Geometric Inequalities for the Eigenvalues of Concentrated Markov Chains
Author(s): Olivier Frangois

Source: Journal of Applied Probability, Vol. 37, No. 1 (Mar., 2000), pp. 15-28
Published by: Applied Probability Trust

Stable URL: http://www.jstor.org/stable/3215656

Accessed: 22/01/2009 15:26

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher ?publisherCode=apt.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is anot-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the
scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.

Applied Probability Trust is collaborating with JISTOR to digitize, preserve and extend access to Journal of
Applied Probability.

http://www.jstor.org


http://www.jstor.org/stable/3215656?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=apt

J. Appl. Prob. 37, 15-28 (2000)
Printed in Israel
© Applied Probability Trust 2000

GEOMETRIC INEQUALITIES FOR THE EIGENVALUES OF
CONCENTRATED MARKOV CHAINS

OLIVIER FRANCOIS,* LMC/IMAG

Abstract

This article describes new estimates for the second largest eigenvalue in absolute value of
reversible and ergodic Markov chains on finite state spaces. These estimates apply when
the stationary distribution assigns a probability higher than 0.702 to some given state
of the chain. Geometric tools are used. The bounds mainly involve the isoperimetric
constant of the chain, and hence generalize famous results obtained for the second
eigenvalue. Comparison estimates are also established, using the isoperimetric constant
of a reference chain. These results apply to the Metropolis-Hastings algorithm in order
to solve minimization problems, when the probability of obtaining the solution from the
algorithm can be chosen beforehand. For these dynamics, robust bounds are obtained at
moderate levels of concentration.
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1. Introduction

During the past few years, Markov chain Monte Carlo methods have proved to be useful
in seeking the absolute minimum of a function H defined on a finite set E. In these methods,
an ergodic reversible Markov chain is simulated, for which the stationary distribution tends to
concentrate on the absolute minimum. However, Monte Carlo algorithms return approximate
solutions, and the quality of the approximation depends on the number N of steps performed
by the chain.

Most often, the stationary distribution is a Gibbs distribution, which depends on a positive
parameter T called temperature:

_ exp(—H@®)/T)

VieE, mnr(i) Zr 1)
where
Zr =) exp(~H()/T). 0
i€E

In this article, the function H is assumed to be non-negative and minimal at a unique point i,
in E such that H (i,) = 0. Thus, one has

nr(y) > 1 as T — 0. A3)
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16 0. FRANCOIS

Hence, simulating w7 at low temperatures enables us to solve the minimization problem
associated with H with high probability. Let « be a number in the interval (0, 1), say @ > %
and assume that T can be fixed so that

7 (iy) > . (4)

Denote by Xy the state which is returned at the end of the algorithm. For ‘large’ N. the
probability P(X y = i,) is correctly approximated by 77 (ix). Then, one has

P(Xy =ix) > a. (5)

Therefore, the number & may be viewed as a level of the confidence that a user can have in the
Monte Carlo minimization procedure.

In order to make the method efficient, the distribution of the Markov chain at the final step
must be close to the stationary distribution 7. Then, the main issue consists of finding the
number N of steps needed to reach the stationary distribution.

It is well known that the rate of convergence towards the stationary distribution is controlled
by the spectral gap of the chain (the second largest eigenvalue in absolute value). This article
gives new estimates on the spectral gap of a reversible Markov chain under the hypothesis that
Equation (4) is satisfied for o greater than an explicit value (close to 0.701, see Section 2).
The approach is geometric. Intuitively, fast convergence is expected when the chain moves
quickly to the subsets having large probability under the stationary distribution. This situation
corresponds to large values of geometric quantities called isoperimetric constants. References
[16, 21] shed light on the role played by these quantities on the control of the second eigenvalue
of the chain. This article emphasizes the control which is exerted on the whole spectrum
by the isoperimetric constant. It is organized as follows. The main results are stated in
Section 2. The proofs are given in Section 3. Among Markov chain Monte Carlo methods.
Metropolis—Hastings dynamics are very popular [12, 18]. In Section 4, our bounds are applied
to the Metropolis—Hastings dynamics, yielding robust convergence estimates. The paper is
concluded by a short discussion, in which the results are compared to those obtained in [15].

