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Abstract

The problem of formulating covariance structures between two random

variables or random vectors arises in many �elds� One way to specify a

covariance structure for a set of random variables de�ned at each point on

a product space is by a Kronecker product form� Then the speci�cation

requires only a covariance structure on each of the component spaces� This

note proves that a simple Markov�like assumption on the random variables

implies that their covariance structure must� apart from an arbitrary scal�

ing� follow a Kronecker product form� When a more restricted version of

the Markov property is assumed� an autoregressive or Ornstein�Uhlenbeck

form arises�
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�� Covariance structures

Consider random variables f�x� y� de�ned for all x � X and y � Y� Each of
the sets X and Y may be �nite or in�nite� In either case� but particularly when
they are in�nite� one might refer to f��� �� as a stochastic process on the product
space X � Y� We are interested in the structure of covariances between this
set of random variables� Denote the covariance between f�x� y� and f�x�� y�� by
c ��x� y�� �x�� y���� We also introduce the notation

r ��x� y�� �x�� y��� 	
c ��x� y�� �x�� y���q

c ��x� y�� �x� y�� c ��x�� y��� �x�� y���



for the corresponding correlations� Note that x or y may be random vectors� so
that X and Y are themselves product spaces�

Modelling covariance structures is important in various �elds� In geostatistics�
the method of kriging is based on a spatial covariance structure� usually de�ned
by a variogram �Cressie� 
��
�� Then x and y are the coordinates of a two�
dimensional geographical space� It is often necessary to add a time dimension�
and to model the covariance structure of a space�time process� In the application
motivating this work� Kennedy and OHagan �
����� X is an arbitrary vector
space and the y coordinate is a scalar complexity index for a computer code�

The complexity of possible covariance structures over X �Y can be a problem
in modelling� In geostatistics� there is an arbitrariness in the choice of x and y�
They may be de�ned according to the usual compass points� but could equally
well be any two orthogonal directions� When x and y are naturally thought of
in this way as arbitrary coordinates of a point in a higher dimensional space�
then a covariance structure based on a distance measure invariant to rotations
of the coordinates is appropriate� Thus it is normal in geostatistics to de�ne the
covariance function to have this property of isotropy� In other problems there is a
natural coordinate system� the coordinates have quite di�erent meanings� isotropy
is clearly not appropriate� and it is generally more di�cult to think of sensible
structures� Sampson and Guttorp �
���� o�er a process for estimating arbitrary
covariance structures in a nonparametric way�

A special structure which can be useful is the Kronecker product form� where

c ��x� y�� �x�� y��� 	 cx fx� x
�g � cy fy� y

�g � �
�
�

and cx� cy de�ne covariances on X and Y separately� Assuming the Kronecker
form reduces the problem to the much simpler one of formulating cx and cy� This
assumption is common in context of space�time models� for instance� where X is
the two�dimensional space and Y is the one�dimensional time axis� It is made
explicitly by Oehlert �
����� It is less obvious in Haslett and Raftery �
���� but
questioned by several discussants� One purpose of the present paper is to provide
a characterisation which may be useful in justifying the Kronecker product form�

The Kronecker product form is also assumed by Brown� Le and Zidek �
�����
where x indexes a pollution monitoring site and y indexes a pollutant potentially
measured at that site� A quite di�erent example of the convenience o�ered by
the Kronecker product covariance structure is that it is the form of the covariance
matrix of a matrix normal distribution �Dawid� 
��
��
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It is also interesting to note a link between the Kronecker product and isotropy
for a popular form of cx and cy� If these have the Gaussian forms

cx fx� x
�g 	 exp

n
�b�x � x���

o
� cy fy� y

�g 	 exp
n
�b�y � y���

o

with the same roughness parameter b� then the Kronecker product �
�
� is isotropic�
being a function of the Euclidean distance �x� x��� � �y � y����

�� The symmetric Markov property

���� A Markov assumption

We now consider an assumption on the covariance function c��� �� based on the
following heuristic� Suppose that I wish to estimate f�x� y� and I observe f�x� y��
for some y� �	 y� Then it may be reasonable to assume that I will gain no further
useful information about f�x� y� by observing f�x�� y�� for any other x� �	 x� This
is a kind of Markov property� that f�x� y� depends on ff�x�� y�� � x� � Xg for given
x� y and y� only through the nearest point f�x� y���

