Practice Examination # 3

Sta 230: Probability

December 13, 2012

This is a closed-book exam so do not refer to your notes, the text, or any
other books (please put them on the floor). You may use a single sheet of
notes or formulas and a calculator, but materials may not be shared. A
formula sheet and four blank worksheets are attached to the exam.

You must show your work to get partial credit. Even correct answers will
not receive full credit without justification.

Please give all numerical answers to at least two correct digits
or as exact fractions reduced to lowest terms. Write your solutions
as clearly as possible and make sure it’s easy to find your answers (circle
them if necessary), since you will not receive credit for work that I cannot
understand or find. Good Luck!

If you find a question confusing please ask me to clarify it.
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Problem 1: The United States Senate contains two senators from each
of the 50 states.

a. If a committee of eight senators is selected at random, what is the
probability it will contain at least one of the two senators from a
specified state 7

P(at least one of two) = 1 — P(none)

48 x 47 x ---40
P =
(none) = 0 19 x 42

b. What is the probability that a group of fifty senators selected at ran-
dom will contain one senator from each state ?

You can skip this problem

c. Assume there are 47 republican senators and 53 democrats. What is
the probability that a committee of 20 senators randomly selected will
contain 13 republicans ?

47y (53
L)
(100) :
20
d. Assume you do not know how many democrats or republicans there
are in the Senate. You observe a committee of 14 Senators that has

been drawn at random contains 8 democrats. Provide a distribution
over the number of Republicans in the full Senate.

Set the number of democrats in the senate to q. Set our prior proba-

bility of ¢ to be uniform over 1 to 100 or 7(q) = ﬁ

pih=s]q =Bl
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Problem 2: A poll from the 2000 election looked at past data and fore-
casted that G.W. Bush had a vote share of 49.1% with variance of 2.2%.

[1.] Convert the above numbers 49.1 and 2.2 into o and 3 of a Beta distri-
bution and state the Beta distribution on the parameter 6, the probability
of someone in Florida voting for Bush.

E[0] = 491 = aiﬁ
VI[o] = .022 = ap

(a+B)(a+B+1)

Solving the above gives us ag = 5.0866 and [y = 5.2377.

[2.] In July a polling firm asked 509 people who they would vote for and
got a response of 279 for Bush and 230 for Gore. If 8 is the probability of
voting for Bush then state

p(k =279 6,n = 509).

p(k =279 6,n = 509) = (ggg) 0%70(1 — §)°09-279,

[3.] Given p(k =279 | #,n = 509) from part (2) and the prior distribution
on 6 given by the Beta distribution in part (1) state

F(0 | k=279,n = 509).

509\ 4279 500-279  D(5.0866+5.2377) 15.0866—1 5.2377—1
(570)0°™(1 = 0) X T(5.0866)1(5.2377) 0 (1-190)

K
9279—}-5.0866—1(1 _ 9)509—279+5.2377—1

FO k=279,n=509) =

X

This implies that 6 is distributed as Beta(284.0866,235.2377).
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[4.] State E[f | k = 729,n = 509].
Given the above and the expectation of the Beta distribution

E[0 | k = 729,n = 509] = O%Lﬁ = 547
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Problem 3: The pdf of X and Y is
flay) =clz+y?), 0<2r<1,0<y<1

and 0 otherwise.

Determine
1. ¢
1,1
1 = c//(x—i—yQ)dmdy
0o Jo
1r 1
= c/ {/ xdw]—l—y2)dy
o LJo
1
= C/o (%+y2)dy
= ¢(1/2+1/3).
So ¢ =6/5.
2. f(z)
1
@) = 5 [ @it
6 1 1
= - d 2d}
5[$ ) y+/() yay
6 1
3. fy)
1
fly) = §/0($+y2)dw
B § ) 1 1 :|
= 5[3/ Od:c+/0xdx
6, 1
- 5
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4. f(x]y)

flly) =

5. f(X <1/2|Y =1/2)

JxX <1j2|y =12 = f@<l2y=172)

fly=1/2)
g JoP (@ + 1/4)d
9/10
6. P(X +Y < .2)
6 2 2—x
PX+Y<.2) = 5/ / (z + y*)dzdy
o Jo
6 2 2—x 2—x

= 5/0 [/0 :L‘dy—l—/O. y2)dy]dx

7. If X and Y are independent. They are not

f(x,y) # f(x) < f(y).
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Problem 4: Consider the following model

Y =BXi e, & “CN(0,1),

Determine

1. The pdf f(y1,.., yn | 1, ..., Tn, B)-

f(yl,...,yn|x1,...,ajn’ﬁ):(\/%)nﬁ[exp(—;(yi—ﬂ%)Q)]

2. Assume f is unknown, maximize the above pdf to provide an estimate

for .

