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Data: www.lockheedmartin.com/us/products/W-ICEWS/iData.html

(Thanks to Mike Ward, Duke University, for data access and polysci consulting.)
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Sparse relational data
000000000000

Dynamic network data

A time series of sociomatrices:

Y={Y::t=1,...,T}

Yij,t = time-t relation from i to j.
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First order VAR model

Let
o y: = vec(Y:)
o x; = vec(X;)

VAR: A first-order VAR model posits that

Y ift=s

yfzext—ket, E[et]:(), E[eteg—]:{ 0 |ft;és

where © and ¥ are parameters to be estimated.
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First order VAR model

Let
o y: = vec(Y:)

o x; = vec(X;)
VAR: A first-order VAR model posits that
Y ift=s
yt:@Xt—Fet, E[et]:(), E[eteg—]:{ 0 ift?é57

where © and ¥ are parameters to be estimated.

Is it possible to estimate an effect of each entry of x; on each entry of y,?
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m =25, s0 @ has m* x m* = m" = 390,625 entries (X has half as many)
OLS estimation: The OLS estimator is

D_yexi | (D xext

t=1 t=1

S, Su
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We need this m?> X m? matrix Sy to be non-singular.
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Débauche d'indices

m =25, s0 @ has m* x m* = m" = 390,625 entries (X has half as many)

OLS estimation: The OLS estimator is

(35r) (5

S, Su

6

We need this m?> X m? matrix Sy to be non-singular.
Problem: 10 years of weekly data gives n = 543, whereas m? = 625.

One solution: simplify the model.
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Q: Do actions of i’ predict those of i?

Q: Do actions towards j' predict those towards j?
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Bilinear regression

Q: Do actions of i’ predict those of i?

Q: Do actions towards j' predict those towards j?

A multiplicative effects model:
Yidw = DY b e+ €ije
I'/ J'/

Y. = AX.B” + E;

Yt:(B®A)Xt+et

(Not to be confused with the “growth curve” model (Potthoff and Roy, 1964; Gabriel,
1998) or the models of Basu et al. (2012); Shi et al. (2014).)
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A BY . Ax.RT|?2
(A,B)—argrpfé'nZHY, AX;B"|[*/n
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OLS estimation

A R — . o AX.RTI2
(A,B)_argrp}QZHY, AX;B'||°/n

For B # 0, the minimizer of the residual mean squared error in A is given by

A(B) = (Z Y,-BX,-T) (Z x,-BTBxT) B
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What are the estimators estimating?

Using the vectorized representation,

A > — H PR . 2
(A,B) =argmin > [ly; — (B® A)x[*/n
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What are the estimators estimating?

Using the vectorized representation,

S ;
(A.B) = argmin 3" Iy, (B ® A)xi*/n

References
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= arg T,ié] tr ((BTB ® ATA) Zx;xz—/n) —2tr ((B ® A) iny,-T/n)
= argmin tr(B'B® ATA)S,,) — 2tr ((B ® A)S,,)

~ argmin tr(B'B® ATA)Y,.) —2tr(B® A)L,) = (A, B)
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What are the estimators estimating?

Using the vectorized representation,
Aoy . o 12
(A.B) = argmin 3" Iy, (B ® A)xi*/n

— ; T T ! _ w7
,argrlr\]’lgtr ((B B® A A)Zx,x, /n) 2tr ((B®A)Zx,y, /n)
= arg Tigtr((BTB ®ATA)S,) —2tr((B® A)S,)

~ argmin tr(B'B® ATA)Y,.) —2tr(B® A)L,) = (A, B)

(A, é) are the pseudotrue values of the parameters.
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Aoy . o 12
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— ; T T ! _ w7
,argrlr\]’lgtr ((B B® A A)Zx,x, /n) 2tr ((B®A)Zx,y, /n)
= arg Tigtr((BTB ®ATA)S,) —2tr((B® A)S,)

~ argmin tr(B'B® ATA)Y,.) —2tr(B® A)L,) = (A, B)

(N , é) are the pseudotrue values of the parameters.

(A, B) are estimating (A, B), roughly speaking.
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What are the estimates estimating?

Correct mean model: If E[y|x] = (Bo ® Ao)x, then
é X A =By ® Aq.

(A unique minimizer, assuming X is positive definite.)
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What are the estimates estimating?

Correct mean model: If E[y|x] = (Bo ® Ao)x, then
é X A =By ® Aq.

(A unique minimizer, assuming X is positive definite.)

