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1 S u m m a r y  

In recent years, Markov chain simulation has emerged as a powerful algorithmic paradigm. 
Its chief application is to the random sampling of combinatorial structures from a spec- 
ified probability distribution. Such a sampling procedure lies at the heart of efficient 
probabilistic algorithms for a wide variety of problems, such as approximating the size of 
combinatorially defined sets, estimating the expectation of certain operators in statistical 
physics, and combinatorial optimisation by stochastic search. 

The algorithmic idea is simple. Suppose we wish to sample the elements of a large but 
finite set X of structures from a distribution lr. First, construct a Markov chain whose 
states are the elements of X and which converges asymptotically to "the stationary or 
equilibrium distribution x over X;  it is usually possible to do this using as transitions 
simple random perturbations of the structures in X.  Then, starting from an arbitrary 
state, simulate the chain until it is close to equilibrium: the distribution of the final state 
will be close to the desired distribution ~r. 

To take a typical example, let H be a connected graph and X the set of spanning 
trees of H,  and suppose we wish to sample elements of X from a uniform distribution. 
Consider the Markov chain ./t4C(H) with state space X which, given a spanning tree 
T E X,  makes transitions as follows: select uniformly at random an edge e of H which 
does not belong to T, add e to T, thereby creating a single cycle C, and finally remove 
an edge of C uniformly at random to create a new spanning tree T ~. It is not hard to 
check that this Markov chain converges to the uniform distribution over X.  

Analysing the efficiency of the above technique in a given application presents a 
considerable challenge. The key issue is to determine the miring rate of the chain, i.e., the 
number of simulation steps needed to ensure that it is sufficiently close to its equilibrium 
distribution lr. An efficient algorithm can result only if this number is reasonably small, 
which usually means dramatically less than the size of the state space X itself. For 
example, in the spanning tree problem above we would want .A4C(H) to reach equilibrium 
in time bounded by some polynomial in n, the size of the problem instance H; however, 
the number of states IX[ will typically be exponential in n. Informally, we will call 
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chains having this property rapidly mizing. (More correctly, this is a property of families 
of chains, such as .A, tC(II), parameterised on problem instances.) 

The first analyses of the complex Markov chains arising in the combinatorial applica- 
tions mentioned above were made possible using a quantity called the conductance [20, 
22]. Suppose we view a (reversible) Markov chain as a weighted graph G, whose vertices 
are states and whose edges are transitions. Then the conductance @ - @(G) is essen- 
tially the edge ezpansion of G. Equivalently, @ may be viewed as the probability that 
the chain in equilibrium escapes from a subset S of the state space in one step, min- 
imised over small subsets S. (Precise definitions of this and other quantities are given in 
later sections.) It is intuitively reasonable that 4~ should be related to the mixing rate: if 
the above escape probability is small for some S then the cut edges separating S from 
X - S constitute a "constriction" or bottleneck which prevents rapid convergence to 
equilibrium. Conversely, a large value of �9 means that the chain cannot get trapped by 
any small region of the space, and hence should be rapidly mixing. 

A useful piece of technology for obtaining lower bounds on ~ in complex examples 
was developed in [8, 20]. The idea is to construct a canonical path %y in the graph G 
between each ordered pair of distinct states z and y. If the paths can be chosen in such a 
way that no edge is overloaded by paths, then the chain cannot contain a constriction, so 

is not too small. (The existence of a constriction between S and X - S would imply 
that any choice of paths must overload the edges in the constriction.) More precisely, 
suppose p is the maximum loading of an edge by paths; then it is not hard to show (see 
Theorem 3) that ~ > (2p) -z , so p does indeed provide a bound on the mixing rate of the 
chain. The power of this observation lies in the fact that a good collection I' = {%y} 
of canonical paths can sometimes be constructed for which p can be bounded rather 
tightly. 

Recently Diaconis and Stroock [6] observed that path arguments similar to that de- 
scribed above can lead directly to bounds on the mixing rate, independently of the con- 
ductance ~.  In this paper, we present a new bound which is a modification of that of 
Diaconis and Stroock. The new bound also involves the maximum loading of an edge by 
paths, but takes into account the lengths of the paths. A simplified form of the bound 
(Corollary 6) relates the mixing rate to the product pl for a collection of paths P, where 
t is the length of a longest path in I". This bound turns out to be sharper than the 
conductance-based bound above when the maximum path length t is small compared 
to p. 