Formally� we de�ne the property M�X � y� y�� as asserting that for all

c ��x� y�� �x�� y��� 	
c ��x� y�� �x� y��� c ��x� y��� �x�� y���

c ��x� y��� �x� y���
� ���
�

If the joint distribution of the f�x� y�s is normal �or more accurately� to allow
for X and�or Y being in�nite� if f��� �� is a Gaussian process on X � Y�� ���
�
is equivalent to the heuristic argument because it says that f�x� y� and f�x�� y��
are independent given f�x� y��� Otherwise it says that the corresponding partial
correlation is zero� equivalent to a linear independence�

If M�X � y� y�� is assumed for all y� y� � Y� we denote this by M�X �Y�� Note
that now� although both the heuristic and ���
� are expressed asymmetrically in x
and y�M�X �Y� is e�ectively symmetric because covariances are� Simply applying
���
� with c ��x�� y��� �x� y�� on the left hand side gives

c ��x� y�� �x�� y��� 	
c ��x� y�� �x�� y�� c ��x�� y�� �x�� y���

c ��x�� y�� �x�� y��
� �����

Thus� f�x� y� and f�x�� y�� are also �linearly� independent given f�x�� y�� Notice
that switching the roles of y and y� in this way is not legitimate in the case of
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the more restrictive Markov property M�X � y� y��� In fact� it is precisely the fact
that M�X �Y� implies both M�X � y� y�� and M�X � y�� y� that gives it the extra
strength and leads to the stronger theorem below�

���� Relationship to Kronecker product

It is easy to show that ���
� holds for all y� y� � Y� and therefore ����� holds� if
the covariances follow the Kronecker product form �
�
�� The fact that assuming
the Kronecker product structure implies an assumption of the symmetric Markov
property M�X �Y� is interesting in itself� We now explore the extent to which
M�X �Y� conversely implies the Kronecker product form �
�
�� The following the�
orem shows that the implication is not complete� but that if the Markov property
holds then there is some scaling of f��� �� whose covariances have the Kronecker
product structure�

Theorem ���� The symmetric Markov property M�X �Y� holds if and only if

there exists a function a on X � Y such that the covariance structure of the

random variables g�x� y� 	 f�x� y��a�x� y� has a Kronecker product form�

The proof is given in section ��

���� Discussion

As will be seen in the proof below� the function a is certainly not unique but can in

particular be set to a�x� y� 	 �
q
c ��x� y�� �x� y��� i�e� to plus or minus the standard

deviation of f�x� y�� So apart from the sign this is just a standardising transfor�
mation making the variance of g�x� y� one for all x and y� It is therefore e�ectively
the correlation structure r ��x� y�� �x�� y��� which has the Kronecker product form
�again� apart from the sign changes�� From the point of view of modelling� it is
interesting to separate the exercise into two parts� modelling the variances and
modelling the correlations� The theorem shows that the Markov property refers
essentially to correlations� and it may be realistic to assume a Kronecker product
form for the correlations� �Although the Markov property only implies this for
the squared correlations� it is hard to see how one would allow sign changes in a
practical model�� Then the variances may be modelled separately� There is an
interesting connection for Bayesian modelling with the work of Barnard� McCul�
loch and Meng �
����� who propose a prior distribution for a covariance matrix in
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which arbitrary distributions are assumed for the variances� but the conditional
distribution of the correlations given the variances is that of an inverse Wishart
distribution�

�� Proof of Theorem ���

���� Necessity

We �rst prove that the Markov property holds if the random variables g�x� y� have
the Kronecker product covariance structure� for arbitrary scaling a�x� y�� Denote
the covariance function of g�x� y� by c� ��x� y�� �x�� y���� so that

c ��x� y�� �x�� y��� 	 a�x� y� a�x�� y�� c� ��x� y�� �x�� y��� �

Now if c� has the Kronecker product form �
�
�� it follows immediately that

c ��x� y�� �x�� y��� 	 a�x� y� a�x�� y�� c�
x
fx� x�g c�

y
fy� y�g �

c ��x� y�� �x� y��� 	 a�x� y� a�x� y�� c�
x
fx� xg c�

y
fy� y�g �

with similar expressions for c ��x� y��� �x�� y��� and c ��x� y��� �x� y���� ���
� follows
immediately�

