Geometric Boundsfor Eigenvalues of Markov Chains
Persi Diaconis; Daniel Stroock

The Annals of Applied Probability, Vol. 1, No. 1. (Feb., 1991), pp. 36-61.

Stable URL:
http:/links.jstor.org/sici ?sici=1050-5164%28199102%6291%3A 1%3C36%3A GBFEOM %3E2.0.CO%3B2-E

The Annals of Applied Probability is currently published by Institute of Mathematical Statistics.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals/ims.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Fri Jul 13 15:47:29 2007


http://links.jstor.org/sici?sici=1050-5164%28199102%291%3A1%3C36%3AGBFEOM%3E2.0.CO%3B2-E
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/ims.html

The Annals of Applied Probability
1991, Vol. 1, No. 1, 36-61

GEOMETRIC BOUNDS FOR EIGENVALUES
OF MARKOV CHAINS

By PErsI Diaconis! AND DANIEL STROOCK 2

Harvard University and Massachusetts Institute of Technology

We develop bounds for the second largest eigenvalue and spectral gap
of a reversible Markov chain. The bounds depend on geometric quantities
such as the maximum degree, diameter and covering number of associated
graphs. The bounds compare well with exact answers for a variety of simple
chains and seem better than bounds derived through Cheeger-like inequali-
ties. They offer improved rates of convergence for the random walk associ-
ated to approximate computation of the permanent.

1. Introduction.

A. Basic notation. Let X be a finite set and P(x, y) the transition proba-
bility for an irreducible Markov chain. We assume throughout that P(x, y) is
reversible relative to the probability distribution . That is,

(1.1) Q(x,y) =m(x)P(x,y) =7(y)P(y,x) forall x,y € X.

This means that = is a stationary distribution for P(x, y) and so (because of
irreducibility) = charges every point. Equivalently, the operator P given by

[Po](x) = X P(x,5)6(y), =x€X,

yeX

is a self-adjoint contraction on L2(w). This P has largest eigenvalue 1 and
(again because of irreducibility) the constant functions are the only eigenfunc-
tions with eigenvalue 1. The eigenvalues are denoted

1=By>B1= " 2B,,_1=—1 where m = |X].

The chain is aperiodic precisely when 8,,_; > —1.

This paper develops methods for bounding B,, B,,_; and B, =
max(p,, |B8,,_,1). Bounds for rates of convergence to stationarity in variation
distance in terms of eigenvalues are given at the end of this introduction.

There are technical advantages in considering the Laplacian L =1 — P
instead of P. Obviously the spectrum of L consists of the numbers A, = 1 — g,,
0 <7 <m — 1. The usual minimax characterization of eigenvalues [see, e.g.,
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Horn and Johnson (1985), page 176] gives

(1.2) A= inf{ e;—if%: ¢ is nonconstant} ,

where Var(¢) denotes the variance of ¢ relative to 7 and

(1.3) E(,6) =3 L (6(y) — ¢(2))*Q(x,5)
X,y

is easily identified [use symmetry of @(x,y)] as the quadratic form
¢ — (¢, Ld) 2, determined by L on L?(7).

ReEMaARK. For historical reasons, quadratic forms determined by operators
which, like L, generate a Markov semigroup, are called Dirichlet forms. The
classical Dirichlet form is

¢~ [I96(x)" dx,

where r is a region in R". The quadratic form £(¢, ¢) is nothing but a discrete
version of this classical form.

B. Poincaré inequalities. The next ingredient is a graph with vertex set X
and {x, y} an edge iff @(x,y) > 0. For each pair of distinct points x,y € X,
choose a path y,, from x to y. Paths may have repeated vertices but a given
edge appears at most once in a given path. Let I" denote the collection of paths
(one for each ordered pair x, y). Irreducibility guarantees that such paths exist.
However, as will become obvious, the quality of our estimate depends on
making a judicious selection of T.

For v,, € T define the path length by

(1.4) o= L Q(e) 7,
enyy
where the sum is over edges in the path and Q(e) = Q(z, w) if e = {z, w}.
The geometric quantity that appears in our estimate is
(1.5) k=k(T) =max Y ly,lem(x)m(y),
€ y,2e
where the maximum is over directed edges in the graph and the sum is over all
paths y which traverse e. As will emerge from the examples in Section 2, « is a
measure of bottlenecks. It will be small if it is possible to choose paths which
do not traverse any one edge too often. As will also emerge, « can be effectively
bounded in examples of interest.
With this notation, a first form of our estimate can be stated.

ProposiTION 1 (Poincaré inequality). For an irreducible Markov chain P
the second largest eigenvalue satisfies

1
By<1l-—
K

with « defined by (1.5).



38 P. DIACONIS AND D. STROOCK
Proor. Write

Var(¢) = Zx(cﬁ(x) = $(3)’m(x)m()

N[ =
=

1/2 2
EX( x ) ¢(e)) m(x)7(y)

€ Vuy

K
Q(e)

I/\

Zlvxylw(x)v(y) Y Q(e)(e)’

1
2
1
2 esy,,

) Z Q(e)d>(e)2 ) I'yxleW(x)ﬂ-(y)'

Yy De

Here ¢(e) = ¢(e*) — ¢(e™) where e is the oriented edge in a path from e~ to
e, the inequality is Cauchy-Schwarz and the final sum is over all oriented
edges in the graph. Bounding the final inner sum by «, we arrive at

Var(¢) < «& (4, ),

so the result follows from the variational characterization (1.2). O

REMARK. Proposition 1 is a discrete analog of the classical method of
Poincaré for estimating the spectral gap of the Laplacian on a domain [see,
e.g., Bandle (1980)]. Related ideas were used by Landau and Odlyzko (1981), by
Holley and Stroock (1988) and by Mohar (1989a, b). Section 1E gives further
discussion and a comparison with other techniques such as ergodic coefficients.
Our own realization of just how much can be gained by careful choice of paths
in I' came from reading Sinclair and Jerrum’s (1989) lovely solution to a
problem from computer science.