Incorrect mean model: If E[y|x] # (Bo ® Ao)x, but Y;j, X[ conditionally
independent, then

aiin=0

(under some conditions on ¥,.)
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Model comparison

Additive effects:

E[Y:] = AX.11" +117X,B”
Ely:] =(11" ® A+B®117)x,

Elvig.el = D> (@i + by )xir e
it
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Model comparison

Additive effects:
E[Y:] = AX.11" +11"X,B"
Ely:] =(11" ® A+B®117)x,
Eligd = Y > (@i + by )xijr.e
it

Dyadic effects:

E[Y.] =MoX,
Ely:] = D(m)x:

Elyij,e] = mijxije
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Tensor data

The ICEWS data includes categories of events, and so is
multivariate network data.
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Tensor data

The ICEWS data includes categories of events, and so is
multivariate network data.

Such data can be represented as a tensor {y;jx} =Y € R"*"*?P
i€{l,...,m} indexes actors;

J€{1,...,m} indexes targets;

ke {1,...,p} indexes types of actions.
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Tensor data

The ICEWS data includes categories of events, and so is
multivariate network data.

Such data can be represented as a tensor {y;jx} =Y € R"*"*?P
i€{1,...,m} indexes actors;

J€{1,...,m} indexes targets;

k € {1,...,p} indexes types of actions.

For this analysis, actions are categorized as follows:
k = 1: positive verbal

k = 2. positive material

k = 3: negative verbal

k = 4: negative material
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Multivariate multiway data
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Higher-order generalizations

Bilinear regression: Y € R™M*™ X ¢ RPLXP2

Y=AXB"+E
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Higher-order generalizations

Bilinear regression: Y € R™M*™ X ¢ RPLXP2

Y=AXB"+E

Multilinear regression: 'Y € R™M*m2Xms X ¢ RP1XP2XP3

C
= ?
Y=| axer |+E

How can such a transformation be defined?

18/36
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Higher-order generalizations

Bilinear regression: Y € R™*™ X € RP*P2 y = vec(Y

,x = vec(X)

y=(B®A)x+e
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Higher-order generalizations
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Multilinear regression: Y € RM*mMXms X ¢ RP1*P2XP3 y — vec(Y), x = vec(X)

y=(CB®A)x+e

Y =Xx{AB,C}+E
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Higher-order generalizations

Bilinear regression: Y € R™*™ X € RP*P2 y = vec(Y), x = vec(X)

=(B®A)x+e

Multilinear regression: Y € RM*mMXms X ¢ RP1*P2XP3 y — vec(Y), x = vec(X)
=(CeB®A)x+e

Y =Xx{AB,C}+E

P11 P2

Yij.k E § E Xt jt k' @i, bj j ik + €44,k

i’=1j'=1k'=1
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The multilinear Tucker product

Bilinear model: vec(Y) = (B ® A) vec(X) + vec(E)
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Bilinear model: vec(Y) = (B ® A) vec(X) + vec(E)

Multilinear model:  vec(Y) = (C ® B ® A) vec(X) + vec(E)

20/36



Bilinear regression for matrices Multilinear regression for tensors Sparse relational data
0000000000000 0O000@000 000000000000

The multilinear Tucker product

Bilinear model: vec(Y) = (B ® A) vec(X) + vec(E)

Multilinear model:  vec(Y) = (C ® B ® A) vec(X) + vec(E)

P1 P2 P3
Elyijk] = E E E Xir jt k' @it by jr Cie it

i’=1j'=1k"=1
E[Y] = X><1A><QB><3C
= Xx{A,B,C}
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i’=1j'=1k"=1
E[Y] = X><1A><QB><3C
= Xx{A,B,C}
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X X1 A X2 B X3 C
= Xx{A,B,C}
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Multilinear model:  vec(Y) = (C ® B ® A) vec(X) + vec(E)

pP1 P2 P3
E[yi,jﬁk] = E E E Xir jr k' @i i bj,j’ Ch k!

i=1j/=1k'=1
X X1 A X2 B X3 C
= Xx{A,B,C}

ETY]

Estimation: If Y =X x {A,B,C} 4+ E , then

Yu) = AX)(C®B)" +Eq
Y0 = BX)(C®A)" +Ep
Y = CX3(B@A)" +Eg)

Estimate {A, B, C} with ALS.
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Reciprocity and other effects

Reciprocity: yijx ~ Xijk + Xj,ik
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Non-parsimonious approach:
Y:=X: x {A,B,C} +X; x {A,B,C}+E

(m? + m? + p?) x 2 parameters.