In Section 3 of the paper, we illustrate the effectiveness of the new bound by obtaining 
significantly improved estimates for the mixing rate of several important complex Markov 
chains, which have been used in the design of algorithms for problems involving monomer- 
dimer systems, matchings in graphs, the Ising model, and almost uniform generation of 
combinatorial structures. The factors saved in the mixing rate translate directly to the 
runtime of the algorithms that use the chains. These improvements apparently do not 
follow from the similar bound given by Diaconis and Stroock. 

Finally, in Section 4, we address the problem of characterising the rapid mixing prop- 
erty for reversible Markov chains. It is already known that the conductance ~ charac- 
terises rapid mixing, in the sense that ~-z  measures the mixing rate up to a polynomial 
factor (in fact, a square). We show that a similar characterisation in terms of the path 
measure p also holds, provided p is generalised in a natural way. To do this we view the 
graph G describing the Markov chain as a flow network and consider a multicommodity 
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flow problem in which a certain quantity of some commodity (z, y) is to be transported 
from z to y for all pairs z, y E X. For a given flow, p may then be interpreted as the 
maximum total flow through any edge e as a fraction of its weight, or capacity. Minimis- 
ing over all possible flows, we get a quantity which we call the resistance p - p(G) of the 
Markov chain. Our last result states that, if a Markov chain is close to equilibrium after 
~r steps, then its resistance cannot exceed O(r where ~rmla = minxex It(z). 
Therefore, under reasonable assumptions about the stationary distribution ~r, the resis- 
tance also characterises the rapid mixing property. In fact it is possible to show something 
a little stronger: the quantities @-I and p are equal up to a factor O(loglr~r~= ). This is 
actually an approximate max-flow rain-cut theorem for the multicommodity flow prob- 
lem, and generalises a result obtained in a different context by Leighton and Rao [14]. 

In this Extended Abstract, we omit some details in proofs and examples. For a more 
complete treatment the reader is referred to the full paper [21]. 

2 B o u n d s  on  t h e  M i x i n g  R a t e  

We assume familiarity with the elementary theory of Markov chains: see, e.g., [12] for a 
more detailed treatment. Let X be a finite set, and P the transition matrix of a discrete- 
time Markov chain on state space X. We assume throughout that P is irreducible (i.e., 
that all states communicate) and reversible with respect to the probability distribution Ir 
on X, i.e., it satisfies the detailed balance condition 

Q(z, y) - ~r(z)P(z, y) = Ir(y)P(y, z) for all z, y e X. (I) 

Condition (1) implies that Ir is a stationary or equilibrium distribution for P, i.e., IrP - 
~r. If in addition P is aperiodic, the distribution of the state at time t converges pointwise 
to ~r as t ~ oQ, regardless of the initial state. In this case the chain is called ergodic. 
Simulating an ergodic chain for sufficiently many steps starting from an arbitrary initial 
state, and noting the final state, provides an algorithm for sampling elements of X from 
a distribution that is arbitrarily close to It. 

We note that the above framework is quite general for the purposes of the com- 
binatorial applications mentioned in the previous section. In particular, it is usually a 
straightforward matter to make condition (I) hold using as transitions simple random 
perturbations of the structures in X, such as those employed in the spanning tree exam- 
ple given earlier. 

It is convenient to identify a reversible Markov chain with a weighted undirected 
graph G on vertex set X, with an edge of weight Q(z, y) connecting vertices z and y 
iff Q(z, y) > 0. (Thus the graph may contain self-loops.) Note that this graph is always 
connected and uniquely specifies the chain. 

As is well known, P has real eigenvalues 1 = A0 > AI ~ As _~ ... ~_ AN-I ~ --1, 
where N - IX[; P is ergodic iff AN-I > -1. For an ergodic chain, the rate of con- 
vergence to ~r is governed by the second-largest eigenvalue in absolute value, Amax - 
max{At, ]AN_If}. To make this statement precise, let z be the state at time t = 0 and 
denote by Pt(z,. ) the distribution of the state at time t. The variation distance at 
time t with initial state z is 

Z~(~) = mc~ ~ iv'Cz, S) - ~(S)l = �89 ~ IP'(z, Y) - "(Y)I, 
- y E X  
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We will measure rate of convergence using the function r= defined for e > 0 by 

rx(e) = min{t : Ax(t ') < �9 for a l l t '  > t}. 