Finally, it should be clear that we have made only one of many possible
choices for estimating (Zeey”¢(e))2 in terms of L Q(e)¢p(e)?. For example,
Sinclair (1990) has suggested the one leading to

ProposITION 1. With notation as in Proposition 1,
) 1
< —_— —
Bl - K ’
where
K= maxQ(e) " L bylm(x)m()

YeyDe
and |y,,| denotes the number of edges in the path Yy
This bound is often easier to use and examples presented in the next section

show it can be more effective than the bound involving K. For random walks
on graphs, explained below, the bounds involving « and K coincide.
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Sinclair (1990) has used these Poincaré inequalities to get bounds in the
approach to equilibrium in the Metropolis algorithm for simulating Ising
models and in several complex Markov chains for solving problems in com-
puter science. Ingrassia (1990) has used the techniques of the present paper to
get bounds on the rate of convergence in simulated annealing.

In Section 1D it is shown how bounds on B, translate into bounds on rates
of convergence for chains run in continuous time. In Section 1C it is shown
how to use similar ideas to bound the smallest eigenvalue and so the spectral
gap, 1 — B*.

An important special case occurs when the Markov chain is the random
walk on a graph. That is, let G = (X, E) be an undirected graph with vertex
set X and edge set E. We assume that G is connected and simple, i.e., that G
has no loops or multiple edges. A random walk begins at an initial vertex x,
and thereafter proceeds by choosing a neighboring vertex with uniform proba-
bility. Thus, if d(x) is the degree of x, then

1 .
(1.6) P(x,y) = {d(x) 1@y eEE

0 otherwise.

Since the graph is connected, the chain is irreducible. It is clear that the chain
is reversible with respect to

d(x)
m(x) = qE - e X.
Hence in this case
1 .
Q(x’y)= M lf{x’y}EE’
0 otherwise.

The estimate of Proposition 1 specializes to the following.

CorOLLARY 1. Let (X, E) be a connected graph. Then, for any choice of T,
2|E|
< p—
L d ?k Y« b

with d , = max d(x), vy is the maximum number of edges in any y € I' (v, is
the diameter of G if paths are chosen as geodesics) and

b=max {yeTl:eecy)}.

Proor. «(T') of (1.5) is bounded above by

2|E|

Thus the corollary follows immediately from Proposition 1. O

d, \2
( ) 2|E|’)’*b.
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ReEMARK. The geometric aspects of the bound come out clearly in the graph
case. The quantity b is exactly a measure of bottlenecks. If paths can be
chosen with small overlap, the bound is good.

C. Smallest eigenvalue. The techniques introduced above can be applied
to get lower bounds on the smallest eigenvalue B,,_;. Toward this end
introduce a graph with vertex set X, an edge from x to y if @(x,y) > 0 and a
self loop from x to x if @(x, x) > 0. The chain P(x, y) is aperiodic if and only
if this graph is not bipartite: The set of vertices cannot be partitioned into
disjoint sets such that edges only go from one set to the other. In particular, a
connected graph cannot be bipartite if P(x,x) > 0 for some x. As is well
known, the chain is aperiodic if and only if 8,,_; > —1.

Let o, be a path from x to x with an odd number of edges. Such paths
always exist for irreducible aperiodic chains. Let 3 be the collection of paths
(one for each x). Define the path length |o,.lq by analogy with (1.4). The
geometric quantity that appears now is
(1.7) t=1(3) = max Y, lolom(x).

e

o, 3e

PRrOPOSITION 2. For an irreducible aperiodic Markov chain P the smallest
eigenvalue oy, = B,,_, satisfies

with « defined in (1.7).

Proor. The following simple identity will be used:

(1.8) 1Y (6(x) + 6(9))?Q(x,5) = E($2) + (b, Pd)12m).

In (1.8), E denotes expectation with respect to the stationary distribution .
The heart of the idea is to express

d(x) = 3{(d(x) + ¢(¥)) = (#(y) + d(w)) + -+ +(d(2) + ¢(x)))}
and use the Cauchy-Schwarz inequality as before. This shows how paths with
an odd number of edges enter the argument. To continue, write

m(x) Q(

2

( D (p(et) + d(e” ))}

E(¢?) = Z d(x)’m(x) = Y

x

(x)
<I Tllodo T (dle®) + (e Q)

eca,

1
= — Z (¢(e™) + (e N’Q(e) ¥ loylgm(x)

o, De

— Z (p(e*) + d(e))’Q(e) = —(E(¢ ) + <&, Pdp)r2(my).

N

S
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After the second equality, the sum is over directed edges e = (e, e™) and I(e)
is the distance of e~ from x in o,. Dividing through by E(¢?) gives a lower
bound on any eigenvalue of P. O

For a random walk on a graph (1.6) the result specializes to

CoRrOLLARY 2. Let (X, E) be a connected graph which is not bipartite.
Then, for any choice 2, of paths of odd length,

2
+—_
dyoyby

with d ,, the maximum degree, o, the maximum number of edges in any o € 3
and

Bmin > -1

b, = max#{cre 2:e €o}.

ReMARK 1.1. The upper bound on B; in Proposition 1 and the lower bound
on B, in Proposition 2 give a bound on the spectral gap 1 — 8.

REMARK 1.2. Another approach to bounding the smallest eigenvalue uses
Proposition 1 on the second eigenvalue of P2. Sometimes an auxiliary argu-
ment gives all eigenvalues positive. Then B, is all that is needed.

REMARK 1.3. The argument can be varied. For example, for each (x,y) €
X X X, let o,, be a path from x to y with an odd number of edges. Let
i =max,L, _lo,lem(x)m(y). Then B, > —1+ 1/i. Since the paths o,
can also be used in Proposition 1, 8, <1 - 1/i.

D. Bounds on variation distance. The variation distance between proba-
bilities u, 7 on a finite set X is defined as

lw = 7llvar = maxlu(A) = m(A) =3 X lu(x) — m(x)l.
AcX reX
This probabilist’s version is 1 the usual operator norm on measures as the
dual of bounded continuous functions. The following arguments give bounds
on the variation distance to stationarity for reversible Markov chains in terms
of the second largest eigenvalue B; and B, = max(Bi,|B,,_). As is well
known, in continuous time (say exponential waiting time with rate 1), no
parity problems arise and bounds on B; are all that is necessary. The transi-
tion kernel for continuous time is denoted by
00 tn
P(x.) = T —P'(x,y), xyeX,
n=0 7"

ProposiTioN 3. Let w(x), P(x,y) be a reversible Markov chain on a
finite set X. Assume P is irreducible with eigenvalues 1 =8,> B, > + >
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Bm_1= —1.Then forallx € X, n € N and t € (0, ),

1 —
(1.9) 4lP™(x, ) — 7ll¥ar < —ﬂ—(x—)ﬁi" with B, = max(By, B, 1),
m(x)
1.10 4|P(x, - ;17T 2(1
(1.10) I1P,(x, )_WIIVarS—W(;)_'eXp[_ (1-By)t].