2. Background and presentation of the main results

2.1. Previous results
This article considers reversible ergodic Markov chains defined on the finite set

E={l.....,n}, n>2. (6)

Let 7w denote the (common) stationary distribution of these chains. The subscript T is used
when 7 = m7 is a Gibbs distribution at temperature 7. The transition matrix is denoted by
P = (p(i, j))i,j=1..n, OF Pr when the stationary distribution is 7. Also denote

Vi,jeE, a( j)=n@pQ j). (7
Reversibility induces that
Vi,jeE, a( j)=a(j, i. (8)
The eigenvalues of P are real, and can be ordered as follows

1 <A< -<A<i =1 9)
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Denote
p(P) = max{|A,|, A2}. (10)

It is well known that p(P) controls the convergence of the chain towards its stationary dis-
tribution. For instance, such a control is expressed in the following result (see, for example,
(6,5, 14]):

— (i)
47 (i)

VieE, |IPG,)—mOllFy < : p(P)*, (11)

where P*(i, .) is the conditional distribution of the chain at step k starting from i € E and
|| . |lrv denotes the total variation norm.
The isoperimetric constant of a subset S C E is defined as

ZieS,j¢Sa(i’ 7

¢(S) = 2(S) :

(12)
where 7(S) = ;¢ 7(i). This quantity represents the conditional probability under station-
arity that the chain exits from the set S in a single step given that it starts in S. The symmetric
isoperimetric constant of S is defined as

Z #(S)
)= ———. 13
oS = o (13)
The global symmetric isoperimetric constant is equal to
b = min ¢(S), 14
¢ min #(S) (14)

where the minimum runs over the proper subsets of E (S # @ and S # E). In the literature
about Markov chains, the most studied eigenvalue is A». Lawler and Sokal [16] and Sinclair
and Jerrum [21] have given a bound on the second eigenvalue in terms of the isoperimetric
constant. Lawler and Sokal’s bound is as follows

—2
A<l ‘%. (15)

This bound parallels a previous result of Cheeger in Riemannian geometry [3]. To apply this
result to convergence issues, many authors consider the modified transition matrix

P =0I+(1-6)P, 0<6<1 (16)

which is still reversible. If 6 is carefully chosen, the eigenvalues of P’ are non-negative, and
o(P") = Ay. To avoid the computation of A,, some authors recommend 6 = % However, this
choice seems inefficient with regard to practical implementations (the dynamics slow down).
A clever choice of 6 may demand some knowledge about A,,. Although it might be interesting
to deal with this issue, we will not develop it further in this paper.

Diaconis and Stroock [6] should be mentioned here. This reference gives nice and useful
bounds on the second and last eigenvalues by using geometric methods. Their technique has

been inspired by Poincaré’s inequalities (see for example [19]). However, a drawback of
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their approach is that two different bounds must be compared in order to obtain an inequality
for p(P). The comparison often involves several geometric quantities which are difficult to
estimate (see [15]). The aim of the present paper is to use the isoperimetric constant to bound
[An| as well as A2, in order to avoid the heavy computations sometimes required by Poincaré’s
inequalities.

In [7], a result related to those presented in this article has been proved. Assuming that
there exists an iy, € E such that w(i,) > % one has

2 1 2 2
p(PR<1—(2- 9%, an

7T (ix)

where the minimum runs over proper subsets of £. However, [7] also emphasizes that the
bound is not accurate, even when 7 (i) is close to 1. Its application to the Metropolis—Hastings
dynamics leads to very rough estimates for the convergence rate. In addition, it has been
observed that ¢ would yield better estimates.

2.2. Main results

Our first result can be stated as follows. Let

4 1 139
ve = (19/27 + /33 9)1/3+—(—-————) - = (19)
15/ / 9\ 19/27 + /33/9 3

and let i, € E be such that
(i) > v, (20)
Let A < 1 be an eigenvalue of P. Then the following bound holds (Theorem 3.1):
A2 <1— K292, (21)

with

Ke=1—V1 =m0+ Vr0)). (22)

This result can be easily translated into a bound on the convergence rate of the chain towards its
stationary distribution (Corollary 3.1). Note that the value v2 is approximately equal to 0.701,
and hence defines a suitable level of confidence for implementing a Monte Carlo minimization
method.

