
JOURNAL OF CHEMICAL PHYSICS VOLUME 108, NUMBER 9 1 MARCH 1998
A novel Monte Carlo algorithm for polarizable force fields: Application
to a fluctuating charge model for water

Marcus G. Martin, Bin Chen, and J. Ilja Siepmanna)

Department of Chemistry, University of Minnesota, 207 Pleasant St. SE, Minneapolis,
Minnesota 55455-0431
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In this Monte Carlo algorithm for polarizable force fields, the fluctuating charges are treated as
special degrees of freedom subject to a secondary low-temperature thermostat in close analogy to
the extended Lagrangian formalism commonly used in molecular dynamics simulations of such
systems. The algorithm is applied to Berne’s SPC-FQ~simple point charge–fluctuating charge!
model for water. The robustness of the algorithm with respect to the temperature of the secondary
thermostat and to the fraction of fluctuating-charge moves is investigated. With the new algorithm,
the cost of Monte Carlo simulations using fluctuating-charge force fields increases by less than an
order of magnitude compared to simulations using the parent fixed-charge force fields. ©1998
American Institute of Physics.@S0021-9606~98!51409-2#
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Most standard molecular force fields model the el
tronic structure of atoms, ions and molecules using par
point charges located on well-defined sites in the molec
frame. Commonly, the values of these charges remain fi
throughout the simulations, i.e. they do not change depe
ing on their environment. Thus the fixed charges are eff
tive parameters reflecting the average environment of
particular phase for which they have been derived. This l
its the applicability and transferability of fixed-charge mo
els. For example, the failure of fixed-charge water model
deal with changes in environment has now been w
documented.1–4 For situations where the electronic fields a
strong and heterogeneous, the next level of transferable
accurate force fields has to incorporate models in which
electronic structure of molecules can respond to environm
tal changes. In the case of water, this demand has now
met with the upsurgance of many dipole-polarizable5–9 and
fluctuating-charge10,11 models.

In polarizable and fluctuating-charge models it is a
sumed that the system remains always in its electro
ground state~adiabatic limit!. There are two principle alter
natives to satisfying this requirement. The first is to use
iterative procedure to minimize the electronic energy at
ery change of configuration~molecular dynamics time ste
or single Monte Carlo move!.8,12–14As has been pointed ou
by Frenkel and Smit,15 the iterative procedure has to be ca
ried out to high accuracy to avoid a systematic drag force
molecular dynamics simulations. Similarly, a very high a
curacy is required in Monte Carlo simulations to satisfy t
detailed balance condition. Iterative schemes have been
in Monte Carlo simulations, but the fact that the electro
structure should be optimized at every move~i.e. N times per
cycle! makes this method extremely computer intensive a
compares very unfavorably to molecular dynamics where
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erations are required only once for every time step. Mede
and Costas13 have suggested a Monte Carlo scheme wh
updates the electronic structure of only the molecule whic
displaced. However, polarizability is a many-body effe
and Medeiros and Costas do not show that their proced
satisfies the detailed balance condition.

The more elegant solution to maintaining the adiaba
limit in molecular dynamics simulations is the ‘‘on-the-fly
optimization pioneered by Car and Parrinello.16 In this ap-
proach, the fluctuating charges~or the electronic density! are
treated as additional dynamical variables~with fictitious
mass and kinetic energy! and an extended Lagrangian fo
malism is used to solve the equations of motion.5,16–19 The
electronic configuration fluctuates around the adiaba
value, i.e. it is not exactly in its ground state. However, t
fluctuations are random and can be made small by maint
ing a sufficiently low~kinetic! temperature for the fluctuating
charges.20 The use of an electronic temperature of 5 K is
typical in molecular dynamics simulations of fluctuatin
charge models.10,20

The underlying idea of the algorithm proposed here is
mimick the Car-Parrinello approach in the context of
Monte Carlo framework. Like in the molecular dynamic
case, the fluctuating charges are treated as additional deg
of freedom and two different temperatures~nuclear,T, and
electronic or fluctuating-q,Tfq , with Tfq!T! are specified. In
addition to conventional moves~say, translations and rota
tions! for the nuclear degrees of freedom, a new type
move has to be used to update the electronic configurat
such as fluctuating charges or dipole polarizabilities. The
ceptance probability for nuclear moves is calculated usingT,
while Tfq is used for fluctuating-charge moves. In the follow
ing description of the fluctuating-charge move, we focus
the use of Berne’s SPC-FQ~simple point charge-fluctuating
charge! model for water, which contains three fluctuatin
charge sites.10 However, it should be pointed out that th
principle is very general and can easily be adapted to o
.
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TABLE I. Potential energy,E, Lennard-Jones energy,ELJ , Coulombic energy,EC , and polarization energy
U fq , ~in units of kJ mol21! and average dipole moment~in units of Debye! for different temperatures of the
secondary thermostat,Tfq ~in units of K!, and for different ratios of fluctuating-charge versus standard mo
Rfq . The subscript gives the statistical uncertainty in the last digit~s!.