P r o p o s i t i o n  1. The quantity r~(e) satisfies 

(i) r=(,) < (1 - A~) -I (InTr(=) -I + Ine-1); 

(ii) maxr.(e) > �89 - A=~,)-11n(2e) -x. 
s E X  

[] 

Part (i) follows from [6, Proposition 3] and gives an upper bound on the time to reach 
equilibrium from a given initial state z in terms of Amax and lr(z). The converse, 
part (ii), which is a discrete-time version of [1, Proposition 8], says that  convergence 
cannot be rapid unless Amax is bounded away from 1. (Note that  in the latter bound 
there is a maximisation over initial states: it is possible for a chain to converge fast from 
certain states even when ~max is close to 1. However, even if such a state exists, finding it 
requires more detailed information about the chain than is usually available in the more 
complex examples of interest to us.) 

In the remainder of this paper, we will ignore the technical issues arising from the 
choice of initial state. Proposition 1 then shows that  we can identify the rapid mixing 
property with a large value of the spectral gap 1 - Amax. Moreover, in practice the 
smallest eigenvalue AN-1 is unimportant: a crude approach is to add a holding probability 
of �89 to every state, i.e., replace P by �89 + P) ,  where I is the N x N identity matrix. 
This ensures that  all eigenvalues are non-negative while decreasing the spectral gap 
1 - Az only by a factor of 2. We therefore focus attention on the second eigenvalue A1. 

As indicated in the previous section, the first upper bounds on A1 for complex Markov 
chains were based on the conductance [20, 22], defined by 

m 

= ~(G) = min Q(S,S) 
s e x  . ( s )  ' (2) 

o<~(s)<_1/2 

where G is the weighted graph describing the chain and Q(S,S)  denotes the sum of 
Q(z ,y)  over edges {z,y} in G with z E S and y E S = X - S .  The conductance 
may be viewed as a weighted version of the edge ezpansion of G. Alternatively, since 
Q(S,-S) = ~es ,~e '#  ~r(x)P(z, y), the quotient in (2) is just the conditional probability 
that  the chain in equilibrium escapes from the subset S of the state space in one step, 
given that  it is initially in S. Thus eli measures the ability of the chain to escape from 
any small region of the state space, and hence to make rapid progress to equilibrium. 
The following result formalising this intuition is from [20, 22]; see also [2, 3, 4, 13, 16, 
18] for related results. 

T h e o r e m  2. The second eigenvalue AI of a reversible Markov chain satisfies 

cI )2 
I-2~ < AI < i 2 " [ ]  

Note that  @ characterises the rapid mixing property: a Markov chain is rapidly mixing, 
in the sense of the previous section, if and only if �9 > 1/poly(n),  where n is the problem 
size. 
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In order to apply Theorem 2, it is necessary to estimate the conductance ~. Since 
we are usually more interested in positive results, lower bounds on �9 are generally of 
greater interest and we focus on them for most of the rest of this paper. (We shall consider 
negative results in Section 4.) In some cases such a bound can be obtained directly, using 
elementary arguments [13, 22] or geometric ideas [7, 11]. However, in many important 
applications the only known handle on �9 is via the canonical path approach sketched in 
the previous section. Thus we attempt to construct a family r -- {7=~} of simple paths 
in G, one between each ordered pair of distinct states z and y, such that no edge is 
overloaded by paths. The maximum loading of any edge is measured by the quantity 

1 
(3) 

where the maximum is over oriented edges e in G (i.e, transitions of the Markov chain), 
and Q(e) -" Q(u, 9) if e = (u,v). 

The following simple result confirms our intuition that the existence of a good choice 
of paths should imply a large value for the conductance. 