The second result presented in this paper generalizes the former to the comparison of two
Markov chains. A generic idea in comparison is to bound the eigenvalues of a chain by using
the isoperimetric constant of another chain for which explicit calculations can be done. Let P>
denote the transition matrix of the reference chain while P; denotes the transition matrix of the
chain of interest. Let i, € E be as in Equation (20) and » < 1 be an eigenvalue of P;. Then,
we obtain the following bound (Theorem 3.2):

A< 1 - K27 A%, (23)
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where ¢, is the isoperimetric constant associated with the transition matrix P. In this bound,
A is a new geometric constant computed from P;, P and a fixed subset of finite trajectories
for Pj.

The precise statement and proof of Theorems 3.1 and 3.2 will be given in Section 3.
Theorem 3.1 is inspired by Cheeger’s result, whereas Theorem 3.2 uses both Cheeger’s and
Poincaré’s techniques.

Theorems 3.1 and 3.2 are appropriate to study the Metropolis—Hastings dynamics. These
dynamics are frequently used in the context of minimization by simulated annealing [2, 11,
15, 5]. They correspond to the reversible transition matrix Pr which is defined as follows.
Let Q be an arbitrary symmetric aperiodic and irreducible transition matrix on E, such that
q(i,i) =0foralli € E. Let

q(, ])F<:TT((;))) if 77(j) > 77 ()
Vi#j, prG j)= . . (24)
q(,j )—NT(j) F (—”T (])) otherwise,
mr(@)  \7r()
and
prii, i) =1-=3" prG, j), (25)

J#i
where F is an arbitrary function such that 0 < F(x) < 1for0 < x < 1. (The standard
Metropolis dynamics is obtained for F = 1.) Let « be such that

vf <a<l, (26)

and
T < min;;, H (i) .
~ log(a(n —1)/(1 — a))

Our third result involves a constant m called the least total elevation gain [13] (a definition
will be given in Section 4). Let A7 < 1 be an eigenvalue of the transition matrix Pr. Then, we
have (Theorem 4.1)

27

A2 <1— K2 2m/T, (28)

with
_ 1—V1—a(l+a)

abr

K in F i k, ¢
min F(x) (i, q(k, £)
where br is a geometric constant to be defined in Section 4, min, F(x) runs over all possible
values of the ratio x = 77 (j)/7r(i), and (k — ¢£) is an edge of the transition graph.
In comparison with the results obtained from Poincaré’s inequalities [15], the main advan-
tage of this approach is its robustness with respect to

5= min |HG - HG)I. 29)
i—J);
H(i)#H(j)
When T is fixed and § is small, the estimates given by [15] may become very inaccurate. In
contrast, the previous bound may be applied with small regard to the constant §.
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3. Geometric inequalities for the eigenvalues of a reversible Markov chain

3.1. Cheeger-like estimates

As usual, the space of functions defined on E is endowed with a Hilbertian structure. This
space is denoted by L2(;r) and

Vi g€ L*(n), (fig)=) m()f(i)gh). (30)

i=1

The transition matrix P is reversible if and only if P is self-adjoint as an operator of L’(rr).
In this section, the following result is proved.

Theorem 3.1. Let P be the transition matrix of a reversible Markov chain on E and i, € E
be such that m (iy) > vf, where v, is given by Equation (19). Let . < 1 be an eigenvalue of P.
Then we have

2 272
1- 22> K242, 31

where K, =1 — /1 —m(i)(1 +Vm(ix)).

Corollary 3.1. Let P be the transition matrix of an ergodic reversible Markov chain on E and
ix € E be such that 7 (i) > vf. Then we have

I —m(@)

Vi PG, ) — O3
ieE, || . 71'()”7"/5 e

(1 — K2¢H*. (32)

Proof. This is an obvious consequence of Theorem 3.1 and Equation (11).
The proof of Theorem 3.1 starts with a lemma on the eigenfunctions of the chain.

Lemma 3.1. Let P be the transition matrix of a time-reversible Markov chain. Let . < 1 be
an eigenvalue of P and f an associated eigenfunction satisfying (f, f) = 1. Then we have,
foralli € E,

Y TDIFDI VT =@ 1+ Vr(@)). (33)

j=1

Proof. First, f is orthogonal to the constant 1. Thus,

T f@) ==Y 7)) (34)
J#i

By elevating to the square and applying Cauchy—Schwarz’s inequality, we obtain

, 1 R 1 . .
Ao = 70 (;nmm)) ] (;rr(/)fz(/)) (an)

J#

=129 G rea. (35)

72(i)
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Therefore
1
fAi)<———1, ViekE. (36)
(i)

Again making use of the Cauchy—Schwarz inequality, we obtain

Y aDIFDI = Y 2DIF DI+ 7D FG)

j=1 J#i
n /2, n 1/2
s(Zn(j)) (Zn(j)ﬁ(j)) + () fO)]. 37
j#i J#i

To conclude, it follows from Equation (36) that
z 1
Y DD VT =70 +70) ol
j=1
=VI-a@O 1+ r@). (38)

A lemma from probability theory is also needed.

