
STA 250: Final
Total time: 3 hours. Total points: 75

1. Each part below contains an incomplete paragraph and some phrases that could com-
plete it. Report the best choice from the given options and give a brief justification of
your chioce. [6× 4 = 24 points]

(a) A count data X is modeled as X ∼ f(x|θ), θ ∈ {0, 1} as in the table below

θ f(1|θ) f(2|θ) f(3|θ)
0 0.9 0.05 0.05
1 0.09 0.055 0.855

In testing H0 : θ = 0 vs. H1 : θ = 1 an ML test that rejects H0 when X = 2

A. should also reject H0 when X = 3. B. may or may not reject H0 when X = 3.

(b) Voltage measurements X1, · · · , Xn on n = 37 electron tubes are modeled Xi
IID∼

Normal(µ, σ2). From observed data a 95% ML confidence interval for µ is con-
structed to be [78, 98]. The p-value for testing H0 : µ ≥ 100 vs H1 : µ < 100

A. is smaller than 2.5%. B. is between 2.5% and 5%.
C. is larger than 5%. D. cannot be determined

(c) Least squares analysis is performed on paired data (Xi, Yi), i = 1, · · · , 60 modeled

as Yi = β0+β1Xi+ ϵi, ϵi
IID∼ Normal(0, σ2). Least squares residuals are binned into

12 equal expected count bins under Normal(0, σ̂2) distribution and the resulting
Pearson’s chi-square statistic equals Q = 16.1. A size 5% test for goodness-of-fit
of the linear regression model should

A. accept the fit as good. B. reject the fit. C. remain inconclusive.

(d) A continuous data X is modeled as X ∼ f(x|θ), θ ∈ {1, 2, 3} for some pdf f(x|θ).
Two tasks are to be performed. Task A: calculate P (θ = 1|X = 2) under prior
ξ(1) = ξ(2) = ξ(3) = 1/3. Task B: calculate ML p-value for testing H0 : θ = 1
vs. H1 : θ ∈ {2, 3}. For observed data X = x you are told f(x|1)/f(x|3) = 2,
f(x|2)/f(x|3) = 4. With this information you should be able to perform

A. task A but not B. B. task B but not A. C. both tasks. D. neither task.

(e) Eruptions from a certain geyser last longer than a minute with probability p ∈
(0, 1), independently of each other. Harold observes 6 out of 10 eruptions to last
longer than a minute and reports a Beta(6.5, 4.5) posterior for p. Harold’s prior
on p

A. was Uniform(0, 1). B. was Beta(0.5, 0.5). C. cannot be determined.

(f) Paired data (Xi, Yi), i = 1, · · · , n are modeled as Yi = β0 + β1Xi + ϵi, ϵi
IID∼

Normal(0, σ2). From observed data, x̄ = 0, σ̂ = 0.89 and 95% ML confidence
intervals for β0 and β1 are 15.03∓z29(0.05)·1.2 and 5.1∓z29(0.05)·0.9 respectively.
A 95% predictive interval for Y ∗ = β0 + β1x

∗ + ϵ∗, ϵ∗ ∼ Normal(0, σ2) at x∗ = 1

A. is 15.03 + 5.1∓ z29(0.05) ·
√
1.22 + 0.92.

B. is 15.03 + 5.1∓ z29(0.05) ·
√
1.22 + 0.92 + 1.

C. is 15.03 + 5.1∓ z29(0.05) ·
√
1.22 + 0.92 + 0.892.

D. cannot be determined from this limited information.
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2. Post-surgery survival times (in months) of n treatment group patients are measured
in T1, · · · , Tn. The same of m control group patients are measured in C1, · · · , Cm.
The model assumed is: Ti

IID∼ Exponential(λ1), Cj
IID∼ Exponential(λ2), the two sets of

measurements are conditionally independent given model parameters λ1 > 0, λ2 > 0.
Consider testing H0 : λ1 = λ2 against H1 : λ1 ̸= λ2.

(a) Choose and justify the correct phrase to complete this sentence: Without data we
will take the average survival time... [3 points]

i. ...under treatment to be no better than under control

ii. ...under treatment to be no worse than under control

iii. ...under treatment to be neither better nor worse than under control.

