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I congratulate the authors on this excellent paper that provides deep insights into nested
discrete processes, especially in revealing the distributional properties of the random
partitions induced by these processes. Moreover, the authors skillfully embed the clas-
sical idea from Müller et al. (2004) into nested completely random measures to form a
new class of latent nested nonparametric processes (LNNPs), thereby resolving a key
difficulty in applying the nested DP (Rodŕıguez et al., 2008) and its variant (Rodriguez
and Dunson, 2014) when tied observations are present across data sets that are other-
wise different. I shall discuss two challenges that a practitioner of the LNNP might face
and how the LNNP might be further generalized to address them. Because nested dis-
crete processes involve two layers of clustering structures—one at the sample level and
the other at the observation level, to avoid confusion, I shall distinguish the two types
by referring to them as sample cluster (SC) and observation cluster (OC) respectively.

To see the two challenges, note that by constructing each sampling distribution as
a weighted average between a shared measure and a SC-specific idiosyncratic measure,
the LNNP assumes that (i) samples that belong to the same SC must share exactly the
same sampling distribution without any within-SC sample-to-sample variability; (ii)
samples from different SCs must share the same relative weights over the OCs induced
by the shared measure. Both of these assumptions can be too restrictive in applications.
Next I shall consider each of them in turn.

Incorporating within-SC variation. Sample-to-sample variation is prevalent in appli-
cations. Even otherwise similar data sets collected under the same controllable condi-
tions will inevitably display variability to various extents from each other. In the current
context, not incorporating such variation within-SC can lead to many small or even sin-
gleton SCs when the number of observations in each sample grows. This was previously
pointed out by MacEachern (2008) in his illuminating discussion on the nested DP.

It appears that the flexible nested process framework proposed in this paper is ca-
pable of incorporating such within-SC variation with some extension. In particular, for
each SC, we can introduce a dispersion parameter—which can be scalar, multivariate, or
even infinite-dimensional—that characterizes how samples within the SC differ. Specifi-
cally, let Ωd denote the (Borel measurable) space of all possible values of the dispersion
parameter. Let the Poisson random measure be defined as Ñ =

∑
i≥1 δ(Ji,Gi,wi) on

R+×PX×Ωd with a mean intensity function ν(ds,dp,dv) = Cρ(s)dsQ(dp×dv), where
Q is now a probability measure on the product space PX × Ωd.

Accordingly, define a CRM µ̃ =
∑

i≥1 Jiδ(Gi,wi), and its normalized version

q̃ :=
µ̃

µ̃(PX × Ωd)
.
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2 Discussion on LNNP

Given q̃, we can generate K sampling distributions p̃1, p̃2, . . . p̃K hierarchically from
their respective SCs with the corresponding within-SC variation as follows. First, we
generate the SC centers (e.g., the mean distributions) and the within-SC dispersions

(p̃01, ṽ1), . . . , (p̃0K , ṽK) | q̃ ∼ q̃K .

Given the SC centers and within-SC dispersions, we generate the sampling distributions

p̃i | p̃0i, ṽi
ind∼ F (p̃0i, ṽi) for i = 1, 2, . . . ,K,

where F (p, v) represents a “location-scale” family in the space of probability distribu-
tions with location (or center) p and scale (or dispersion) v.

While popular random measures such as the DP and the Pitman-Yor process can
serve as this “location-scale” family, they are limited in that their dispersion parameter
is either scalar or otherwise low-dimensional, and thus they cannot characterize flexible
within-SC variation. A particularly flexible “location-scale” family is the Pólya tree
(PT), which has an infinite-dimensional dispersion parameter with Ωd = [0,∞)∞ as
pointed out in Berger and Guglielmi (2001). Following this route, Christensen and Ma
(In press) demonstrated a special case of the above nested model with ρ(s) = s−1e−s

and Q the product of an “adaptive PT” and a “stochastically increasing shrinkage”
hyperprior on the dispersion parameter, both introduced in Ma (2017).

Allowing different relative weights on shared OCs. In many applications, the samples
belonging to different SCs share OCs, and this is indeed one of the key motivations
for the authors to introduce the LNNP as nested processes alone do not allow this
feature. By introducing a shared component and building each sampling distribution as a
weighted average of a shared and an idiosyncratic component in the style of Müller et al.
(2004), the LNNP assumes that the idiosyncratic components do not share any OCs
whereas the shared component must endow all the shared OCs with exactly the same
relative weights among them. These constraints can be overly restrictive in practice. For
example, Soriano and Ma (2019) considered the application of flow cytometry, where
the observations are blood cells and each OC corresponds to a cell subtype (e.g., T-cells,
B-cells, etc.). Different subtypes of patients (the SCs) will share some of the same cell
subtypes, or one should hope so as they are all humans! In other words, the actual SCs
might differ only in the weights of some OCs, not their identities.

The strategy that Soriano and Ma (2019) employed to address this issue is to let
all the samples share a common set of OCs, but introduce shared and idiosyncratic
components only in generating the weights of these OCs. This way, while the shared
component still corresponds to the OCs with the same relative weights across SCs as
in the LNNP, the idiosyncratic components now allow SCs to have distinct weights on
common OCs. (Note that this strategy still allows SCs to have unique OCs in that an SC
without a certain OC will just have a very small weight on that OC.) As Surya Tokdar
pointed out through personal communications, this strategy is essentially a (limiting)
version of a Müller et al. (2004) style mixture of a shared DP and idiosyncratic DPs
generated from a hierarchical DP (Teh et al., 2006). Unlike the LNNP, this “LHDP” does
not allow inference on the partition at the sample level. It is of interest to investigate
how to allow different weights on shared OCs across SCs in the LNNP in such a way
that maintains its ability to carry out the partitioning or clustering on the samples.
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