Proor.

4P (x, ) —w()I* =

Pu———

Y IP(x,y) - w(y)|)

- ( | P - v(y)l)
<y —ly—((P (2,9))% — 2P"(x,y)m(y) + 7()%)
1

=Y ——(P"(x,y5))°-1= —1—P2”(x,x) -1
= () )

Above, the inequality is Cauchy-Schwarz and the identity
1/(m(x)) P™(x,x) = ¥ (P"(%,5))*/m(y)
y

follows from reversibility.
Let D be a diagonal matrix with xth diagonal entry /m(x) . The matrix

DPD™" has (x,y) entry /(m(x)/m(y)) P(x,y) and so is symmetric. It can
thus be orthogonally diagonalized as I'BT?, with I'T* =1 and B a diagonal
matrix consisting of the eigenvalues of P. All of the entries of B are real in
(—1,1] and one, say B,,, equals 1. Thus the transition matrix P2" can be
written as
P?" = D~I'BTD.
Multiplying out, the (x, ¥) entry of the matrix is
P2n( x, y) — Z B2n

ww yw
The rows of I'*D are left eigenvectors of P. Since A,, = 1, the zth row of I'
has entries (- -+ y/m(x) ---). It follows that the x, x entry of P?" is
m(x) + X BT,

w#*2z

Bounding B2" by 82" and using the orthogonality of T, the inequality (1.9) of
the lemma follows The continuous time version can be proved by a virtually
identical argument. O
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REMARK. There are two places in the preceding argument for error to
enter. The first place is our use of the Cauchy-Schwarz inequality in (1.12). Of
greater concern is our estimate for P?"(x, x). In general, there is no reason
that §, will be in the eigenspace of B; and unless it is, the estimate for
P?"(x, x) can be poor. For example, consider the case when, for each n € N,
P™(x, x) is independent of x € X. This arises for random walk on a group.
Then 7 is also independent of x € X and so

1
P2 (x,x) — 1= X Y P(y,y)—1= Y P>(y,y)m(y) — 1 =tr(P?) -1
yeX yeX

m-—1
= X B
i=1

This is certainly better than the estimate (m — 1)82* from (1.10) which
essentially bounds B, by B,. In Section 2 we will discuss, for comparison
purposes, some examples for which the entire spectrum is known.

E. Related bounds. There is a large literature offering bounds on the
spectral gap in terms of the entries P(x, y) and some aspect of the geometry of
an associated graph. One promising development, the use of Cheeger-like
inequalities, is reviewed in Section 3 and will not be discussed further here.

There are a variety of coefficients of ergodicity which bound B, =
max; _; . 1 |B;|. These include Dobrushin’s bound

B* < TafHPx() _Py(')”Var,

where P,(-) is the probability distribution given by the xth row of P(x,y). A
refinement is the Deutsch-Zenger bound

B* < I?%X”Px() _Py(')”_R(x’y),

where
ZR(x’y) = lP(x,x) - P(y’x)l + IP(xﬂy) - P(y,y)l
_P(x’x) _P(y’y) +P(x’y) —P(y’x)

Seneta (1981) and Rothblum and Tan (1985) contain extensive reviews of this
subject. Horn and Johnson (1985) review the closely related subject of
GersSgorin disks. These results are sharp in that there are examples where
equality holds. The bounds can be far off. For example, consider simple
random walk on a p point circle (Example 2.1). There are many rows of the
transition matrix which are singular as measures, so both bounds above give
B4« < 1. To make use of ergodic coefficients, high powers of P(x,y) must be
considered, and approximating the entries of such powers seems like a form-
idable task.

Landau and Odlyzko (1981) offer a bound for random walk on a connected
graph as in (1.6). They show

By <1- [|de*(')’* + 1)]_1 <1- rX'l—3,
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where |X| is the number of vertices in the graph, d , is the maximum degree
and vy, is the diameter. The first inequality gives the correct order for simple
random walk on the circle and they show it is sharp for dumbbell-shaped
graphs. For random walk on the d-cube (Example 2.2) it gives a bound of the
form 1 — (const./d?2%) which is quite far from the right answer (1 —
(const./d)). One real advantage of this bound is that it is easy to compute
compared to the geometric quantities involved in Propositions 1 and 2.

Very recent work by Milena Mihail and by Jim Fill allows the techniques
used in the present paper to be applied to nonreversible chains as well. Mihail
(1989) works directly with distance to stationarity, avoiding the use of eigen-
values in a novel way. Fill (1991) translates Mihail’s ideas into probabilistic
language and relates them to the techniques introduced here. One of
the results is the following: If P is an aperiodic irreducible Markov chain
on the finite set X, let M(P) = PP, with P(x,y) = P(y, x)m(y)/m(x). This
M(P) is reversible with nonnegative eigenvalues and the same stationary
distribution 7. If B*(M) is the second largest eigenvalue of M(P), Fill shows
4/|P™(x, - ) — wl® < (BX(M))" /m(x). He offers a variety of examples where
B*(M) can be approximated by the geometric techniques of the present paper.

Finally, we must mention that there are a variety of other techniques
available for bounding rates of convergence of Markov chains to their station-
ary distributions. Aldous (1983) and Diaconis (1988) review and illustrate
techniques such as coupling and stationary times. Diaconis and Fill (1990)
develop a duality theory which gives useful bounds for examples. The question
of how these ideas relate to the present paper seems tantalizing.

2. Examples. This section presents some simple examples where bounds
are easy to obtain and compare with the exact answer. All of the examples
involve random walks on graphs.