Multilinear alternative: Construct X, € R™*mxpPx2

as
® Xijk1,t = VYijkt—1
® Xij,k,2,t = Yj,i,k,t—1

Y. =X: x {A,B,C,D} +E

m? + m? 4+ p? + 2 parameters.
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Reciprocity and other effects

Reciprocity: yij« ~ Xijk + Xj,ik

Non-parsimonious approach:

Y:=X: x {A,B,C} +X; x {A,B,C}+E

(m? 4+ m? 4 p?) x 2 parameters.

Multilinear alternative: Construct X, € R™*mxpPx2

as
® Xijk1,t = VYijkt—1
® Xij,k,2,t = Yj,i,k,t—1

Y. =X: x {A,B,C,D} +E

m? + m? 4+ p? + 2 parameters.

A similar approach can be used to parsimoniously model
® other network effects (transitivity);

® higher-order autoregressive parameters.

(Hoff, 2015)
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Bayesian inference via MCMC
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Multilinear regression for tensors
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Large influence parameters

A
ii’ Efa; 1] SD[a; ]
GBR DEU 0.137 0.023
DEU FRA 0.121 0.018
TUR IRN 0.120 0.015
FRA DEU 0.120 0.021
JPN KOR 0.114 0.020
AUS GBR 0.097 0.016
GBR USA 0.096 0.012
LBN IRN 0.088 0.012
KOR CHN 0.088 0.015
UKR RUS 0.061 0.011

B
jJ E[bj, 7] SDI[b; ]
GBR DEU 0.110 0.022
GBR AUS 0.101 0.024
ISR PSE 0.092 0.022
IRQ USA 0.067 0.012
AUS GBR 0.066 0.014
RUS USA 0.063 0.013
GBR USA 0.060 0.012
LBN ISR 0.060 0.014
PRK IRQ 0.054 0.011
SDN IRQ 0.047 0.011

entries of C and

are nominally significant and positive.
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Sparsity

Goal: Extend analysis to more countries.

Problem: Sparsity of relations.

e m = 25 : one pair has no events, 3% of pairs have ten or fewer.

e m =150 : 18% of pairs have no events, 50% have 10 or fewer.

The bulk of the data are not transformably normal.
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Method 1: Ordinal HMM

Baseline model: Pr(y;j: = 1|uij) = ®(ui;), or equivalently

Zjjx = Hi,j T €ijt

Yije = Uzije > 0)

Probit HMM: Pr(y,-’j,t = 1‘/.[,,‘}j, 49,-,“) = q)(/.l,,"j + nyj_yt), or equivalently

Zjje = pij + 0ije + €ije
Yije = U(zije > 0),

where
@t = A@t_lBT + UEt

Ordinal HMM: y; ; ; = f(z ), f non-decreasing.
(I treat f semiparametrically, using a rank likelihood as in Hoff (2007))
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Method 1: Ordinal HMM

A B
i, b Elaj,,]  SD[ay,5] i1, iy E[by,5]  SD[b2,jy ]
VEN BOL | 0.109 0.020 PSEISR | 0.178 0.018
DEU FIN | 0.142 0.020 SRB KOS | 0.127 0.018
ESP FIN | 0.121 0.020 LTULVA | 0.141 0.020
POL FIN | 0.106 0.018 ALB MKD | 0.151 0.025
PSEISR | 0.146 0.017 AUS NZL | 0.149 0.023
PSE NPL | 0.177 0.036 BEL PRT | 0.135 0.020
AUS NZL | 0.128 0.020 ISR PSE | 0.137 0.016
LBN SYR | 0.106 0.016 KOS SRB | 0.122 0.022
GBR USA | 0.074 0.012 LBN SYR | 0.086 0.014
ITA VAT | 0.089 0.018 GBR USA | 0.070 0.012

Table: Posterior means and standard deviations of the top ten elements of A and B, in
terms of the ratio of mean to standard deviation.
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Method 1: Ordinal HMM
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Method 2: Social influence regression

Multilinear GLM:

Yij,¢ ~ Poisson(e:t)
yij.t ~ binary(ei:t /(1 + e"iirt))
Mije = ai' Xebj
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Method 2: Social influence regression

Muiltilinear GLM:
yi.j,+ ~ Poisson(e":t)
Yij,t ~ binary(e"fwi»f/(]_ + e"i,j,t))
Nij,t = aiTxtbj

References

Influence coefficients a; i/, bj i generally associated with exogenous covariates:

e distance between i and i’;

e alliances, trade agreements between i and i’;
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Method 2: Social influence regression