(b) Assume n = m. In this case it is known that when λ1 = λ2, the random variable
U = T̄ /(T̄ + C̄) ∼ Beta(n, n) ≈ Normal(1

2
, 1
8n
). Give the rule a size-5% test of H0

based on U . Your rule should be of the form “reject H0 if test statistic > cut-off”.
You must give a formula for your test statistic that is easily calculated given U
and n and should also give a precise numeric value for the cut-off. Also give a
brief justification of why your cut-off will give size = 5%. [6 points]

3. A machine goes through 4 hazard levels θ, coded 0 through 3 (from low hazard to
high hazard) with use over time. The hazard level of a day can be measured by the
frequency of hazardous incidents X of that day, again coded 0 through 3 (low frequency
to high frequency). Suppose X is modeled with pmfs f(x|θ), θ ∈ Θ = {0, 1, 2, 3} as
given by the rows of the following table

θ f(0|θ) f(1|θ) f(2|θ) f(3|θ)
0 4

10
3
10

2
10

1
10

1 0 3
6

2
6

1
6

2 0 0 2
3

1
3

3 0 0 0 1

We are interested in the θ of Apr 24, 2013 for which we have recorded X = 2.

(a) What is the smallest α ∈ [0, 1] such that a size-α ML test will reject H0 : θ = 0
vs. H1 : θ ̸= 0? [5 points]

(b) What is the posterior probability of θ = 0 if θ is assigned the discrete uniform
prior ξ(0) = ξ(1) = ξ(2) = ξ(3) = 1/4. [5 points]

(c) It was later learned that a faulty coding system was employed to record X on that
day. If X was actually 0, it would have been recorded as X = 3. Other values of
X (i.e., X = 1 or X = 2 or X = 3) would have been recorded correctly. In light
of this new information, do you need to revise any of your calculations in parts
(a) and (b)? Give a clear and concise justification of your answer. [5 points]
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4. The swing (difference between the maximum and minimum values) of S&P500 on any
one day is distributed with pdf f1(x) = 2

20(1+x/20)3
, x > 0 if the market that day is

“stable” or as f2(x) =
2

200(1+x/200)3
if the market is “volatile”. A market analyst assigns

a 10% chance for Apr 29, 2013 being “volatile”. The analyst believes that the market
state (stable/volatile) of a day persists the next day with probability 0.9 or switches
to the other state with probability 0.1. The loss associated with flagging Apr 30, 2013
as “volatile” (flag V) or “stable” (flag S) are given below.

Truth about Apr 30, 2013
‘Volatile’ ‘Stable’

F
la
g V 0 1

S 10 0

Should the analyst flag Apr 30, 2013 as “stable” if a swing of 20 is recorded on Apr
29, 2013? Justify your answer. [10 points]

5. Police records on n = 892 stops made against speed limit violation (on New Jersey
Turnpike between exits 1 and 3, during Apr’88-May’91) show X1 = 127 black drivers,
X2 = 148 white drivers and X3 = 617 drivers whose race was not recorded (here
‘white’ refers to non-black). We consider the model: X ∼ Multinomial(n, p), p ∈ ∆3. It
has been independently assessed that among drivers who violated speed limit (on that
stretch of the turnpike during that period) about 15% were blacks. We are interested
in testing the null hypothesis that no racial profiling took place in those 892 stops.

(a) Under the assumption of ‘no racial profiling’ we should have P (black | stopped) =
0.15. Let us also assume that among drivers stopped for speeding,

P (race not recorded | white)
P (race not recorded | black)

= 3

which we would refer to as the ‘3-fold non-reporting’ assumption. Show that under
these two assumptions, p ∈ ∆0

3 = {(0.15(1− a), 0.85(1− 3a), 2.7a) : a ∈ (0, 1/3)}
and give an interpretation of the unknown scalar ‘a’. [5 points]

(b) Indicate how to obtain the restricted MLE of p under the assumptions of ‘no racial
profiling’ and ‘3-fold non-reporting’ [setting up an equation will be good enough,
you don’t need to actually solve it.] [3 points]

(c) The restricted MLE of p equals (0.11, 0.16, 0.73). Would you reject H0 : ‘no racial
profiling and 3-fold non-reporting’ at level 5% testing? Give details. [6 points]

(d) Speculate whether the p-value for testing H0 : ‘no racial profiling and 2-fold
non-reporting’ will be larger or smaller than the p-value for testing H0 : ‘no
racial profiling and 3-fold non-reporting’. Justify your answer without any new
calculations. [3 points]
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