ExampLE 2.1 (The circle Z,). Let p be an odd number and consider the
integers mod p as p points around a circle. For x and y in Z p» choose v, as
the shorter of the two paths from x to y. Here m(x) = 1/p,d, =2, |[E| =p
and y, = (p — 1)/2. By symmetry, any edge has the same number of paths
crossing over it. Take the edge from 0 to 1. A point at distance i to the left of
0 is connected to (p — 1)/2 — i points by paths crossing from 0 to 1, 0 < i <
(p — 3)/2. Thus

p-1 p* -1

b= L (T‘i)= 5

0<i<(p—-3)/2

Corollary 1 gives
8p
(p-D¥p+1)

The eigenvalues of Z, are cos(2mj/p), 0 <j < p — 1; see, e.g., Chapter 3C of
Diaconis (1988). For p large, B, =1 — 27%/p? + O(1/p*) compared to

B <1
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1 — 8/p2 In other words, the Poincaré technique gives the right order of
magnitude but the constant term is off by a factor of about 2.

To get a lower bound on B,;,, choose o, as a clockwise path, going once
around, starting and ending at x. The quantities in Corollary 2 are easily seen
to be d, =2, 0, =p and b, = p. The bound becomes B,_;, > —1 + 1/p2
This is of the right order for p large.

ExampPLE 2.2 (The cube Zg). The classical Ehrenfest urn can also be
described as nearest neighbor random walk on a d-dimensional cube with
vertices the 2¢ binary d-tuples. For background on this well-studied model, see
Kac (1947), Letac and Takacs (1979) or Diaconis, Graham and Morrison (1989)
and the references cited therein. Here 7(x) = 1/2% d, = d and |[E| = d2% 1.
For x and y in 7%, choose Yy by changing the coordinates where x differs
from y to their opposite mod 2, working left to right, one coordinate at a time.
Clearly y, = d and for this choice of paths, b = 2971, To see this, consider an
edge (w, z). These differ in only one coordinate, say the jth. A path v,,
crossing over this edge can begin at any x that coincides with w in coordinates
after the (j — 1)st (277! choices) and ends in any y that coincides with z in
coordinates up to the jth (2977 choices). Thus there are 2¢~! paths Yay
crossing an edge. Corollary 1 gives

The eigenvalues of Z¢ are 1 — 2j/d with multiplicity (?), 0 <j < d; see, for
example, Chapter 3C of Diaconis (1988). Thus the bound here is off by a factor
of d. This example appears in Jerrum and Sinclair (1988) in slightly different
language.

Note that in this example, the graph is bipartite (after an even number of
steps the walk started at 0 is at an even position). A frequently used variation
eliminates parity problems by allowing the walk to hold in place with probabil-
ity 1/(d + 1) and choose a nearest neighbor with uniform probability. To use
the bound in Proposition 2, take o, as a self-loop from x to x. The quantity .
of (1.7) equals (d + 1) and the bound becomes B,;, > —1 + 2/(d + 1). In this
example, B, = -1+ 2/(d + 1).

ReEMARK 2.1. The paths chosen above give the best possible value of b,
namely 297!, To see this, note that there are d2? oriented edges on the cube.

Any choice of paths has 2d(d) ordered pairs of vertices at distance i and so

¢ d
24y ( X ) = d279 ! edges.
i—o\ !
Now the pigeonhole principle implies that some edge must be covered by 2¢~*
paths.
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ReEMARK 2.2. In investigating potential improvements of the bounds, we
considered using random paths I',, chosen from among all geodesic paths from
x to y. For the cube, if the distance from x to y is j there are j! paths and I’
is chosen uniformly from these and independently for every x and y. The
argument below shows that random paths do essentially the same as the paths
chosen above.

The argument works in exactly the same way for any distance transitive
graph G = (V, E). Recall that this means that if x,y and x’,y’ are the same
distance apart, then there is an automorphism taking x to x’ and y to y'.
Biggs (1974) gives background material, and Saxl (1981) gives lists of candi-
dates. Such graphs are connected. '

ProprosITION 4. Let G be a distance transitive graph. Then the second
largest eigenvalue of the random walk on G is bounded above by

B <1 ! 1 !
[FONO— S -— ____.._,
' D (')’*)2

where D is the expected squared distance of a random point in G from a fixed
point and vy, is the diameter of G.

Proor. For any choice of paths Yxy> the Cauchy-Schwarz inequality shows

ar(d’) = 2|V|2 Z (;b( ) y%elyxy

If v,, are randomly chosen geodesic paths, the expectation of the inner sum
does not depend on e. Averaging over edges,

B bel) - ﬁE{e Il = (el

YryDe

_ 2|EI Zﬁﬁ (x,y) € VX V:dist(x,y) =j)

V
_ Zﬁﬂ {y € V:dist(xg,y) =}

20E|
\4s
 2|E|
Thus Var(¢) < D/4|E|L ,¢(e)*> = DE(, ¢) because Q(x,y) = 1/2|E| if
x,y€V. O

For the cube Z¢, D = (d(d + 1))/4 by a simple binomial calculation. This
gives B; <1 — 4/(d(d + 1)) which is asymptotically better by a factor of 2
than the 1 — 2/d? achieved by the bound using fixed paths.

Here is a problem where random paths do better than any currently

available deterministic paths. The graph ccnsists of the (2) k element subsets
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of {1,2,...,n}. A metric on these k sets is d(x,y) =k — |x N y|. A graph is
formed by connecting sets at distance 1. Random walk on this graph is also
known as the Bernoulli-Laplace diffusion model and is the original chain
analyzed by Markov. This is a distance transitive graph with

o I b 123

(k)j= J J n n—1

The classical case has n = 2k. With & large D = k2/4 + O(k), so Proposition
3 gives
1
B, <1- p + 0 ﬁ)

Diaconis and Shahshahani (1987) determine all the eigenvalues for this
chain. In particular, if n = 2k, B, = 1 — 2/k. The best deterministic paths we
know give B; < 1 — C/k3 for a constant C.

Proposition 4 carries over as stated to graphs with automorphism groups
acting transitively on the set of oriented edges. Aldous (1987) gives a similar
result for graphs with automorphism groups acting transitively on vertices. In
unpublished work, Fill has shown that Proposition 4 holds for distance regular

graphs.