���� Su�ciency

������ Squared correlations

To prove the converse is more complex� First� note that ���
� and ����� give

c ��x� y�� �x� y��� c ��x� y��� �x�� y���

c ��x� y��� �x� y���
	

c ��x� y�� �x�� y�� c ��x�� y�� �x�� y���

c ��x�� y�� �x�� y��
� ���
�

and by considering the two forms for c ��x� y��� �x�� y�� we also have

c ��x� y�� �x� y��� c ��x� y�� �x�� y��

c ��x� y�� �x� y��
	

c ��x� y��� �x�� y��� c ��x�� y�� �x�� y���

c ��x�� y��� �x�� y���
� �����

Multiplying ���
� and ������ we have

r ��x� y�� �x� y���
�
	 r ��x�� y�� �x�� y���

�
� �����
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Therefore r ��x� y�� �x� y���� does not depend on x� and we can therefore denote it
by ry fy� y

�g��
Similarly �by cross�multiplying ���
� and ������� we �nd that r ��x� y�� �x�� y���

does not depend on y� and so will be denoted by rx fx� x
�g�� Now squaring ���
�

and dividing by c ��x� y�� �x� y�� c ��x�� y��� �x�� y��� gives

r ��x� y�� �x�� y���
�

	 r ��x� y�� �x� y���
�
r ��x� y��� �x�� y���

�
�����

	 rx fx� x
�g

�
ry fy� y

�g
�
�

We have now shown that the squared correlations of the f�x� y�s have a Kronecker
product form� It follows that their correlations also have a Kronecker product
form except that some correlations may have the opposite signs� Thus� if we
take rx fx� x

�g and ry fy� y
�g to be �either positive or negative� square roots of

rx fx� x
�g� and ry fy� y

�g� then

r ��x� y�� �x�� y��� 	 � rx fx� x
�g ry fy� y

�g �

������ Patterns of signs

Now it is clear that if we let a�x� y� 	 �
q
c ��x� y�� �x� y��� i�e� we scale by plus or

minus the standard deviation of f�x� y�� then the covariances c� ��x� y�� �x�� y��� of
g�x� y� are just � r ��x� y�� �x�� y���� To complete the proof� we need to prove that
the sign of a�x� y� can be chosen for each �x� y� in such a way as to make

c� ��x� y�� �x�� y��� 	 rx fx� x
�g ry fy� y

�g � �����

which is the Kronecker product form as required� with rx and ry playing the roles
of c�

x
and c�

y
�

Consider the patterns of sign changes that are possible� By examining the
derivations of ����� and ����� we see that we either have

r ��x� y�� �x� y��� 	 r ��x�� y�� �x�� y��� �

r ��x� y�� �x�� y�� 	 r ��x� y��� �x�� y��� �

r ��x� y�� �x�� y��� 	 r ��x�� y�� �x� y��� �

or else

r ��x� y�� �x� y��� 	 � r ��x�� y�� �x�� y��� �

r ��x� y�� �x�� y�� 	 � r ��x� y��� �x�� y��� �

r ��x� y�� �x�� y��� 	 � r ��x�� y�� �x� y��� �
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Now if we change the sign of one of the random variables f�x� y�� f�x�� y�� f�x� y��
or f�x�� y��� we �ip between these two di�erent cases because we change the sign
of the correlation on one side of each equation but not on the other� It holds for
all rectangles �x� y�� �x��y�� �x� y��� �x�� y�� in X � Y� but for degenerate rectangles
�i�e� x 	 x� or y 	 y�� only the �rst case is possible� This observation is the
key to proving that we can choose the signs of the a�x� y�s so as to make all the
correlations agree� since it is clear that the proof is complete if we can choose the
sign of a�x� y� so that the �rst case above holds for every rectangle� This is not
straightforward� because changing the sign of any f�x� y� �ips the case in every

rectangle with �x� y� at one vertex�

������ Induction

First consider arbitrary orderings on X and Y� such that the smallest elements
in each are x� and y�� De�ne rx fx� x