Lemma 3.2. Let X and Y be two i.i.d. random variables such that E[X] = 0 and var(X) = 1.
Then

E[IX? - Y] > 2(1 — E[IX]]). (39)

Proof. See [16], Proposition 2.2 (Equation (2.28)), p. 563.
The proof of Theorem 3.1 can now be given.

Proof of Theorem 3.1. Let f be an eigenfunction associated with the eigenvalue A < 1 and
satisfying ( f, f) = 1. Reordering the elements of E, we assume that

A < ) <--- < 2. (40)
For all real ¢ > 0, we denote
Ust) = Za(i, D2y, 207 @) 1)
i<j
and
Vi(t) = Y ()L p20), 2y @) (42)
i<j

where 1(, ) denotes the indicator function of the interval (a, b), a < b. According to [19],
the Dirichlet form associated with P is given by

E(f, f) =)_al, NFG@) — fFG) (43)

i<j
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By Cauchy—Schwarz’s inequality, we obtain

A

2 1 n
(Za(i’ DIFFD = fz(j)l) < (5 Y al, HFO + f(j))2> &(f. f)

i<j l,]:]

=1-32 (44)

On the left-hand side, we have

5 5 1)
Y al, pIfFE - )l = fo Uy(t)dt

i<j
fim
= f YrOy @yar
2y Ve
> ¢ Y xS - f20)
i<j
=23 (I - (45)
ij=I1
Applying Lemma 3.2 yields
Y al, PIFF@ - 7))l = ¢‘>(1 - Zn(jnf(j)l). (46)
i<j j=1
Before applying Lemma 3.1, note that
VI =) +/rly)) < 1 (47)
if and only if
(i) > vf. (48)
Finally,
VI=222 ¢l =1 = 7)1+ Vr (i) (49)

It can be seen from the special case of two-state transition matrices that the bound given
in Theorem 3.1 is not sharp, but differs from the true result by the power two. For instance,
consider the Metropolis independence base chain, whose transition matrix M is given by

1/n if w@i) <)),
w(j)/nm(i) otherwise

m(, i) =1— Zm(i,j), (51)
i

Vi# jom(i, j) = (50)
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where we assume that w(1) > 0.702. This chain is a particular case of the Metropolis

algorithm, and it will play a significant role in the proof of our third result. The spectrum

of this chain can be entirely described [5]. The constant o (P) is given by
1

nm(l)’

p(P)=1- (52)
The isoperimetric constant ¢ is close to 1/n if 7(1) is close to 1. The bound obtained in
Theorem 3.1 behaves as (I — 1/n2)!/2. This does not give the correct order of convergence
rate. However, this drawback is well known in the Cheeger-like approach. A more significant
example will be studied in Section 4. In this perspective, the comparison results presented in
the next section will be useful.

3.2. Comparison of two chains

In this section, the Cheeger-like approach is merged with Poincaré’s method used in [6, 4],
in order to give new estimates for the eigenvalues of reversible Markov chains. In what follows,
P, denotes the transition matrix of a reference chain while P; denotes the transition matrix of
the chain of interest. Both chains are reversible with respect to the same probability distribution
. For all i, j € E, denote by y;; a path of Py from i to j without loops (irreducibility
warrants the existence of such a path), that is, a sequence iy = i, ix,...,ir = j such that
P1(k, ik+1) > Oand ik & {io, ..., ix—1}. An edge of the transition graph between k and ¢,
k # £ is denoted by (k — £), still with respect to P;. Let I" be an arbitrary set of paths of P;
consisting of one path y;; for alli < j in E. Assume that I' is symmetric. If y;; € T, then
I" also contains y;;, which is obtained by reversing the sequence y;;. The following result is
proved.

Theorem 3.2. Let Py, P, be the transition matrices of reversible Markov chains on E and let

iy € E be such that m(iy) > v,%, where vy is as in Equation (19). Let A < 1 be an eigenvalue
of Py. Then we have

-2 > K2/ A2 (53)
where
_ n(@)p2(, J)
A=mac D oD o9

vij2(k—£)
and ¢, is the isoperimetric constant associated with the transition matrix P;.