T h e o r e m  3. For any reversible Markov chain, and any choice of canonical paths, 

1 

Proos Let S C X be a subset with 0 < w(S) < �89 which minimises the quotient 

Q(S, S-)/If(S). For any choice of paths, the total net flow crossing the cut from S to 
is ~r(S)x(S); moreover, the aggregated capacity of the cut edges (z, y), with z E S and 
y E S, is just Q(S,-S). Hence there must exist a cut edge e with 

1 ~r(S)~'(S') 
Q ( e )  > - > - , . , ) e  - Q(S,S) - 

1 
2Q(S, s )  = 

D 

Theorems 2 and 3 immediately yield the following bound on A1 : 

Corol lary  4. For any reversible Markov chain, and any choice of canonical paths, the 
second eigenvalue Ax satisfies 

1 
A z < l -  [ ]  

- 8p2" 

In recent work [6], Diaconis and Stroock observed that bounds on )q can be obtained 
directly in terms of canonical paths, without appealing to the conductance bound of 
Theorem 2. This latter bound is potentially rather weak because of the appearance of 
the square, so a direct approach may lead to sharper estimates for A1. We now present 
a modified version of Diaconis' and Stroock's bound which is apparently more useful 
than theirs in many combinatorial applications. In the next section, we will illustrate the 
effectiveness of the bound by obtaining improved estimates for the second eigenvalue of 
several important Markov chains. 
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To state the new bound, we modify the measure p to take into account the lengths of 
the paths. For a given collection F = {%y } of canonical paths, the key quanti ty is n o w  

x ~ r(x)~(y)l~=,l, (4) = ~ ( r )  = max Q - - ~  

where [~,=y] denotes the length (i.e., number of edges) of the path %y.  

T h e o r e m  5. For any reversible Markov chain, and any choice of canonical paths, the 
second eigenvalue Ax satisfies 

1 
~1_< 1 - - - - .  

Proo f .  Let L -- Z - P ,  so that the eigenvalues of L are Pi -- 1 - hi. Following [6], the 
variational characterisation of pl  is 

#1 = inf ~"]~x,y~x (r - r Q(z, y) (5) 

r 

where the infimum is taken over all non-constant functions r : X ~ R.  (The constant 
functions are the only eigenfunctions of L with eigenvalue Po = 0.) 

Now for any r  and any choice of canonical paths F, the denominator of (5) may be 
written as follows: 

�9 ( )' (r - r ~(~)~(y) = ~ ~(=)~(y) ~ (r - r 
x , y  z , y  e E ~  

< Y:~(~)~(y)I~,I Y]~ (r _ r  
x , y  �9 E3'=tt 

= ~-~(r +) - r  ~ ~ ~'(=)~'(y)l'r=,,I 
e 3',,u 9e 

< :~-~(r +) - r 
e 

= ~(r) ~ Q(~, y) (r - r 

Here e-  and e + denote the start and end vertices of the oriented edge e, and the first 
inequality is Cauchy-Schwarz. The result now follows from (5). [] 

The following simplified form of Theorem 5 is often useful. 

C o r o l l a r y  6. For any reversible Markov chain, and any choice of canonical paths F, the 
second eigenvalue A1 satisfies 

1 

where t - t(P) is the length of a longest path in F. [] 
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Corollary 6 may be applied in the same situations as Corollary 4, by constructing 
paths and estimating the quantity p. Frequently, however, the maximum path length 
t will be significantly less than the estimate obtained for p; in such cases, Corollary 6 
will give a sharper bound than Corollary 4. The improved bounds presented in the next 
section are all based on this observation. 

Remark. Diaconis and Stroock [6] give a bound which is similar to that of Theorem 5 
but which uses a different measure of path length. To get their bound we replace I~/=~I 
in the definition (4) of ~ by the quantity 

= Q(e) 
elE,Tey ~ ' 

with everything else defined as before. Let PDS be the measure obtained in this way. 
Diaconis' and Stroock's bound [6, Proposition 1], may be stated as 

At _< 1 -~DS  - t  (6) 

The quantity PDS seems less well suited than ~ to the complex examples discussed in 
the next section, in which weights play a significant role. The reason is that a path "y=y 
may pass through edges of very small weight, so [7=~]q,e is much larger than I .1. For 
simple examples, such as random walks on graphs, where Q is uniform over edges, the 
two quantities coincide. D 