4

Remark 2.3. The best Poincaré upper bound on B; for nearest neighbor
random walk on Z¢ is of the wrong order of magnitude. For this example,
there is a further idea that gives the correct answer. After any number of
steps, random walk on the cube is uniform over level sets with a constant
number of ones. Thus the rate of convergence is the same as for the “distance
chain’ which records the distance from zero. Of course, this distance chain is
simply the original Ehrenfest chain. What we will now show is that the
Poincaré inequalities applied to the distance chain give the correct bounds for
the second eigenvalue.

The distance chain has state space {0, 1,2, ..., d}. The transition probability
is p(j,j—1D=j/d, p(j,j+1)=1-—j/d. The stationary probability is
w(j) = ‘; /2. Here, there is a unique path from x to y. One verifies easily

that the maximum for both K and « occurs for the “middle edge” d/2 — 1 to
d/2 if d is even and (d — 1)/2 to (d + 1)/2 if d is odd. From here, it is a
straightforward if tedious exercise to bound both K and «. The results are

K=£dlogd(1+o(1)), K=i.

4 2

This is instructive in providing an example where the two versions of the

Poincaré inequality differ. The version involving K being better—it gives the

right rate with the right constant. Jim Fill has shown us examples where K
does better. The matter needs further investigation.
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The main point is that using symmetry helps dramatically here; using the
Poincaré inequality directly on the cube gives B; <1 — 4/d(d + 1), while
using it on the orbit chain gives 1 — 2/d.

ExampPLE 2.3 (Trees). Consider the full binary tree of depth d.

For d > 1, such a tree has 29*! — 1 vertices, 29"! — 2 edges and the
maximum degree is 3. Consider the Markov chain arising from nearest neigh-
bor random walk on this tree. Each pair of points is connected by a unique
path. The longest path is of length 2d and an edge connected to the root vertex
is covered by

b=(2%-1)2¢
paths. The bound of Corollary 1 is therefore

1
Bi=1-gooa—T-

It can be shown that g, = 1 — (1 + o(1))/2¢*2.

REMARK 2.4. For a lower bound, take

—1 on the left subtree,
d(x) = 0 on the central vertex,
1 on the right subtree.

This has
E(h,¢) = 227 =1)
Var(¢>) =1- m
Now (1.2) gives
1
l1- —~1- < B;.
2d+1 1 1

This bound will be compared with other approaches in Example 3.3.

REMARK 2.5. Similar bounds hold for less symmetric trees. The techniques
involved are reasonably robust. Bounds for trees provide crude bounds for any
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connected graph by using a spanning tree. Unfortunately, trees have ‘“bot-
tlenecks” which lead to extremely weak bounds.
As an example, consider the cube Z¢. This has a spanning path, e.g.,

For d large, the bound of Corollary 1 based on paths gives

4
Pr=1- gaga-
This is exponentially worse than the bounds derived in Example 2.2.
A second tree example which we find instructive is a “star’” with a central

vertex and n outside vertices:

n=7

Random walk on this graph has eigenvalues 1, 0 and -1, with 0 having
multiplicity n — 1. To cure periodicity, consider the Markov chain that holds
with probability # at every point. This has eigenvalues 1, § and 20 —1, with
having multiplicity n — 1.

The symmetry group of this graph operates transitively on the edges. The
stationary distribution puts mass 1/2 at the central vertex and mass 1/2n at
each outside vertex. The quantity « in the Poincaré bound of Proposition 1 is

lom(x)m(y) = o2
K= Yo l@m(x)m(y) = —_—.
-y Y 2n 1-0
The bound from Proposition 1 becomes
(1-0)2n
<l- ———
A 3n — 2

This is uninformative if 6 is small (e.g., 8 = 1/n).

This example shows that the bound of Corollary 1 can be far from 1 — (1 /«).
Corollary 1 gives 8, < 1 — 2|E|/d%y, b which becomes 8, < 1 — 1/n? in the
present case.
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ExampLE 2.4 (Equilateral subdivision). The next example arose in an
application. Ulf Grenander needed to put a grid of points on the surface of the
usual sphere S, in three dimensions. He began with an icosahedron. This has
faces which are equilateral triangles. Consider one face. If the midpoints of the
face are connected, four equilateral triangles result. Connecting their mid-
points, and continuing recursively, gives a sequence of triangular subdivisions.
Grenander suggested carrying out such a subdivision of each face of the
icosahedron, and then projecting the vertices of the graph obtained onto the
surface of a circumscribing sphere.

This grid is used as part of a smoothing algorithm. To analyze its asymptotic
behavior, the second eigenvalue is needed. In the present example, the second
eigenvalue of a single face is approximated. As explained at the end of the
example, the same argument gives the same rate (up to constants) for the
icosahedron.

Let G, be the graph with vertex and edge sets

V, = {(%1, %3, %3): 0 <%, <n, %y + 2 + 23 =1, x5, €N},
En = {{(xl’xz’xS)’ (xi’xé’xé)} |xi _xz,| = 1}

Thus G, appears as

(2.1)

(0,4,0)

(4,0,0) (0,0,4)

When r is a power of 2, G,, is the result of successive equilateral subdivision.
It is easy to see that

_(n+1)(n+2)
= 5 ,
3n(n +1)

E,| = —

ProposITION 5. If B, is the second largest eigenvalue of G, defined in
(2.1), then

V.l

1 ? 1 ;
- = <B;<1-—.
n® <P = 12n(n + 2)
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Proor. Upper bound. For x,y €V, let y,, be the line from x to y, if it

exists, or the unique shortest path from x to y with one 60° counterclockwise
turn:

y

/ 60°
T

Fix an edge e. Paths that cross e have at most one turn. There are at most
n[V,| such paths with the turn at or before e and at most [V, | such paths with
the turn after e. Thus at most n(n + 1)Xn + 2) paths cross any edge. The
maximum path length is n; the maximum degree is 6. The upper bound now
follows from Corollary 1 of Section 2.