Proof. Let f be an eigenfunction of Py associated with the eigenvalue A < 1 and satisfying
(f, f) = 1. Reordering the elements of E as before, we assume that

A <2 << 2. (55)
Denote
Vi,jeE, as(, j)=m@)psQ,j), s=1,2. (56)

Following the same lines as in the proof of Theorem 3.1, we obtain

$2(1 =1 =71 +Vr@))) <Y al, PIFE) — F2G)I- (57)

i<j
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Introducing the set of paths I', and using the triangle inequality

Yoal, PIFPG = DI =) a. j)

i<j i<j

Y, flo- fz(k)‘

(k—>[)€)/,'j

k, ¢
<Y alij) Y, Z;Ek,e;'fz(“‘fz"‘”

i<j (k—0)ey;j
I ax(i, j) ) ,
3 X ZD koo P
k.t y,-,-a(k—»@)

< Al — D172, (58)

An obvious way to obtain a new bound on the spectrum of the chain P; is to choose
Vi,jeE, pa@i,j)=m()). (59)

This gives rise to the following result.

Theorem 3.3. Let P be the transition matrix of a reversible Markov chain on E and let i, € E
be such that (i) > vf. Then we have

p(PY <1—K2/n% (60)
where
(@) (j)
= max e (61)
=08 2. (7 Upk. 0

Yij2tk—¢

Proof Check that A = n and ¢, = 1 when P, is defined as in Equation (59).

Since

1 -
- 5 ¢* (62)
n

the previous bound is always less accurate than (31). However, n may be easier to compute
than ¢, and such a bound may sometimes be useful.

4. Application to the Metropolis—Hastings dynamics

This section provides new results for the Metropolis—Hastings dynamics, built upon the
geometric inequalities established in Section 3. The transition matrix P = Pr is defined as in
Equation (25) and pr = p(Pr). The graph associated with Pr has E as the set of vertices,
and the set of edges is given by the pairs {i, j} such thatg(i, j) > 0.

The Metropolis chain has been studied in great detail [15, 5, 10, 9]. At low temperatures,
Ingrassia [15] has applied Poincaré’s inequalities, following the method initiated by [13]. In
these references, the convergence rate of the Metropolis dynamics is expressed in terms of a
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parameter m called the least total elevation gain. For each path y;; between i and j (with
respect to Pr), the elevation is defined as

elev(yij) = max{H (ir)}, (63)

where the maximum runs over all vertices in y;j. Let H;; be the lowest possible elevation
between i and j over all self-avoiding paths y;; from i to j. Then, the least total elevation gain
is

m = max {H;; — H(@i) — H(j)}. (64)
i,jeE

Asymptotic results for Markov chains with rare transitions [8, 1] show that
ot = A2(T) (65)
for small 7', and
1= A(T)~Ce™T asT —0, (66)

where C is a positive constant. The results obtained in this section necessitate the use of the
Comparison Theorem 3.2. To apply this theorem, the set of admissible paths I' is defined as
follows. As in [13], y;; is an admissible path (y;; € T') if

elev(y;j) — H(i) — H(j) < m. (67)
The maximal number of paths which contain a fixed edge e is denoted by

br = #y est.y se}. 68
r e=n(r}ca_x>e) {y st.yse} (68)

To start with, a lower bound on pr can be given at low temperatures. According to the
variational formula for eigenvalues, one has, for each proper subset S C E,

pr = 1= (). (69)

For a proof of this result, see for example [6]. According to Equation (69), a lower bound on
pr can be obtained by considering the subset S C E defined below (actually, the same as [15],
p- 357). Let ip and jo be two elements in E such that

Hiyjo — H(io) — H(jo) =m (70)
and H (ip) < H (jo). Consider the subset

S ={i € Est. Hj,; < Hyj,}. 71
Then, ip € S and jo € S. When T is small enough, one has

2
pr > 1 — max q(k, £) max F(x) —e /T (12)
- k=) x 4 ’

where x = wr(j)/nr(i), i, j € E.

As upper estimates are concerned, the next result establishes a robust bound on the spectral
gap.
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Theorem 4.1. Let | > o > v2, and
T < min; »;, H (i) .
log(a(n — 1)/(1 —a))

Then the constant pr associated with the transition matrix Pr given in Equation (25) satisfies

(73)

pr <1 — K2 2m/T (74)
with

1=V —a(+/a)

K
abr

min F(x) min q(k, ¢), (75)
x (k—¢)

where min, F(x) runs over the values of the ratio x = w7 (j)/mr(i).