The examples in the next section and in [6] indicate that ~ frequently leads to sharper 
bounds on At than does p itself. By way of contrast, here is a simple example where 
Corollary 4 provably does better than Theorem 5 and Corollary 6. Consider asymmetric 
random walk on the line [0, N - 1] with reflecting barriers, i.e., X = {0, 1,..., N - 1} 
and the transition probabilities are given by PC / - 1,i) = #3, P(i,i- 1) = 1 -/3 for 
0 < i < N, and P(0, 0) = 1 - #3, P(N - 1, N - 1) = #3, where #3 G (0, ~) !s a constant. 
This chain is reversible and ergodic, with stationary distribution ~r(i) oc r', where r = 
/3/(1 - #3). In this case there is a unique simple path between each pair of states i and j, 
so our choice of canonical paths is forced. Elementary calculations show that the quantity 
Q(e) - t  ~']~V.~e ~(z)lr(y) is maximised on the edge e = ([~-] - 1, [~-]) and that  its value 

there is ~_-~r (1 + O(rN/2)).  Hence Corollary 4 gives the bound 

(i - (i + (7) 
AI < 1 8(1 + r) 2 

2r~/~ (1 The value of At for this chain is known exactly: it is 2(#3(1 - #3)) I/2 cos(~) = 1+r, + 

O(N-2)). Hence (7) differs from the true value asymptotically by only a constant factor. 
On the other hand, a similar calculation considering the edge ( N - 2, N - I) shows that 
> (1 + r)N + O(I). Thus Theorem 5 gives the bound 

At _< 1 (1-l-r)~-I-0 , 

which is asymptotically much worse than (7). 
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3 A p p l i c a t i o n s  

In this section we discuss a series of complex Markov chains used in combinatorial ap- 
plications whose mixing rate is currently estimated using the conductance-based bounds 
of Theorem 2 or Corollary 4. In each case, we indicate the improvement in the lower 
bound on the spectral gap 1 - AI obtained using Corollary 6. By Proposition 1, this 
translates directly to a similar improvement in the mixing rate. As the precise arguments 
are combinatorially delicate, our present treatment will necessarily be very sketchy. F o r  

full details, the reader is urged to consult the stated references. 
The sharpened analysis of these Markov chains is of interest in its own right and is 

our main concern here. However, it also leads to improved estimates for the runtimes 
of various polynomial-time algorithms that make use of the chains. In fact, since the 
runtime is dominated by the time needed to sample some number of structures from the 
stationary distribution, each algorithm is immediately speeded up by exactly the factor 
saved in the spectral gap. (The runtimes of the algorithms can be readily computed 
from the spectral gap and are not given explicitly here; details may be found in the 
references.) These improvements, though significant, are in most cases not sufficient to 
make the algorithms genuinely practical for large inputs. However, they do represent 
a tightening of the most intricate part of the analysis. There is undoubtedly room for 
refinement of other aspects of these algorithms, but such an investigation is beyond the 
scope of this paper. 

(i) The  M o n o m e r - D i m e r  or  Al l -Matehings  Chain  

Let H = (V, A) be a weighted graph with positive edge weights {c(a) : a E A}, and 
consider the Markov chain whose state space X consists of all matchings in H ,  i.e., 
subsets M C A such that no two edges in M share an endpoint. Transitions from M 
are made as follows: select an edge a = {u, v} of A uniformly at random, and then 

(i) if a E M,  move to M -  a with probability 1/(1 + c(a)); 
(ii) if u, v are both unmatched in M, move to M + a with probability c(a)/(1 + 

c(a)); 
(iii) if a' = {u, w} E M for some w, and u is unmatched in M,  move to (M + a) - 

a' with probability c(a)/(c(a) + c(d));  
(iv) in all other cases, do nothing. 

It is easy to check using (1) that this chain is reversible with stationary distribution 
~(M) cr w(M), where w(M) = HaEM c(a) is the weight of matching M.  Simulating 
the chain therefore enables one to sample matchings randomly with probabilities approx- 
imately proportional to their weights. This has several important applications, including 
approximating the partition function of a monomer-dimer system in statistical physics, 
approximately counting matchings and perfect matchings in a graph (the latter problem 
is equivalent to approximating the permanent of a 0-1 matrix), and finding a maximum 
matching by simulated annealing. Details of these and other applications may be found 
in [8, 9, 17, 20]. 