Muiltilinear GLM:
yi.j,+ ~ Poisson(e":t)
Yij,t ~ binary(e"fwi»f/(]_ + e"i,j,t))
Nij,t = aiTthj

References

Influence coefficients a; i/, bj i generally associated with exogenous covariates:

e distance between i and i’;

e alliances, trade agreements between i and i’;

Idea: Simplify the model by making this explicit.
T
« Wi,i’

_ nT
b =B wjj

L
Il
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Method 2: Social influence regression

.
Nij,e = ai X¢by = E ajjr bjjs Xt jr ¢
i/jl

2 : T T
= [0 Wii’/B Wjj’Xi’j/t

i’j

T T
« Xir jr ¢ Wit Wjr B
I'/J‘I

CMT)?ijt/B
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Method 2: Social influence regression

.
Nij,e = ai X¢by = g ajjr bjjs Xt jr ¢
I'/jl

T T
= [0 Wii’ﬁ Vij’Xl'/j/l’

I'/j/
T T
=« Xirjr Wit Wt | B
I'/jl

= C!T)?ijt/B

The number of parameters has gone from 2 x n x (n—1) to 2 x q.
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Method 2: Social influence regression

.
Nij,e = ai X¢by = g ajjr bjjs Xt jr ¢
I'/jl

2 : T T
= [0 W,-,-//B Vij’Xl'/j/l’

i’j

T T
« Xirjr Wit Wt | B
I'/J‘I

aT)?,'jt/j

The number of parameters has gone from 2 x n x (n—1) to 2 x q.

The model is basically of the type considered by Zhou et al. (2013).
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Method 2: Social influence regression

Generalized tensor regression:

Elyi.e = f(mie)
Nij,t = QTZ,‘j,t + OéT (Z X,-/j/tW,-,-/WZi—/) 6

Covariates:

e z;. = (Idisty, ally;, ptay, yij,e—1, Yji,e—1)
o wjy = (ldist;, ally;/, pta;/)
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Method 2: Social influence regression
Dyadic component o:

coef ‘ est se z
Idist | -0.1313 0.0006 -219.8854
ally | 0.0057 0.0006 8.7728
pta | 0.0486 0.0008 64.2236
lag.int | 0.8279 0.0019  426.1852
tlag.int 0.2366 0.0019 121.8315

Initiator social influence &:

coef ‘ est se z
Idist | -0.0034 0e+00 -82.5877
ally | 0.0048 0e+00 110.5489
pta | -0.0057 le-04 -100.8460

Target social influence §:

coef ‘ est se z
Idist | -0.0092 1e-04 -95.7684
ally | 0.0089 1e-04 96.6667
pta | -0.0140 1e-04 -108.2068
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Method 2: Social influence regression

Dyadic component o:

rse z

coef ‘ est
Idist | -0.1313
ally | 0.0057
pta 0.0486
lag.int | 0.8279

tlag.int | 0.2366

Initiator social influence &:

0.0043 -30.3751
0.0055 1.0317
0.0056 8.6624
0.0228  36.3424
0.0228  10.3780

rse z

coef ‘ est
Idist | -0.0034
ally | 0.0048
pta | -0.0057

Target social influence §:

3e-04 -10.0735
3e-04  15.5362
4e-04 -15.5470

rse z

coef ‘ est
Idist | -0.0092
ally | 0.0089
pta | -0.0140

33/36

0.0009 -10.6345
0.0008  10.9789
0.0010 -14.5538
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Method 2: Social influence regression
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Discussion

e Multivariate relational data can be represented as a tensor.
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SVD model:
Y =UDV' +E

where U'U = V'V =I,, D = diag(di, ..., d,), {e;} ~iid N(0,c?).

TSVD: For Y € R™M*mM2xms

Y=Sx{U,V,W}
Y ~ S[l:rl,l:rg,l:r3] X {U[,13r1]7 V[713r2]7 W[>13r3]}
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Model-based TSVD
SVD: For Y € R™M*m

Y = UDbVv’
Y ~ U[’l;r]D[l:r,l:r]V[—I,-lir]

SVD model:
Y =UDV' +E

where U'U = V'V =I,, D = diag(di, ..., d,), {e;} ~iid N(0,c?).