Tfq Rfq E ELJ EC Efq m

5.0 1 247.81 120.46 2119.41.8 151.21.1 3.13214

5.0 10 247.82 119.94 2118.41.3 150.78 3.12310

0.5 1 247.72 120.05 2117.61.8 150.01.0 3.11715

0.5 10 248.41 121.94 2124.61.2 154.38 3.1678
0.05 1 248.01 119.84 2116.61.2 148.97 3.1139
0.05 10 248.42 121.45 2123.11.5 153.39 3.1557
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polarizable force fields. The fluctuating-charge move e
ploys a symmetricunderlying Markov matrix, so that the
standard Metropolis acceptance rules can be applied to
isfy the detailed balance condition.21,22 The first step is to
randomly select the type of move to be attempted. Fo
system consisting of rigid water molecules in the canon
ensemble, translational, rotational, and fluctuating cha
moves are required. The second step is the random sele
of the trial molecule. If the fluctuating-charge move has be
selected in the first step, the third step is the random se
tion of one of the three partial charges~on the water mol-
ecule!. The value of this charge is now changed by
amount, dq, uniformly selected from the rang
(2dqmax;1dqmax), wheredqmax is the maximum displace
ment, which can be adjusted to yield a desired accepta
rate. If we use the constraint that each water molecule ha
be neutral, the other two charges on the selected molec
are changed by2dq/2.23 This constrained charge transf
constitutes the trial displacement. Now the change
Coulombic and polarization energies caused by the t
displacement has to be evaluated and the move is
accepted/rejected using the standard Metropolis accept
rule with Tfq.

21

In this work we have used the SPC-FQ water mo
proposed by Berne and co-workers.10 The model contains
three fluctuating charges located on the hydrogen and o
gen atomic sites, one Lennard-Jones site on the oxygen
has the same~fixed! internal geometry as the popular SP
model.24 The potential energy of anN-molecule system is
the sum of the Lennard-Jones part, the intermolecular C
lomb part, and the intramolecular polarization energy
given by Eq. 2.16 of Ref. 10. A molecule-based spheri
potential truncation atr OO.10.5 Å is employed for the
Lennard-Jones and Coulomb interactions and analytical
corrections are added for the Lennard-Jones part.25 In addi-
tion, an inner cut-off is used which prevents any two no
bonded sites from approaching to closer than 1.5 Å.
simulations were carried out in the canonical ensemble w
500 molecules atT5298.15 K andr51.00 g cm23. Produc-
tion periods consisted of 105 Monte Carlo cycles~or 53107

Monte Carlo moves!. Standard deviations were calculated
dividing the simulations into 10 blocks.26

Six sets of simulations were performed in which t
fluctuating-charge temperature~Tfq55, 0.5, or 0.05 K! and
the ratio fluctuating-charge versus standard moves~Rfq51 or
10! were varied. ForRfq51 and 10 the computer time in
eb 2009 to 152.3.22.23. Redistribution subject to AIP
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crease by factors of 1.9 and 9.6, respectively, compared
simulation of the fixed-charge SPC model,27 and the increase
is independent of system size. This small increase in co
puter time compares very favorably with Monte Carlo sim
lations using an iterative procedure for which an increase
a factor of 60 has been reported for a system containing
polarizable molecules.12

The calculated energies are reported in Table I. The
erage potential energies of all simulations are close
248 kJ/mol and the difference between the largest a
smallest value is less than 2%. However, the spread in
individual contributions to the potential energy is larger.
comparison, Ricket al.10 reported an average potential e
ergy of 242 kJ/mol and a polarization energy o
132 kJ/mol for their molecular dynamics simulations of t
SPC-FQ model. The differences are most likely caused
the different treatments of the long-range electrosta
interactions.25 For Tfq55 K, the results forRfq51 and 10
are indistinguishable, whereas for the lowerTfq the higher
ratio seems to yield a lower potential energy, and the res
for Tfq50.5 and 0.05 K are in good agreement. The dis
butions of the fluctuating charges are shown in Fig. 1. F
of all, the distributions for the two hydrogens are indisti
guishable which is a good indication for sufficient sampli
of the fluctuating-charge degrees of freedom. Secondly,
widths of the distributions are very similar irrespective of t
values ofTfq andRfq . Thus, the width is mainly caused b
the heterogeneous liquid environment and not by ther

FIG. 1. Distributions of the fluctuating charges forTfq55 K and Rfq51
~upper part!, for Tfq55 K and Rfq510 ~middle part!, and forTfq50.05 K
and Rfq510 ~lower part!. Solid, dotted and dashed lines are used for t
fluctuating charges on hydrogen 1, hydrogen 2, and oxygen.
 license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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fluctuations. Thirdly, the magnitude of the fluctuatin
charges is slightly larger atTfq50.05 K and Rfq510, as
could also be inferred from the lowerEC. As a consequence
the dipole moment also increases for lowerTfq ~see Table I!.
Thus, using the lower electronic temperature results i
slightly larger polarization of the fluctuating charges. Figu
2 and 3 show the corresponding oxygen–oxygen
oxygen-hydrogen radial distribution functions~RDFs!. De-
spite the fact that differences inELJ are observed for differ-
entTfq , it is hard to distinguish between the oxygen–oxyg
RDFs. It is also worth noting that the first minima in th
oxygen-oxygen RDFs fall around 0.6 in good agreem
with the neutron diffraction data of Soper and Phillips.28

In conclusion, a novel fluctuating-charge Monte Ca
algorithm has been demonstrated to satisfy the detailed
ance condition and to be remarkably efficient for simulatio
using polarizable force fields. Simulations were carried
for the polarizable SPC-FQ water model in the canoni
ensemble. The overall agreement between the simulation

FIG. 2. Oxygen-oxygen radial distribution functions forTfq55 K and
Rfq51 ~solid line!, for Tfq55 K and Rfq510 ~dashed line!, and for
Tfq50.05 K andRfq510 ~dotted line!.

FIG. 3. Oxygen-hydrogen radial distribution functions forTfq55 K and
Rfq51 ~solid line!, for Tfq55 K and Rfq510 ~dashed line!, and for
Tfq50.05 K andRfq510 ~dotted line!.
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different electronic temperatures is very satisfactory. Low
electronic temperatures yield a slightly lower potential e
ergy caused by increased polarization of the fluctuat
charges.
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