In order for the resulting algorithms to be efficient (in the sense of having polynomially 
bounded runtime), accurate sampling must be possible in time bounded by a polynomial 
in the size of H and cmax = max{1, max~eA c(a)}. By Proposition 1, this requires a 
bound on second eigenvalue of the form Az _< 1 - 1/poly([H[, Cmax). In [8, 20] it is 
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shown how to construct canonical paths in this chain for which the congestion measure p 
satisfies p < 4[A[c2max. (See also the full paper [21] for a discussion of the encoding 
technique used to obtain such bounds on p.) Corollary 4 therefore yields 

AI <_ 1 -  1/128[Al2c~. 
On the other hand, the maximum length of any canonical path is easily seen to be at 
most ]V] -- n, so Corollary 6 gives the much sharper bound 

< 1- 1/4, IA1C .x. 

The improvement in the spectral gap 1 - A1, and hence in the mixing rate and the 
runtime of the algorithms mentioned above, is a factor of 321A]c2max n-1 . In the appli- 
cation to approximating the permanent, the largest value of Cmax is the ratio of the 
number of "near-perfect" matchings to the number of perfect matchings in H. (A near- 
perfect matching is a matching in which precisely two vertices of H are unmatched.) 
This quantity is at least n/2, and can be quite large in interesting cases: for example, 
for dense graphs (with minimum vertex degree at least n/2), the ratio is about n 2 and 
]A[ ~ n2/2, leading to an improvement of O(nS); and [8] gives a bound on the ratio of 
n 1~ for random graphs of low density. (The ratio can in fact be exponentially large, but 
then the chain no longer converges in polynomial time.) 

(ii) Broder's Chain for the Dense Permanent 

This chain, which was proposed in [5] and analysed in [8, 20], is a restricted version of 
Example (i); it again allows the number of perfect matchings in a graph to be estimated 
in polynomial time provided the ratio of the number of near-perfect matchings to the 
number of perfect matchings is polynomially bounded. Let // be an (unweighted) graph 
with n vertices; the states of the chain are all perfect matchings and all near-perfect 
matchings in H. Transitions are made in similar fashion to Example (i) but without 
weights; the stationary distribution is uniform. Using canonical paths similar to those in 
Example (i), it can be shown that p = O(n6), whence AI <_ 1 - O(n -x2) by Corollary 4. 
However, since the maximum path length is at most 2n, Corollary 6 yields the sharper 
bound Ax ~ 1 - O(n-7). The mixing rate is therefore reduced by a factor O(nS). This 
is exactly the same improvement as that discussed in Section 4 of [6]: in this case the 
Diaconis-Stroock bound (6) is equivalent to Theorem 5 because there are no weights, i.e., 
Q(e) is uniform. 

(ill) The  Islng Mode l  

In this example drawn from statistical physics, the states of the Markov chain are all sub- 
graphs of the graph (Y, A) of interactions of a ferromagnetic Ising system, i.e., all graphs 
(IT, A') where A' C A. (These graphs arise from the so-called high-temperature expan- 
sion of the partition function.) Transitions are made by random addition or subtraction 
of individual edges with appropriate probabilities. The stationary distribution assigns to 
each subgraph the weight AJp t , where A, p E (0, 1) are parameters of the system, and 
j, k axe respectively the number of edges and the number of odd-degree vertices in the 
subgraph. By sampling from this distribution, various important quantities, such as the 
partition .function of the system, can be effectively approximated; the details are in [10]. 

In [10] a choice of canonical paths is presented for which it can be shown that p < 
21Alp -4. This leads to the bound A1 _< 1 - pS/32]AI 2 , from Corollary 4. The length of 
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paths here is at most IAI, so Corollary 6 yields the sharper bound ~1 _< 1 - ~4/21AIL 
The improvement in the spectral gap is therefore a factor 16p -4. In the applications 
discussed in [10], the parameter p is taken down to n -1 , where n = IVI is the number 
of sites in the system. Hence the improvement in the runtime is a factor O(n4). 

(iv) Approximate  Counting a n d  U n i f o r m  Generation 
The Markov chain considered here is of a different flavour from those of Examples (i)-(iii). 
It  is based on a tree which reflects an inductive construction of a class of combinatorial 
structures; the structures themselves correspond to leaves of the tree. The transition 
probabilities are determined by weights attached to the edges of the tree, which in turn 
are derived from crude estimates of the number of structures in the subtree below the 
edge. Simulation of the Markov chain allows the structures to be sampled from an almost 
uniform distribution, and indirectly enables one to bootstrap the crude counting estimates 
to arbitrarily precise estimates of the number of structures. For the details and some 
applications, see [20, 22]. 