X [F (1Yo | 21,0, ) =r%x}§§]w—ﬁmf

=1

using calculus we get B = %ﬁl)

Now consider the following model

Y = exp(BX; + &), & < N(0,1),

Determine

3. The pdf f(y1,...;yn | 1,-..,2pn,3). Consider z; = log(y;). We will
substitute z; for log(y;) but we need to consider that

dz dz;

|f(y)dy| = [f(2)dz|, @f(z) =fly), so dn 1/Y;
T, e Yn | @1, oy, B) = <\/127T> H {Z; exp(—% (zi — Bxi)?)
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Problem 5: . There are two dogs in a house. Each day the random
variable X ~ Bin(p) is the probability that the first dog is let outside. If
the dogs are let outside then the number of barks are

(Y| X =1) ~Pois(A1), (Y |X =0)~ Pois(A2).
1. If you observe over a day bark counts Y7, ...., Y, state the probability

that dog 1 was let outside that day, provide the same computation for
dog 2.

Ao
n A=A

no [AY no [A3 ‘
[Ti= {me 1} p+ILis {me 2} (1-p)

f(dog 1| Yy,....Y,) =

[Ty [2re 2] - p)

f(dOg 2 ’ Yi, 7Yn) = " i n NG :
[T [@Tige*’\l} p+1Lisy |:y3! 67/\2} (1-p)

2. What is E[Y] = p\ + (1 —p)A2 = V[Y].
3. State the joint, conditional, and marginal probabilities for X, Y.

See above for
f(dOg 1 ’ Y1> 7Yn) f(dOg 2 | }/177Yn)

The joints are

n \Yi B
f(dog 1,Y7,....Y,) = H [yj!e )‘1} D

i=1
f(dOg 27Y13"'7YTL) = |:

=1

Yi
)‘2

;!

e—ﬂ (1—0p).

~
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Problem 6: . You have a choice of placing your investments in one of six
funds. The return in a year in dollars for the six firms are

Xy ~ Pois(A1), Xo, ..., Xg < Pois(\y).
1. What is the probability that at least one the funds returned > $1 ?
Let Z = maX(Xl, ...,X6)

Pr(Z<1) = Pr(Xi<1l)n---N(Xe<1))
= PI‘(X1<1)X-~-XPI‘(X6<1)

_ e*)‘l)\? e*)‘Q)\g >
N 0! 0! '

Pr(Z>1) =1 [e"\l)\?] [6_’\”\8]5

So

o! 0!

2. What is E[max{X1,..., X¢}|? We’ll use the tail probability formula-
tion. Set Z = max{Xjy, ..., X¢}

E(Z] =) P(Z>1).

Where

e~ M)\k t e~ M2 )\k °
P(Zzt):l—lz o 1] [Z o 2] .

k=0
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Problem 7: . SupposeX and Y are random variables with Var(X) = 9,
Var(Y) =4, and p(X,Y) = —1/6.

Determine

1. Var(X +Y) and Var(X —3Y +4).

_,= CovXY) ov = ar ar = —
16— p = st = CoXY) = v/ Var (X Var(Y) = -1

Var(X +Y) = Var(X) + var(Y) + 2Cov(X,Y) =
Var(X —3Y +4) = Var(X)+Var(3Y)+2Cov(X, —3Y) = Var(X)+9Var(Y)—6Cov(X,Y)

2. Cov(X,Y).
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(Nearly) Blank Work-Sheet #1 (of 4)
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(Nearly) Blank Work-Sheet #2 (of 4)