�g to be r ��x� y��� �x
�� y��� and ry fy� y

�g 	
r ��x�� y�� �x�� y

���� thereby �xing the signs of these functions� Then we can set
a�x�� y� and a�x� y�� to have positive signs� We now proceed by induction� For
given �x�� y�� � X � Y� de�ne A�x�� y�� to be that region of X � Y for which
x � x� and y � y� but excluding the point �x�� y�� itself� We assume that the
sign of a�x� y� has been �xed for all �x� y� � A�x�� y��� such that ����� holds for
all rectangles in A�x�� y��� and we prove that the sign of a�x�� y�� can then be
chosen to make it hold also for all rectangles comprising �x�� y�� and three points
in A�x�� y���

Denote by P the point �x�� y��� Consider any two rectangles PQQ�P � and
PRR��P ��� where Q�Q�� P �� R� R�� and P �� are in A�x�� y��� We will show that ei�
ther the signs all agree on both rectangles� i�e� the �rst case above holds for both
rectangles� or else the second case holds for both rectangles� First suppose that
the two rectangles have a side in common� by letting R 	 Q� Then P �Q�R��P �� is a
rectangle� and it is also entirely in A�x�� y��� so the �rst case applies to this rectan�
gle by the inductive assumption� It is then easy to see that for the two rectangles
PQQ�P � and PRR��P �� the same case must apply� either both the �rst case or
both the second� In general� when R �	 Q� we can prove the same result by exam�
ining the two pairs of rectangles �PQQ�P �� PQQ��P ��� and �PQQ��P ��� PRR��P ����
It follows that the same case applies to all rectangles PQQ�P �� either all are the
�rst case or all are the second case� The sign of a�x�� y�� can therefore be positive
or negative accordingly� whereupon the inductive step is proven�
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�� The asymmetric Markov property

���� A representation

It is clear that the asymmetric formM�X � y� y�� of the Markov property does not
imply the symmetric form� and so will not have an implication like the Kronecker
product covariance structure� Instead� we have the following result�

Theorem ���� The asymmetric Markov property M�X � y� y�� holds for given y
and y� if and only if there exist constants r�x� for all x � X such that the two

sets of random variables ff�x� y�� r�x�f�x� y�� � x � Xg and ff�x� y�� � x � Xgare
uncorrelated�

Proof� For given y and y�� let e�x� 	 f�x� y�� r�x�f�x� y�� and g�x� 	 f�x� y���
Suppose �rst that e�x� and g�x�� are uncorrelated for all x and x�� Let

cov�e�x�� e�x��� 	 ce�x� x
�� and cov�g�x�� g�x��� 	 cg�x� x

��� Then for y �	 y�

we have c ��x� y�� �x�� y��� 	 cov�r�x�g�x� � e�x�� g�x��� 	 r�x�cg�x� x
��� Sim�

ilarly� c ��x� y�� �x� y��� 	 r�x�cg�x� x�� Since c ��x� y��� �x�� y��� 	 cg�x� x
�� and

c ��x� y��� �x�� y��� 	 cg�x� x�� the Markov property ���
� holds �for y �	 y�� it holds
trivially for y 	 y���

Now suppose that the Markov property ���
� holds and let r�x� 	 c ��x� y�� �x� y��� �
c ��x� y��� �x� y���� Then cov�e�x�� g�x��� 	 c ��x� y�� �x�� y����r�x�c ��x� y��� �x�� y��� 	
� from ���
��

���� Discussion

The theorem shows that when the Markov property holds we can represent f�x� y� 	
r�x�f�x� y��� e�x�� a kind of autoregressive model� This is for any given y and y��
If we assume it for all ordered pairs y � y� � Y� then the theorem induces a kind
of independent increments model for f�x� y�� In principle we have a di�erent r�x�
for all x and for all pairs y� y�� but arguments of stationarity will often suggest
that there should be a single constant r�x� 	 r for all x � X � and that this should
depend only on a measure of distance between y and y�� When Y 	 R� we thereby
obtain Ornstein�Uhlenbeck processes f�x� �� for each x� correlated across x � X �

Kennedy and OHagan �
���� employ a simple autoregressive model where
f�x� y� and f�x� y�� are the outputs of a computer code run at two di�erent levels
of accuracy� for input x�
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