In [20, 22] a direct argument gives the bound 4' _> (4r2d) -1 for the conductance, 
where d is the depth of the tree and r _> 1 is the error factor allowed in the crude 
counting estimates. This in turn yields, by Theorem 2, A1 _< 1 - (32r4d2) -1.  On the 
other hand, using (the only possible) canonical paths we get p ~_ 8r2d and t <: 2d, 
which by Corollary 6 implies A1 _< 1 - (16r2dZ) -1 . The improvement in the spectral 
gap is thus a factor 2r 2 . 

4 M u l t i c o m m o d i t y  F l o w  

In this section we present a natural generalisation of the path-counting ideas of Section 2. 
We consider a multicommodity flow problem in the graph G describing a reversible 
Markov chain, and obtain upper bounds on A1 in terms of a measure on flows which is 
analogous to the measure p of Section 2. Moreover, there is also a matching lower bound 
on ~1 in terms of this measure, so that it, like the conductance 6 ,  captures the mixing 
rate of a Markov chain rather closely. 

As in Section 2, let G be the weighted graph describing a reversible Markov chain with 
stationary distribution lr. Let us view G as a flow network by assigning to each oriented 
edge e of G the capacity Q(e). Now imagine that,  for each ordered pair of distinct 
vertices z and y, a quantity ~r(x)a'(y) of some commodity (z, y) is to be transported from 
z to y along the edges of the network. The object is to construct a flow which minimises 
the total throughput through any oriented edge e as a fraction of its capacity Q(e). This 
is entirely analogous to our previous measure p, except that  we are now allowing multiple 
paths between states rather than canonical paths. 

Formally, a flow in G is a function f : P ---, R + which satisfies 

/ (p )  = for all U X,  �9 # y,  
pEP,,y 

where Pzu is the set of all simple directed paths from z to y in G and ~ : Uz#y P=y" 
Now extend f to a function on oriented edges by setting 

S(e) = 
p~e 
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i.e., f(e) is just the total flow routed by f through e. By analogy with the definition (3) 
of p, the quality of a flow f is measured by the quantity p(f),  which is the maximum 
value over oriented edges e of the ratio f (e)/Q(e).  

Theorem 3 and Corollary 4 carry over immediately to this more general setting. 

T h e o r e m  3 ' .  For any reversible Markov chain, and any flow f ,  

>_ (2p(f)) -1. [] 

Corol lary  4 ' .  For any reversible Marko~ chain, and any flow f ,  the second eigenvalue 
AI satisfies 

1 
gl _< 1 8p(/)z. [] 

In order to generalise the measure ~ from Section 2 to a flow f ,  define a function 7 
on oriented edges by 

7(e) = ~ . f (p ) lp l ,  
pge 

where Ipl is the number of edges in the path p. (We may think of 7(e) as the elongated 
flow through e.) Now set ~(f) = maxe 7(e)/Q(e) The proof of Theorem 5 carries over 
almost unchanged, and the analogue of Corollary 6 is then immediate. 

T h e o r e m  5 ' .  For any reversible Markov chain, and any flow f ,  the second eigenvalue 
)~1 satisfies 

1 < : -  

Corol lary  6 t . For any reversible Markov chain, and any flow f ,  the second eigenvalue 
AI satisf ies 

1 
~ . l < _ l -  p(/)e(/)' 

where l ( f )  is the length of a longest path p with f(p) > O. [] 

It is not hard to construct cases in which the extra flexibility provided by flows (as 
opposed to canonical paths) is necessary in order to achieve good bounds on the mixing 
rate. Examples are given in the full paper [21]. 

By analogy with the conductance q~, we may define the resistance t of a reversible 
Markov chain described by a graph G by 

p -= p(G) = i~fp(f), 

where the infimum is taken over all valid flows in G. Corollary 4'.  indicates that p 
provides a lower bound on the spectral gap of the form f~(p-2). Thus in particular a 
family of Markov chains will be rapidly mixing if p is bounded above by a polynomial 
in the problem size. From Theorem 2 we already know that ~ characterises the rapid 

t This terminology is chosen because, as we shall see shortly, p is almost the inverse of the 
conductance ~. It should not be confused with the resistance of a graph famUiax from 
electrical network theory. 
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mixing property, since it measures the spectral gap up to a square. It is natural to ask 
whether p provides a similar characterisation. 