TSVD: For Y € R™M*mM2xms

Y=Sx{U,V,W}
Y ~ S[l:rl,l:rg,l:r3] X {U[,13r1]7 V[713r2]7 W[>13r3]}

TSVD model:
Y=Sx{UV,W}+E

where U'U=1,,, V'V =1, W' W=1,,S e R*2%X3 [a 1 ~iid N(0,c?).
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Model-based TSVD (Hoff [2013])

Y =0S x {U,V,W} +oE
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Model-based TSVD (Hoff [2013])

Y =0S x{U,V,W} + cE
This model is invariant under transformations of the form

g:Y — aY¥ x {A,B,C}
g :(o,U,V,W,S) — (ac, AU, BV, CW, S)

fora>0 A'"A=1,,B'B=1,, C'C=1,,.

For known S, a best equivariant estimator exists and is a Bayes rule under

(o, U,V,W) = l

o

For unknown S, what is a reasonable prior?
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Prior over the core array (Hoff [2013])

Hierarchical normal prior:

S = vec(S) ~ N(O,w;), R Wo ® llll) ; (\Ill, W, l|l3) ~ T
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Prior over the core array (Hoff [2013])

Hierarchical normal prior:

S = vec(S) ~ N(O, Vs Q W, ® llll) ; (\ul,\UQ,\U3) ~ T

Marginal distribution: y = vec(Y) is normal mean zero with
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Prior over the core array (Hoff [2013])

Hierarchical normal prior:

S = vec(S) ~ N(O, Vs Q W, ® llll) ; (\ul,\UQ,\U3) ~ T

Marginal distribution: y = vec(Y) is normal mean zero with

Covly] = (WW;W' @ VW,V @ UW,U") +1

e Eigenvectors of W's are confounded with those of U, V, W;

e scales of the W's are confounded with each other.

Identifiable parametrization:
V3@ W, @ W =7°(A3 @ N2 @ Ny),

where 72 > 0, Ay is diagonal with tr(Ay) = 1.
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Model and prior (Hoff [2013])

Mean model

Y =0S x {U,V,W} +oE
Cov|vec(S)] = 7°As @ Ay ® Ay

28/40



Separable covariance arrays Applications Equivariant covariance estimation
0000000 00000 00000000

Model and prior (Hoff [2013])

Mean model

Y = oS x {U,V,W} + oE
Cov|vec(S)] = 7°As @ Ay ® Ay

Covariance model

y ~ N(0,X)
Y = ("WAsW' @ VALV @ UAMUT +1)
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Model and prior (Hoff [2013])

Mean model

Y = oS x {U,V,W} + oE
Cov|vec(S)] = 7°As @ Ay ® Ay

Covariance model
y ~ N(0,X)
Y = ("WAsW' @ VALV @ UAMUT +1)

Priors
e (o) =1/0
e U V.W, Ay, Ay, A3 uniform
o 1/7° ~ gamma(vo/2, 1075 /2)
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Simulation study (Hoff [2013])

Y — M _l_ O_E Y E R60X50X40

Task: Estimate M with rank(M) = (1, r2, r3)
Estimate M = oS x {U,V,W} |, S € R1*72*"7
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Simulation study (Hoff [2013])

Y — M _l_ O_E Y E R6OX50X40

Task: Estimate M with rank(M) = (1, r2, r3)
Estimate M = oS x {U,V,W} |, S € R1*72*"7

Conditions: s ~ N,,,,.(0,751)
e low or high rank: r = (6,5,4) or r = (30, 25, 20);
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Risks - misspecified rank

0 _
O low rank low noise
O low rank high noise
X high rank low noise
X high rank high noise
o _
E ¥
I
<=
©
X
D
o
S X X
X —X
Ca9)
€9
o
S -
| | | |
0.0 0.5 1.0 1.5

Risk of Myon

34/40



Separable covariance arrays Applications Equivariant covariance estimation Low-rank mean approximation
0000000 00000 00000000 (o]leloJo)oleloJo)olel Jolelele)e)

Extension and application (Hoff [2013])

Longitudinal multivariate IR data : Y = {y; , /} € R30*30x20%32
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e ;/ and j index initiator and target of action
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Extension and application (Hoff [2013])
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Eigenvectors of least-squares reduced rank approximation (HOSVD):
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Extension and application (Hoff [2013])
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Data are highly skewed counts - normal model/least squares not appropriate.
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Extension and application (Hoff [2013])
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Data are highly skewed counts - normal model/least squares not appropriate.

Scale-free TDM:

Z—Sx{UV,W,X}+E
Y = gu(Zk)
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Extension and application (Hoff [2013])
Eigenvectors of posterior mean array:
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e a different (and more interesting) description of heterogeneity;
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