UBIQUITY OF

COMPOSITIONAL DATA

Compositional: Relating to parts of some whole

Proportions

Parts per million X+Y+Z=k
Percentages And all Positive
RELATIVE DATA

Simple Examples

* Does hongite have more calcium than struvite? (.q., parts per million)
 Have | been spending more of my day in the bathroom since | ate that

sandwich? (e.q., percentage of your day)
* Does my cow produce higher protein milk when | feed her that

sandwich? (e.q., proportion of calories from protein)
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APPROACHES

TO CORRECTING DISTANCE

Transform statistics:
Aitchison distance

d(Q?f;}ZUJ) = (Z(ZOQ( ok ) ZOQ( xjk)))Q) Aitchison, 1986

— 7 g(x)




APPROACHES

TO CORRECTING DISTANCE

Transform statistics:
Aitchison distance

d($z+$3) — (Z(ZOQ( ik ) ZOQ( xjk)))Z) Aitchison, 1986

1 g(x;) 9(%;

Transform data (x<)):



APPROACHES

TO CORRECTING DISTANCE

Transform statistics:
Aitchison distance

d($z+$3) — (Z(ZOQ( ik ) ZOQ( xjk)))Z) Aitchison, 1986

1 g(x;) 9(%;

Transform data (x<>y):

Euclidean distance

b %
d(yi,yj) = (Z(yzk - yjk:)Q)

k=1
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requirements for a proper analysis

@ scale invariance: the analysis should not depend on the
closure constant «; proportional positive vectors are
equivalent as compositions

@ permutation invariance: the order of the parts should be
irrelevant

@ subcompositional coherence: studies performed on
subcompositions should not stand in contradiction with
those performed on the full composition



clr representation
e0

centred log-ratio (clIr) transformation

Composition x € SP
clr transformation of x is the RP-vector

clr(x) =v = [In

X1 Xj XD :|

@,...,Inm,...,lnm

D 1/D X D
g(x):(Hx,) ,v,:an)’(),Zv,:o

i=1 i=1

clr inverse: back into the simplex SP

x =clr '(v) = Cexp[vy, Va, . . ., Vp]



clr representation
oe

Properties of clr representation

@ clr coefficients are log-contrasts
D

@ isometry S? — RY
clr transforms &, ® into +, -
clr(a © X1 @ B O X2) = a - clr(Xq) + 3 - clr(X2)

(X1,X2)a = (clr(X1), clr(X2))

[X1[la = [lelr(X4)[| ,  da(X1,X2) = d(clr(xy), clr(x2))



Orthonormal basis. Balances
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orthonormal basis and ilr-coordinates

Orthonormal basis

Definition
Compositions e, @, ..., €p_4 in SP are an orthonormal basis if

<e,~,ej>a = (clr(e,-),clr(ej)) = (5,']'
Basis contrast matrix: clr matrix of the basis (D — 1, D)

clr(e)

v— clr(ez) W =, WWw= /D—(1/D)1/D10

clr(ep—1)



Orthonormal basis. Balances
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orthonormal basis and ilr-coordinates

Coordinates

Given an orthonormal basis e1, e», ..., ep_1 in SP,
Expression in coordinates

D-1
x=EPxoe, x=(xe),
=1

Isometric log-ratio: assigns coordinates to a composition
ilr : SP — RP-1 is one-to-one.
ilr
X — X' =[X{,X%,...,Xp_1]



Orthonormal basis. Balances
[e]e] ]

orthonormal basis and ilr-coordinates

Properties of ilr-coordinates

Given an orthonormal basis e, ey, ..., ep_1 in SP
ilr and ilr "

x* =ilr(x) = clr(x) - W | x=C(exp(x*W))
Isometry: ilr : SP — RP-1
il ©X1 &L OX2) =a-ilr(Xq) + G -ilr(Xp) = a- X7 + 0 X5

(X1,%2)a = (ilr(x1),ilr(x2)) = (X3, %3)

X[l = [lilr(x)[| ,  da(x1,X2) = d(ilr(xy), ilr(x2))



Orthonormal basis. Balances
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balances

Building an orthonormal basis of balances

the intuitive approach

example: for x € S° define a sequential binary partition and
obtain the coordinates in the corresponding orthonormal basis

order | X1 X2 X3 Xe Xs coordinate
I e B R N DRV R ORe
2 | 0 +1 0 0 —1|p=./iinz
3 [+1 0 1 1 0 |p=/{2n N
4 [0 0 4+ 1 0 |p=\Ene




Orthonormal basis. Balances
oe

balances

Balances and balancing elements

Coordinates in an orthonormal basis obtained from a
sequential binary partition:

15 e )"
i+si (Ilges Xe)'/s

i

where i = order of partition, R; and S; index sets,
r; the number of indices in R;, s; the number in S;
The corresponding balancing element is

e; = C(exp[vi1, Vi, - - -, ¥ip])

_ S
ri(ri + sj)

r.
’ 1/}/7 = - I ) ¢i0 =0

Vi si(ri + si)



Enhancing interpretation
@000

parallel lines

Processes of exponential growth or decay are straight-lines:
Xi(t) = x;(0) -exp(Ajt) , i=1,2,...,D
X(t) = x(0) ® (t © exp(A))

x1

x2 x3 "

inS3 coordinate representation



Enhancing interpretation
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circles and ellipses

AZ

inS3 coordinate representation



Centre and total variance
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variability, centre and variance

X random composition in SP

X* random ilr-coordinates in RP—1
zeSP

variability with respect to z

Var[X; 2] = /R . d?(X*,z*) fx- dx*

centre and total variance

Cen[X] = argminVar[X;z] , TotVar[X]= mzinVar[X; z|
z

computation of centre

Cen[X] = ilr " (E[ilr(X)]) = C exp(E[In(x)])



Centre and total variance
oe

three decompositions of total variance

X random composition in SP
X* = ilr(X) random ilr-coordinates in RP~"
the decomposition of total variance

TotVarX] = 2 D Z Z Var [In ]

i=1 j=1

= Z Var[clr;(X)]
=1

D—1
= ) Varfilr(X)]
J=1

basic in exploratory analysis and linear modelling
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Ruminococcus (#)
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B Observed Compositions
Lactobacillus (%)
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C Balances Depicted on
Phylogenetic Tree

Community A 1

*
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D Transform in Simplex
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2
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Bacteroides (%)

y7 Balance of Bacteroides to Ruminococcus and Lactobacillus
y> Balance of Ruminococcus to Lactobacillus

Bacteroides (%)

Ruminococcus (%)

Ruminococcus (%)

Data Embedded
in PhILR Space

Vo A
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