This is indeed the case. More precisely, if a reversible Markov chain is close to equi- 
librium after r steps, then it supports a flow .f for which PC.f) = O(rlog~r~i~), where 
~'mln = minxex It(z). Therefore, provided the stationary distribution Ir is reasonable, 
the chain is rapidly mixing i f  and only if  p is bounded above by a polynomial in the 
problem size�9 

In order to state this result, we neecl to formalise the notion of the time ~" for a chain t o  

become close to equilibrium. With r= defined as in Section 2, set I" = m a ~ e  x ~'=(I/4), 
i.e., ~" is the time taken for the variation distance from an arbitrary initial state to fall 
to I /4.  (The value I /4  is not significant and could be replaced by any sufficiently small 
constant.) Then we have: 

T h e o r e m  7. The resistance of an ergodic reversible Markov chain satisfies 

p < 2f (log2-m . + 1)]. 

Proof .  We indicate how to construct a flow f with the stated bound on p(f) .  Let 
t = Iv(log 2 ~m~n + 1)]. For a given state z ,  the choice of paths used to carry flow from z 
to other states is determined by the t-step evolution of the Markov chain itself, starting 
at z More precisely, let o(t) denote the set of all (not necessarily simple) paths of �9 �9 a r y  

length exactly t from z to y in the underlying graph G, and for p E ~=(~) let prob(p) 
denote the probability that the Markov chain, starting in state z ,  malces the sequence 
of transitions defined by p. (It is not hard to show that  P(~) is non-empty for all z, y.) 

"D(t) set Now for each z , y  and p E �9 xv, 

f(p) = r(x)zc(y)prob(p) ~r(z)~r(y)prob(p) 
[~-'~per~ prob(p) = Pt (z ,  y) ' (8) 

and set /(p) : 0 for all other paths p E 7 ~. Note that Eper(~ f(p) = x(z)x(y) for 

all x, y. (Strictly speaking, f is not a flow according to our definition since the paths 
in 7)(0 are not necessarily simple; however, we can always obtain a flow f from f ,  
without increasing the throughput through any edge, by simply bypassing the cycles on 
all paths.) The proof is completed by showing that  the density of f is at most 2t; this 

relies on the fact that  ~ > �89 for all z, y E X .  The details may be found in the full ~(y)  - 

p a p e r  [21]. [] 

In fact, a comparison of �9 and p leads to a slightly stronger result than Theorem 7, 
and sheds some interesting light on these two quantities. First, recall from Theorem 3 ~ 
that p > (2~) -1 , which is essentially the trivial direction of the max-flow rain-cut the- 
orem for our multicommodity flow problem. In view of the well-known result for single 
commodity flows, one might ask whether a converse inequality also holds. This question 
was extensively studied in more generality, and in a totally unrelated context, by Matula 
and Shahrokhi [15, 19] and by Leighton and Rao [14]�9 The latter authors show that,  in the 
case of uniform flow between all pairs of vertices (i.e., in our language, the distribution lr 
is uniform, ~r(z) = N -1 for all z E X) ,  p cannot exceed ~-1  by more than a factor 
O(log N) .  This yields an approximate max-flow min-cut theorem for the (uniform) mul- 

�9 o �9 

t icommodity flow problem. Moreover, this bound m tight since p = f/( # ) for random 
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walk on an expander graph of constant degree: here @ is constant, but p = f~(log N) 
since the distance between most pairs of vertices is f~(log N) and the graph has only 
e ( N )  edges. This result may be generaiised to arbitrary stationary distributions; since 
the proof is essentially the same as that of [14, Theorem 1] we omit it here. 

T h e o r e m  8. For any reversible Markov chain with stationary distribution • , 

[] 

Putting together Theorem 8 and Theorem 2, we obtain a lower bound on second 
eigenvalue in terms of p. 

Corol la ry  9. For any reversible Markov chain with stationary distribution x , the second 
eigenvalue ~1 satisfies 

[] 

As far as bounds on mixing rate are concerned, the content of Corollary 9 is essen- 
tially equivalent to that of Theorem 7, up to constant factors. However, Theorem 8 and 
Corollary 9 are apparently stronger and are of interest in their own right. 
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