Proof. In general, the symmetric isoperimetric constant ¢ cannot be evaluated explicitly.
The bound is obtained by comparison with another chain (the independence base chain) ac-
cording to Theorem 3.2. First of all, let

min;x;, H ()

T < . (76
loga(n — 1)/(1 —a)) )
Then
mjn,-,.gi* H(i)
log((1 —a)/a(n — 1)) > R 77
Hence we have
l >140m-— 1)exp<—w) >Zr (78)
o T
and
w7 (i) > v2. (79)

To apply Theorem 3.2, we choose as reference the Metropolis independence base chain M.
Thus, we need to estimate the quantity

1

e w—— 3 wrmr . j). &0)

vij3(k—€)

For all k # ¢, one has

(81)

() pr(k, €) = q(k, £ minfrr k), 77 (enF( mintrry (), 7 (£)) )

max{rr(k), w7 (£)}
Letting ¢ = max—¢) q(k, £) 7!,

min{rr7 (i), 77 (j)} min{rr7 (k), 77 (£)}

-1
T on =0 min{ftr(k),ﬂr(f)}[ (max{ﬂr(k), T (3)})]

Yij 2(k— )
<cexp(m/T), (33)

(82)
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where

¢’ = br(nmin F(x) min q(k, £))"". (84)
x (k—¢)

According to Equations (52) and (69), one has

oMy = 1— p(M7) = (85)

nur(is)

The result is obtained by applying Theorem 3.2.

5. Discussion

This section discusses the meaning of the confidence level introduced in Equation (4), and
provides comparisons with other results concerning the Metropolis dynamics [15].

In this article, the main results have been established under the assumption that Equation
(19) is satisfied. When mt is a Gibbs distribution, it is crucial to determine the temperature
below which this condition holds. The condition (27) is universal, and corresponds to the worst
situation (H (i) = h > 0, for i # i,). The upper bound in (27) may be improved when specific
minimization problems are considered, but this issue is beyond the scope of this paper.

In general, the confidence level @ can be chosen higher than 0.701. It does not seem
necessary to choose this level very high (although a reflex would induce @ = 0.95). Indeed,
it is well established that ergodic Markov chains satisfy large deviation bounds of Chernoff’s
type for the probability

n—1

1
P,,(— 3 fX) - (f) > t),
n k=0

where f is a function defined on E, and X is the state of the chain at step k. The results in
[17, 19] give quantitative bounds for this probability. According to these results, the number
of visits to i, before step N can be estimated under stationarity by N (ix), to the extent that
N is large compared to (1 — A;)~!. In this situation, a user can easily identify the absolute
minimum. In view of specific applications (such as hard combinatorial problems), it would be
useful to obtain analogous results at lower confidence levels (e.g. 0.5), but this issue deserves
further work.

Next we turn to the comparison with the results obtained in [15]. Theorem 4.1 gives a
convergence rate towards equilibrium which is roughly 1 — K’e=?"/T (for some K’ > 0) as
T goes to 0. However, the true order is 1 — Ce™™/T, for some C > 0. In this perspective,
the results established by [15] regarding the Metropolis dynamics are more powerful. But, the
approach of [15] has a weakness. Recall that

§= min |HG) - HQ)I. (86)
(i—j);
H()#H(j)
In [15], the temperature below which the inequality
pr <1—K"e™™/T &7

holds is

, n(A+B)\' &
T*=rmn|:m(log (Zbryr)) s logZ]' (88)
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The definitions of the quantities yr, A and B are quite long. The interested reader may refer
to [15], p. 359. For instance, let § be very small and 7 > T,.. Then inequality (87) cannot be
used, and the estimation of pr obtained by [15] may be inaccurate.

In contrast, the constant § does not significantly affect the probability 77 (i,). Applying
Theorem 4.1 to the Metropolis chain leads to the following bound (« > v2):

1 —VT—a(l + ﬁ))ze_z,,,/r

(89)

2 -
Pr = (‘I* abr

with g, = min_¢) g (k, £). Clearly, this bound improves on [15] when § is small. In addition,
this inequality avoids the computation of yr, A and B, and is thus simpler than [15].
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