258
Total 88 680 788
Hq : —
0 pI\IGD\Dul?e pNGD|US 32 _|_ 226 258 B O 336
Ho : PnGD|Duke 7 PNGD|US Ppooted = 88 - 680 788
SE=4/0 336(1 0 336) 1 | 1 — (0.0535
R | 88 680/
5 (32/88 —226/680) —0 _ o h-value = P(Z < —0.59 or Z > 0.59)
0.0535 22

= 0.277 4+ 0.277 = 0.555



Swapping dependent and Independent variables?

What would happen to our analysis if we had swapped our
Independent and dependent variable?

Duke US Total

A great deal 56 454 510
Not a great deal 32 226 258

Total 33 030 /38
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Swapping dependent and Independent variables?

What would happen to our analysis if we had swapped our
Independent and dependent variable?

Duke US | Total
A great deal 56 454 510
Not a great deal 32 226 258
Total 88 680 /88
Ho —

= 0.115

Ho * Ppuke|GD ks PDuke|NGD Ppooled = 510 + 258 ~ 788
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Swapping dependent and Independent variables?

What would happen to our analysis if we had swapped our
Independent and dependent variable?

Duke US | Total
A great deal 56 454 510
Not a great deal 32 226 258
Total 88 680 /88
. ” — — = 0.115
Ho : Ppuke|GD 7 PDuke|NGD Ppooled 510 + 258 788

' 1
SE = \/0.115(1 — 0.115) (5,0 | 258) — 0.0247
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Swapping dependent and Independent variables?

What would happen to our analysis if we had swapped our
Independent and dependent variable?

Duke US | Total
A great deal 56 454 510
Not a great deal 32 226 258
Total 88 680 | 788
Ho —
0 pDU/?QlGD pDuke\NGD A B 56 _|_32 B 88 B O 115
Ho : Ppuke|GD 7 PDuke|NGD Ppooled = 510 +258 788
1 1
SE = 4/0.115(T — 0.115 | — 0.0241
\/ ( ) (5’0 258)
5 (56/510 — 32/258) —0 _ . ¢ p-value = P(Z < —0.59 or Z > 0.59)
0.0241 23

= 0.2775 4 0.2775 = 0.555



Power

What 1t the power of our hypothesis test to detect a difference
0ft0.17

Step 0: Hyp: p1=p2 Hp:p1#p; a=0.05 06 =40.1T SE=0.0535 power =7

5*((3/ : Ff,\,/ PE Sucl Il:\c-(- —4 f(\‘zp‘— “6
P(Z o2 of 2 <° 2) L 00S

n n /\_
b7 S1.6( L ?ig—-/?é
0.05 3% ©.0% 3%

24
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What 1t the power of our hypothesis test to detect a difference
of 017

Step O: Hy : p1=py Hp:p1#pp a=0.05 0=0.1 SE=0.0535 power =7

Step 1: Find p1 — p, such that we reject Hy.
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What 1t the power of our hypothesis test to detect a difference
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Step O: Hy : p1=py Hp:p1#pp a=0.05 0=0.1 SE=0.0535 power =7
Step 1: Find p; — p, such that we reject Hy.

P(Z< —zorZ>2z)<0.05=2z>196

51— by) — 0 51— Py) — 0
(b1 — P2) < _196 or (b1 — P2)
0.0535 0.0535

> 1.96
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What 1t the power of our hypothesis test to detect a difference
of 0.17

Step O: Hy : p1=py Hp:p1#pp a=0.05 0=0.1 SE=0.0535 power =7
Step 1: Find p1 — p, such that we reject Hy.

P(Z< —zorZ>2z)<0.05=2z>196

51— by) — 0 51— Py) — 0
(b1 — P2) < _196 or (b1 — P2)
0.0535 0.0535

> 1.96

D1 — P < —0.105 or p;— py > 0.105

Step 2: Assume p1 — p; = 0+ 6 = 0.1 - we no longer assume independence, must use
SE = 0.0537 from the Cl instead.

P(p1 — P, < —0.105 or pq — Py > 0.105)

—0.105 — 0.1 0.105 — 0.1
— Pl /< + P>
0.0527 0.0527

= P(Z < —3.88) 4 P(Z > 0.094)

24



Example - Planned Parenthood




Planned Parenthood

A Pew Research poll conducted between September 22-27 2015
asked 805 randomly sampled Americans (who self identify as a
Democrat or Republican) and ask about their party affiliation
and whether they think any budget agreement must eliminate
or maintain funding for Planned Parenthood. The distribution

of their responses I1s shown below.

Eliminate  Maintain | Total

Democrat 45 3/8 | 423
Republican 277 105 | 382
otal 322 483 | 805

Pew Research Center. Majority Says Any Budget Deal Must Include Planned
Parenthood Funding. Sep 28, 2015. http:/ /www.people-press.org/2015/09/28/majority-



EWS R

s there evidence that a greater percentage of Democrats
support maintaining funding for Planned Parenthood than
Republicans?
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EWS R

s there evidence that a greater percentage of Democrats
support maintaining funding for Planned Parenthood than
Republicans?