Lower bound. A lower bound can be derived by bounding &(¢, ¢)/Var(¢)
for any specific ¢. The graph G, has vertex set {(x, x5, x3): x; + x5 + x5 = n}.
Take ¢(x) = x; — x5 s0 L ¢(x) = 0. Now

4|E'n| 2|E,| 1
4|E,| { 3 3 } )
because Q(e) = 1/2|E,| and ¢%(e) takes value 4 on 3 of the edges and 1 on 2

of the edges.
For the variance, write

1
£(9,8) = 3 L #*(e)Q(e) -

1
Var(¢) = 2E | EA —x2)2deg(x) = E | Y (% —x2)2
1
= 12IE | (n +O0(n ))
- :—8 +0(n).

Thus, from this choice of ¢, £(¢, )/ Var(¢) < 9/n2 + O(1/n®). The lower
bound part of the proposition follows. O

REMARK. The argument above is based on the ideas of Richard Stong
(private communication). He has carried out the calculations more carefully
and shown that

6 1 8 1
1—;—2-+0(7l'§)53151—'7—n'§+0(7{5).

Using similar arguments for the triangulation of the full icosohedron with
each face a G,,, Stong has shown that random walk on this graph has second
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largest eigenvalue satisfying

C, C, 1 .
1- 5 <B,<1- e + 0 ’-1—5) for explicit constants C,, C,.
n ‘

3. Cheeger’s inequality.

A. Introduction. Let X be a finite set and P(x,y) an ergodic Markov
chain with stationary distribution 7. Assume P is reversible and define a
probability @ by

Q(x,y) =m(x)P(x,y) =m(y)P(y,x).
Inequalities on the second largest eigenvalue of P have been derived in terms
of the geometric quantity
S x 8¢
(38.1) h = min L——)—,
mS<12  7(8)
where S€ denotes the compliment of S. Heuristically, @(S x S€)/m(S) is a
measure of the relative flow out of S when the chain is in stationarity. If this
is large for all S, the Markov chain should converge to 7 rapidly since there
are no bottlenecks. This is made precise in the following result.

ProposITION 6 (Cheeger’s inequality). Let B, be the second largest eigen-
value of a reversible, ergodic Markov chain. Then

1-2h<pB, <1—h?
with h defined by (3.1).

A short proof, along with references to work of Cheeger, Alon, Alon and
Milman, Dodziuck and others is given in Section 3C. Early applications of
Cheeger’s inequality began with a symmetric graph where group theory could
be used to bound B;. This gave a bound on the expansion coefficient ~ and
allowed construction of ‘‘expanders.” Lubotzky (1989) gives a highly readable
survey.

The point of view taken here is that %2 can sometimes be bounded directly,
thus giving bounds on g;.

ExampLE 3.1. Let p be an odd number and consider the graph 7, intro-
duced in Example 2.1. This has P(x,y) = 1/2if |x — y| = 1 and =(x) = 1/p.
If S is an interval [a, b], Q(S X S¢) = 1/p, w(S) = |S|/p. Elementary con-
siderations show that A is achieved by taking S as an interval of size
(p —1)/2, s0

2

p-1

Here B, = cos(Zm/p) =1 — 2w%/p% + O(1/p*) compared with the Cheeger
bounds 1 —4/(p — 1) < B, <1 —2/(p — 1)% Thas the upper bound gives
the right order but the constant is off by a factor of 72. The bound is slightly
worse than the Poincaré inequality of Section 2.
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ExampLE 3.2. Let Z¢ be the graph of the cube considered in Example 2.2.
Thus P(x,y) = 1/d if x and y differ in precisely one bit and 7(x) = 1/2%. An
inductive argument shows that & is achieved by taking S to be the face
{x: x; = 0}. This gives

1

h=—.
d

Here B, = 1 — 2/d, compared with the Cheeger bounds 1 — 2/d <8, <1 -
1/2d?. Thus the lower bound is sharp and the upper bound is of the same
order as the Poincaré bound but with a slightly worse constant. A different
proof for the value of & appears in Section 3B.

ExampLE 3.3. Consider the full binary tree of depth d. An elementary
argument shows that A is achieved by taking S to be all vertices in the
left-hand subtree (excluding the root). This gives

1
= 2d+1 -3 :
Here the second largest eigenvalue satisfies B, = 1 — 1,/2972(1 + o(1)).
Cheeger’s inequality gives
2 1
1- 2d+_1__3 <B;<1-

h

2

2(2d+1 _ 3)
The Poincaré inequality of Example 2.3 gives
1 1 1
1—W+O(ﬁ)ﬁﬂlﬁl—w.

For large d, the Poincaré upper bound is much smaller.

For a star with n outer vertices and holding probability 8, » = 1 — 6. The
associated Cheeger bound is 20 — 1 < 8, <1 — (1 — 6)?/2. Here, 8, = 6 and,
for 6 small (e.g., 1/n), both sides of the bound are uninformative.

ExampLE 3.4. Let G, be the triangulated equilateral triangle introduced in
Example 2.4. By a clever combinatorial argument Richard Stong has deter-
mined the set S where & is achieved. He shows S may be taken to be a
convex set containing roughly half the points and meeting two sides and one
vertex.

He proves
2 m+1
3m -8’ \3n(n+1)l
4

h(G,) = min
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\/n(n+1) 1 1
"W =2 T3 Ts)

3n(n +1)

s=1{1 if(m+1)(3m+2)——-2—=2,60r12,

with

0 otherwise.
This gives the Cheeger constant as & = 22 /3n + O(n~2) and the bound

. 4v2 of X e
- —+0|=5|<B<1-— +0|=|
3n ( n? ) A 9n? ( n? )

Stong has shown that the Poincaré technique gives 1 — 8 /7n% + O(1/n®) as
an upper bound for B;.

B. Jerrum’s and Sinclair’s canonical paths. Computing h seems difficult
in general. In a sequence of papers, Jerrum and Sinclair have shown how a
simple geometric idea gives a bound on k. Let X be a finite set and P(x, y) be
the transition probability for a reversible, irreducible Markov chain with
stationary distribution 7(x) and reversing measure @(x, y) = m(x)P(x, y). For
each ordered pair (x,y), let v,, be a path connecting x to y. The following
geometric quantity arises:

(3.2) n = max@(e) " L m(x)m(y).

YiyDe

Here the max is over all oriented edges e = (x, y) and the sum is over all paths
containing e. Proposition 7 is a version of Jerrum’s and Sinclair’s result.

PropoSITION 7. For a reversible, irreducible Markov chain P, the second
largest eigenvalue satisfies

with n defined by (3.2).