Fall 2006 Page 12 of 10 Nov 30, 2006



Name: Sta 130

(Nearly) Blank Work-Sheet #3 (of 4)
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(Nearly) Blank Work-Sheet #4 (of 4)
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Distributions
Binomial Pr[X =2] = (n)pmq("_x), r=0,1,...,n pu=np, 0>=npq
x
Poisson PriX =k] = MNe Yk, kE=0,1,... p=2X 2=\
Poisson process Pr[X =k[t] = (at)fe ®/k!, k=0,1,...
Geometric PriX=2] = p¢*, y=0,1,2,... w=q/p, o>=q/p
(%) Cs)
Hypergeometric  Pr[X =z] = %, z=0,1,2,... W= n%
ot = Nl - )
Exponential PriX <z] = 1-—e, z€(0,00) p=1/X\ 02 =1/)\2
flx) = Xe ™™ £>0,0 <0
Uniform PrX <a] = (z—a)/(b—a), € (a,b)  p=2t o2 = L2
1
flx) = T a<z<b; 0, = ¢ (a,b)
_ r—H _ 2 _ 2
Normal PriX <z] = & ), xeR p=p, 0°=0o
o
1 2 2
— —(z—p)?/20
r) = e , x€eR
f(x) oo
k terms
" n! %
P = =R =Mm)(n—-1)--(n—k+1)
n n! (n)(n—1)---(n—k+1)
“ h k”: — —
e <k> =kl Rk=-1) (1)
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(a+b)"=3"1_ (Zg a*b"

Yizgart=a/(1—r Yi—gart=(a—ar™t)/(1 1)

Pr[X<x] F(z)= [*_ f(t)dt f(z)=F'(x)
= [9(@)f(x)dz Elg(X)]=2_, 9(x)P(x)

i L Rt 4

Aand B:ANB not A: A° Aor B:AUB
P[A|B]= P[A N B]/P[B] P[B|A] = P[A N B]/P[A4]

P[AN B]= P[A|B] P[B] P[AU B]=P[A] + P[B] — P[AN B|
Independent < P[A N B] = P[A] P[B]; Exclusive< P[ANB] =0
Bayes: P[A;|B]= P[BIAl]P[F;\[ﬁff}ig[lfiahfxup[flk] AinA;=0, PA]+..+P[4]=1

Sterling: n! ~ v/27mn (%)
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Continuous Discrete

Mean uw=E[X]= x f(x)dx = Z xp(x)
Variance 02 = Var[X]= / (z — p)? f(z)dzx = Z(m — u)*p(x)
= E[X"] - E[X]? = E[X? - E[X]?
Expectation  Elg(X. V)] = [ [ g(a.v) f(w.y)dody =" g, ) plsw)
Ty
Cowriance  CovlX,¥]= [ [0 =)y = 1) o g)drdy= 3" = i) 1) )
x7y
= E[XY] — E[X]E[Y] = E[XY] — E[X]E[Y]
Correlation p[X,Y]= Cov[X,Y]/oxoy
coeflicient
Conditional flaly) = f(z,y)/ f2(y) =p(z,y)/p2(y)
Marginal fi(z)= / f(x,y)dy => pla,y)
o "
flo)= [ s =Y p(y)
Independent < f(z,y) = filz) f2(y) < p(z,y) = p1(z) p2(y)
& flzly) = fi(x) & p(zly) = pi(x)
& fylz) = fa(y) < pylr) = pa(y)
Conf. Intervals p=1T+ 2425/ vn Large Sample
=T +to95/Vn Small Sample (normal)
p=p=EzaVDq/n Population Proportion
2 2
Diff. of Means p1 — p2=(T1 — T2) £ 24/2 % + fTQ Large Samples
1 2
2 &2
= (T1 — T2) T ta)2 A Small Samples
ni n9
= — Tyt za/QsA/\/ﬁ Matched Pairs, large n

=1 — T3 £ ta 5 /Vn Matched Pairs, small n, normal



Sample Mean

Sample Variance

Regression slope

Regression offset

Sum Square Error

Estimate of variance

TSS
CD

F-dist

F_

gy D))
' S (; — 7)2

— Gy = Zy—nBle — gz
SSB=" (i — i)

_ 'SSE

T n-—2
SST = (yi fy)z

_ | SSE

SST

St/ot
- 83/a3

F-dist with m — 1,n — 1 d.o.f.

Deg fdm: v =n—1



