
STA 250: Statistics
Lab 8

In this lab, we will look at the actual size of a size-5% Welch t-test.

Welch t-test in R

For data X = (X1, · · · , Xn) and Y = (Y1, · · · , Ym) modeled as Xi
IID∼ Normal(µ1, σ

2
1) and Yj

IID∼
Normal(µ2, σ

2
2), the size-α Welch t-test for H0 : µ1 = µ2 against H1 : µ1 ̸= µ2 is given by

“reject H0 if T (x, y) > zr(x,y)(α)”

where
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)2
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.

For observed data X = x, Y = y, the p-value based on these tests is that α for which T (x, y) =
zr(x,y)(α). The size-α test should reject H0 if and only if p-value is smaller than α.

In R you could calculate Welch t-test p-value for data x = (x1, · · · , xn) and y = (y1, · · · , ym) as
follows

t.test(x, y)$p.value

Task 1. In the soporific drug study mentioned in class, the recorded
data is, X = (1.9, 0.8, 1.1, 0.1,−0.1, 4.4, 5.5, 1.6, 4.6, 3.4) and Y =
(0.7,−1.6,−0.2,−1.2,−0.1, 3.4, 3.7, 0.8, 0.0, 2.0). Carry out Welch’s t-test at
size 5% for H0 : µ1 = µ2 by using the t.test() function.

Simulation study for the actual size of Welch’s t-test

We saw in class that Welch’s test has an approximate size guarantee. But the approximation is
quite good. We can verify this by simulation. For example, we could fix three scalars µ, σ, τ ,
simulate Xi

IID∼ Normal(µ, τ2σ2) and Yj
IID∼ Normal(µ, σ2) and calculate the probability of type-I

error of the 5% Welch test under this simulation [Notice the simulation setting agrees with H0 as
EXi = EYj under simulation]. The following code does this for µ = 2, σ = 3 and τ = 2.

welch.normal <- function(n, m, mu, sigma, tau, alpha = 0.05){

y <- rnorm(m, mu, sigma)

x <- (1 - tau) * mu + tau * rnorm(n, mu, sigma)

return(t.test(x, y)$p.value < alpha)

}

mean(replicate(1e4, welch.normal(10, 15, 2, 3, 2)))

Task 2. Use the above code to calculate the type-I error probabilities under
various choices of τ > 0, both small and large. Comment on whether the
size-5% Welch test’s actual size is indeed close to 5%.
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Robustness of the t-test

The t-test is based on a “normal pdf” modeling assumption for the two samples. However, in
reality it is not always possible to justify or verify the normality assumption for data at hand.
A more general two-population comparison modeling framework assumes: Xi

IID∼ f1 where f1 is
some pdf/pmf with mean µ1 and Yj

IID∼ f2 where f2 is some pdf/pmf with mean µ2 and tests for
H0 : µ1 = µ2. We could use our 5% Welch’s t-test to carry out this test. Will the test still give a
nearly 5% type-I error probability in a non-normal setting?

To find out this we could simulate data from a possibly non-normal setting as follows.

1. Fix a pdf/pmf f(x) with mean µ. Fix a τ > 0.

2. Simulate Yj
IID∼ f

3. Simulate Zi
IID∼ f and set Xi = (1− τ)µ+ τZi [so that mean of Xi is also µ.]

With f = Normal(µ, σ2) we are back to the simulations we did in Task 2. We could do a “Poisson”
simulation with f = Poisson(2) which has µ = 2. The following code implements this with τ = 2.

welch.pois <- function(n, m, mu, tau, alpha = 0.05){

y <- rpois(m, lambda = mu)

x <- (1 - tau) * mu + tau * rpois(n, lambda = mu)

return(t.test(x, y)$p.value < alpha)

}

mean(replicate(1e4, welch.pois(10, 15, 2, 2)))

Task 3. Run the above simulation with various choices of µ and τ and
comment on whether the Welch t-test retains its size of 5% in this non-
normal setting.

Task 4. Modify the above code to work with an f = Exponential(λ) for which
µ = 1/λ. Run simulations with various choices of λ and τ to comment on
whether the t-test retains its size of 5% in this non-normal setting.
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