ProoF. Associate with the path v,, the weight w(x)m(y). Let S c X be
any set with 7(S) < ; and let W denote the aggregated weight of all paths
which cross the cut from S to S€. Clearly W = 7(S)7(S°€) > +m(S). Sum-
ming over cut edges e € dS gives the complementary bound

W< Y X a(x)m(y) <n ¥ Qe).

e€dS v,, e e€dS

Combining the two bounds on W gives h > 1/2n and Cheeger’s inequality
completes the proof. O
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ReMARK 3.1. For random walk on a connected graph G = (V, E) the bound
becomes B; < 1 — 3(1/4n|E|% If d, denotes the maximum degree in G, B,
is bounded above by

1( |E| \?
(3.3) 1- —(ETE)

with b = max #{yxy e € v,,} as in the Poincaré inequality of Corollary 1. The
bound there was B8, < 1 — 2|E|/d%0v ,b. As was shown in Section 2, usually
the Poincaré inequality is smaller. For graphs, this happens if and only if
v« |E| < 4d%b. We have been unable to decide if this inequality, perhaps with
the right side multiplied by 2, always holds.

REMARK 3.2. For highly symmetric graphs it is possible to use random
paths to prove the following result.

ProposiTiON 8. Let G be a distance transitive graph. Then the second
largest eigenvalue of random walk on G is bounded above by

1 ! 1 !

<l—- — <1 — —

P = 8d* ~ 8vy%’

where d is the expected distance of a random point on G from a fixed point and
vy is the diameter of G.

Proor. From the proof of Proposition 7 specialized to this case, for any
choice of paths v,, and any set S ¢V With m(S) < 3,

S

2
IVI ecdS v, e

7(S)m(S°) <

where 39S is the set of e = (x,y) with x € S, y € S€. Let Y.y be chosen as
random geodesics from x to y. The expected value of the inner sum on the
right is independent of the oriented edge e. It can be written as

B % 1=

2E ( > 1) SE Zlvl 2|E| EJl{x y}:d(x,y) =}l

enyy

% i . d|vi?
émzj;J|{yid(xo,y) =j}l = ST

Thus 7(S)m(S€) < Q(S x S€)d, so h >1/(2d) and the result follows
from Cheeger’s inequality. O

In Proposition 3, the Poincaré technique was used to prove §; <1 —-1/D <
1 — 1/y%. The diameter bound from the Poincaré inequality is better by the
factor 8. There is no clear comparison for the bounds involving expected values
since d? < D.
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The argument above showed A > 1/2y, . Aldous [(1987), page 39] showed
h > 1/2y, for Cayley graphs of groups. It is not clear how much symmetry is
required for such a bound. Mohar (1989a, b) contains several results for
general graphs which shed light on these inequalities.

We now briefly run through the four examples, using the canonical paths
described in Section 2.

ExampLE 3.5 (The circle Z,). The bound (3.3) becomes 1 — 2p?/(p? — 1)
For p large, this is the best that can be done from Cheeger’s inequality
(h=2/(p — 1), of the right order of magnitude (8, =1 — 272/p% +
O(1/p*)) and slightly worse than the 1 — 8 /p? from Poincaré’s inequality.

ExampLE 3.6 (The cube Z%). The bound (8.3) becomes 1 — 1,/2d?. This is
the best that can be done using Cheeger’s inequality (= = 1/d), off by a factor
of d(B, =1 - 2/d) and slightly worse than the 1 — 2/d? from Poincaré’s
inequality.

ExampLE 3.7 (Binary trees). For a binary tree of depth d as in Example
3.3, the bound (3.3) becomes 1 — 2/81d 224, This is asymptotically the same
order of magnitude as the Cheeger bound, but far worse than the bound from
Poincaré’s inequality (8, <1 — 1/9d2¢71).

ExampLE 3.8 (Triangulated equilateral triangle). Here all bounds give the
same answer: 8, < 1 — C/n® Again the Poincaré inequality gives a slightly
better constant than the Cheeger inequality.

C. A short proof of Cheeger’s inequality. In this section we give a brief
explanation of Cheeger’s inequality for reversible Markov chains on a finite
state space. Our notation will be the same as it was in Section 1. Thus, what
we want to do is derive the estimate

h . Q(S X SC)

The upper bound in (3.4) is very nearly a triviality. Namely, given S c X
with 0 < m(S) < 3, set

1
:0<7w(S) < 5}

m(S¢) forxe S,
vs(x) = { -7(8S) forx eS¢,
note that g has m-mean-value 0 and use (1.2) to conclude that
Csibs) _ QSXS) QS XS)
Var(ys)  m(S)m(S) ~ w(S)

The lower bound in (3.4) is more challenging. Indeed, it rests on two
observations which are interesting in their own right. To explain the first of
these, for any ¢ € L?(w) use ¢, to denote ¢ V 0, the positive part of , and

A<
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set S(y) = {x € X: y(x) > 0}. Assuming that S(¢) # O, the first observation
is that, for any ¢ € L%(7r) and A € [0, »),
(3.5) Mg Nz = €W, 9,) i Ly < Ay on S(4).

To see (3.5), simply note that
A|I¢’+”%2(‘rr) = (¢’+, L¢’)L2(w) = @G(¢+a ‘l’) = @G(¢’+’ ¢’+);

where we have used polarization to see that

(6, L) ram = (o, 9) =5 L (6(y) — &(x))(¥(y) — ¥(x))Q(x,¥)

x,yeX
for ¢,y € L*(m)

and have used

W () = v, ()W) — (%) = (b, () — ¥, (%)

to get the last inequality. [Simple as (3.5) may be, it makes essential use of the
structure of L as reflected in the properties of Dirichlet forms.]

The second observation underlying the lower bound in (3.4) is that, for any
¢ € L4(7) with S(y) + O,

R() 2w N2

é)(‘/’+9 'l’+) = 9 ———  where

I ICETD)
h((/l) = lnf{——v(r

In proving (3.6), we may and will assume that > 0 everywhere. Next, by an
application of the Cauchy—Schwarz inequality, we write

(3.6)
@ #SC S((/I)}.