Ho : Pmip = Pm|R
Ha X Pmip > PmiR

0.6

) 3784105
Ppooled = 537 385 =

1 1
SE = 4/0.6(1— 0.6) | — 0.0346
423 382

378/423 — 105/382) — 0
0.0346
p-value = P(Z > 17.88) = O

[ = ( = 17.83
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Analysis - CI

s there evidence that a greater percentage of Democrats
support maintaining funding for Planned Parenthood than
Republicans?
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Analysis - CI

s there evidence that a greater percentage of Democrats
support maintaining funding for Planned Parenthood than
Republicans?

ﬁm|D = 378 /423 = 0.894 ﬁm‘R = 105/382 = 0.275
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Analysis - CI

s there evidence that a greater percentage of Democrats
support maintaining funding for Planned Parenthood than
Republicans?

ﬁm|D = 378 /423 = 0.894 ﬁm‘R = 105/382 = 0.275

= 0.0273

o \/378/423(1 —378/423)  105/382(1 — 105/382)
: 423 ' 382
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Analysis - CI

s there evidence that a greater percentage of Democrats
support maintaining funding for Planned Parenthood than
Republicans?

ﬁm|D = 378 /423 = 0.894 ﬁm‘R = 105/382 = 0.275

= 0.0273

o \/378/423(1 —378/423)  105/382(1 — 105/382)
B 423 ' 382

Cl = (ﬁm\D — ﬁm|R) + /" SE
= (378/423 — 105/382) 4+ 1.96 x 0.0273
— (0.565, 0.672)

23



Power

What 1t the power of our hypothesis test to detect a difference
of 0.627

Step 0: Hy: p1=py Hpy:p1>py a=0.05 0=0.62 SE=0.0346 power =7
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What 1t the power of our hypothesis test to detect a difference
of 0.627

Step O: Hy: p1=py Hpy:p1>py a=0.05 o0=0.62 SE=H0.0346 power =7

Step 1: Find p; — p, such that we reject Hy.
P(Z >z) < 0.05=z> 1.644

(p1 —P2)— 0
0.0346

> 1.644

D1 — Py > 0.0569

P(P1 — P2 > 0.0569)

0.0569 — 0.62
—P(Z>
(> o)

= P(Z > —20)

29



Recap




Recap - inference for one proportion

- Population parameter: p, point estimate: p

3
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Recap - inference for one proportion

- Population parameter: p, point estimate: p
- Conditions:
- Independence
- random sample and 10% condition
- at least 10 successes and failures

- observed tor Cl
- expected for H

. Standard error: SE = \/p“n_p)

- for Cl: use p
- for HT: use pg
- for Power:
- Step 1 - use pg
- Step 2 -use py=po+9
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Recap - comparing two proportions

\

- Population parameter: (p; — p2), point estimate: (py — p»)
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Recap - comparing two proportions

- PO
- Co

DL

1C

\ \

lation parameter: (p1 — p2), point estimate: (p1 — p2)
itions:
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Recap - comparing two proportions

\

- Population parameter: (p1 — p2), point estimate: (p1 — p»)
- Conditions:
- Independence within groups
- random sample and 10% condition met for both groups
- Independence between groups
- at least 10 successes and failures in each group
- observed for Cl
- expected for H
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Recap - comparing two proportions

\

- Population parameter: (p1 — p2), point estimate: (p1 — p»)
- Conditions:
- Independence within groups
- random sample and 10% condition met for both groups

- Independence between groups
- at least 10 successes and failures in each group

- observed for Cl
- expected for H

. SF — \/D1(1—P1) | p2(1—p2)

M M7

- for Cl: use p4 and p,
- for HT:

- when Ho : p1 = pa: USe Ppoor = F 2

- when Ho : p1 — p2 = (some value other than 0): use p; and p-

- this I1s pretty rare

- for Power:

- Step 1 - USe Ppoot

- Step 2 - use py and p; 32




Reference - standard error calculations

one sample two samples

mean SE= % SE:\/U12 - 2

pI’OpOrtiOﬂ SE — \/pmn_p) SE — \/P1(1—D1) | DQ(T—DZ)

K -

33



Reference - standard error calculations

one sample two samples

0'2 0'2
mean SE:W SE:\/nl | n§—

proportion | SE = \/p“_p) SE = \/Dw(W—PO | P2(1-p2)

- When working with means, it's very rare that o Is known, so we
usually use s as an approximation.
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Reference - standard error calculations

one sample two samples

mean SE= % SE:\/U12 - 2

1

proportion | SE = \/p“_p) SE = \/Dw(W—M) | P2(1-p2)

- When working with means, it's very rare that o Is known, so we
usually use s as an approximation.

- When working with proportions, we will not know p therefore

If doing a hypothesis test, p comes from the null
nypothesis
- If constructing a confidence interval, use p instead

33