1/2
T W2(x) — 02(0)IQ(x,y) < V2 «fw,w)‘”{ T (w(x) + w(y))“’Q(x,y)}

1/2
< 25(111,«&)”2{2 (w(x)® + ,,,(y)z)Q(x,y)}

X,y

= 2326 (4, ) Il L2y

At the same time, the left side of the above inequality can be written as

2 T H0) -w@Re) =4 T [*arfaay)

W(y)> P(x) W(y)>y(x) \“9(x)
-4f T @),
0 Nyr=<t<yy)
which, because

Y Q(x,y) =Q(SxS8) withS={x:y(x) >t} cS(¥),
W) <t<p(Y)
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shows that
[f| T Q@y|dsne)[ s >)d
0 \y)<t<y(y) 0

_ h((/;)]|(/;||2Lz(,,)
= —_._2 .

By combining (3.5) with (3.6), we arrive at

h(y)*
(3.7 A 2 if Ly < Ay on S(¢),

for any A € [0,») and any ¢ € L*(7) with S(¢) # &. To get the lower bound
in (3.4) from here, take A = A, and ¢ to be a normalized eigenfunction for A,.
Because ¢ must have w-mean-value 0, we can always arrange that 0 <
m(S(¥)) < 1 and therefore that h(y) > h. Hence, the desired lower bound
comes directly from (3.7) with this choice of A and . O

HistoricaL REMARK. Cheeger’s inequality was originally proved as a lower
bound for the eigenvalues of the Laplacian on a compact Riemannian mani-
fold. A host of mathematicians have refined and applied these ideas. Fiedler
(1973), Alon (1986), Alon and Milman (1985) and Dodziuck (1984) developed
geometric inequalities for Markov chains using a variety of closely related
geometric quantities. The argument we have given above is a modification of
an argument in Sinclair and Jerrum (1989).

There are further refinements possible for the upper bound. For example,
F. R. K. Chung (1989) and P. Doyle (1989) (personal communications) have

shown By < VIR,

A more careful history and extension of these ideas to Markov processes is
given by Lawler and Sokal (1988).

4. Approximating the permanent. This final section treats a complex
example of interest in theoretical computer science. Let A be an n X n matrix
with 0-1 entries a;;. The permanent of A is defined just like the determinant
but without sign,

n
Per(A) = } [1a,,(3).
o =1

The permanent counts the number of permutations o consistent with the
restrictions imposed by A. The best available algorithm for computing Per(A)
takes order n2" steps. Valiant (1979) has proved that computing permanents
is # p complete and so equivalent to a host of other currently intractable
problems. It is unlikely a faster algorithm will become available soon.

Broder (1986) introduced a stochastic algorithm for approximating Per(A)
for matrices which are symmetric and dense in the sense that each row and
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each column contains at least n /2 nonzero entries. Jerrum and Sinclair (1989)
analyzed Broder’s algorithm. The central part of their analysis proves that an
associated Markov chain converges sufficiently rapidly to give an approxima-
tion of Per(A) using a number of steps to within a factor of 1 + £, which is
bounded by a polynomial in » and 1/e. This is an important result in
theoretical computer science as the first example of a realistic, provably hard
problem with a provably polynomial approximation.

Jerrum and Sinclair introduced the path arguments described in Section 3
to solve this problem. We show how the Jerrum-Sinclair construction coupled
with the Poincaré inequality gives an improved rate of convergence. The
original bound on the second largest eigenvalue 1 — C/n'? can be reduced to
1-C/n’.

Jim Fill showed that the Poincaré inequality would give improved results.
To describe his result, we work with an equivalent formulation in terms of
matchings. Let G = (V,V,, E) be a bipartite graph with |V,| = |V,| = n and
E c V| X V,. A matching in G is a set of edges of G, no pair of which shares
an endpoint. A perfect matching contains n edges. If the vertices in one set are
boys and the second set girls and if an edge indicates approval, then a perfect
matching “marries” all of the boys and girls in such a way that each person
approves of his or her partner.

Given a bipartite graph, let A;; = 1 if (i, j) € E and 0 otherwise. Clearly
Per(A) counts the number of perfect matchings. Let M, be the set of perfect
matchings and let M,_, be the set of matchings containing n — 1 edges.
Broder’s algorithm constructs a Markov chainon X =M, UM, _;.

If the process is at x, the next step is determined by choosing an edge (u, v)
in the original bipartite graph uniformly at random. Then:

(a) If x e M, and (u,v) € x, delete (u,v) from x.
(b) If x € M,,_; and u and v are unmatched in x, add («, v) to x.
(c)IfxeM,_;,(u,w) €x, and v is unmatched in x, add (u,v)
(4.1) and delete (u, w).
(dIfxeM,_ ,,(w,v) €xand u is unmatched in x, add (u, v)
and delete (w,v).
(e) In all other cases stay at x.

Broder (1986) showed that this is a connected, symmetric Markov chain and
that it converges to the uniform distribution on X. This allows one to choose
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points in M, uniformly to good approximation and Broder showed how to
convert this into a good estimate of the size of M,,.

To show that the algorithm outlined above is efficient, the rate of conver-
gence of the chain described above must be bounded.

PRroOPOSITION 9. Let a bipartite graph with each vertex of degree at least
n /2 be given on two sets of n vertices. For the Markov chain described in (4.1),
the second eigenvalue is bounded above by

1
B <1- m .

Proor. The argument uses canonical paths constructed by Jerrum and
Sinclair (1988). We refer to their paper for details. The maximum degree of the
graph associated to X is d, < n? The minimum degree is bounded below by
n — 1. It follows that |E| > (n — 1)|X].

Jerrum and Sinclair show that b < 3n*X|. To complete the analysis the
longest path length y, must be bounded. From the Jerrum-Sinclair construc-
tion, the worst case that can arise is connecting two almost matchings. These
are connected to well defined closest-matchings (at most length 2) and then
these matchings are connected by an unwinding algorithm. This takes at most
2n steps, so v, < 2(n + 1).

The chain here has substantial holding probability, so Proposition 1 must be
used directly (rather than Corollary 1). It yields

1

Blﬁl—m. O

REMARK. This example brings out the really new aspect of Jerrum and
Sinclair’s ideas. In the application, they are trying to estimate |X| which in
principle appears in the upper bound. They bound & by constructing a 1-1
map from the paths covering an edge into the set of vertices crossed with some
extra information. This gives b < 3n*X| (the 3n* being the ‘“‘extra informa-
tion’’).
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