
STA 250: Statistics

HW 6

Due Wed Oct 16 2013

1. A hospital in Houston ran an experiment to judge comparative effectiveness of early
versus delayed injection of IV fluids to victims of stab injury to the torso. In 309
randomly selected cases, patients were given IV fluids on their way to the hospital. In
another 289 cases patients got the fluids only after reaching the operation theater. Let
X1, X2, respectively, denote the number of survivors in the two groups.

Consider the model X1 ∼ Binomial(309, p1), X2 ∼ Binomial(289, p2), X1 and X2 are
independent, with a joint prior pdf ξ(p1, p2) = 1 for (p1, p2) ∈ [0, 1]2. Answer the
following questions and show work.

(a) Show that given observations X1 = 193 and X2 = 203, the posterior distribution
of p2−p1 is approximately Normal(0.08, 0.0382). [Clearly state any approximation
result you use.]

(b) Give a 95% posterior range for p2 − p1.

(c) Under the above model and given the observed data, how sure would you be that
delayed injection of IV fluids offers a better chance of survival?

2. Post-surgery survival times of n treatment group patients are measured in T1, · · · , Tn.
The same ofm control group patients are measured in C1, · · · , Cm. The model assumed
is:

T1, · · · , Tn
IID∼ Exponential(λθ)

C1, · · · , Cm
IID∼ Exponential(λ),

Ti’s and Cj’s are independent,

with model parameters θ > 0 and λ > 0. Because of the independence assumption,
the joint pdf of data X = (T1, · · · , Tn, C1, · · · , Cm) is

f(x|λ, θ) =

{
n∏

i=1

(λθ)e−(λθ)ti

}
×

{
m∏
j=1

λe−λcj

}
= λn+mθm exp{−(θnt̄+mc̄)λ}

at any possible observation x = (t1, · · · , tn, c1, · · · , cm) with positive entries [and as
usual t̄ = (t1 + · · · + tn)/n and c̄ = (c1 + · · · , cm)/m]. We will work with Jeffreys’
default prior on λ and a Gamma(2, 1) prior on θ, i.e.,

ξ(λ, θ) =
1

λ
× θe−θ, λ > 0, θ > 0.
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Our main interest is in θ; under the model, E(Cj|θ, λ) = θ×E(Ti|θ, λ). So θ ≥ 1 means
the treatment has no positive effect whereas θ < 1 means it improves survival time.
Observed records show: n = 28,m = 23, T̄ = 76.5, C̄ = 59.2. The following questions
involve some analytical calculations and some coding. Write up your answers neatly
as you will do for a regular homework problem. And then attach the plot you will
generate.

(a) Identify the conditional posterior pdfs of θ|(λ,X = x) and λ|(θ,X = x). Both pdfs
will be of recognizable form. Write down the name and give simplified expressions
for the pdf parameters.

(b) Run a Gibbs sampler to draw samples of (λ, θ) from the posterior. Use the
following code after filling in the missing pieces. Present the missing pieces in
your answer paper. The code will produce a histogram of 2000 sampled θ values
after discarding 100 runs of the sampler, save this plot; you will add some more
things to it in the parts below.

## data ##

n <- 28

m <- 23

t.bar <- 76.5

c.bar <- 59.2

## initialize ##

theta <- 1

lambda <- (n+ m) / (n * t.bar + m * c.bar)

## run lengths and storage ##

n.discard <- 1e2

n.save <- 2e3

n.iter <- n.discard + n.save

theta.samp <- rep(NA, n.iter)

lambda.samp <- rep(NA, n.iter)

## Gibbs sampler ##

for(iter in 1:n.iter){

theta <- ....

lambda <- ....

theta.samp[iter] <- theta

lambda.samp[iter] <- lambda

}

theta.samp <- theta.samp[-(1:n.discard)]

lambda.samp <- lambda.samp[-(1:n.discard)]

## plot ##

hist(theta.samp, freq = FALSE, breaks = seq(0, 4, .1))
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(c) For inference on θ, it is also possible to look at only the (marginal) posterior pdf
of θ given X = x. Show that this pdf is h(θ) = eq(θ)/const (it’s posterior pdf
given data, but I am suppressing the “|x” to keep notations clean) with:

q(θ) = (n+ 1) log θ − (n+m) log(r + θ)− θ, θ > 0

where r = (mc̄)/(nt̄). [Hint:
∫∞
0

λa−1e−bλdλ = Γ(a)/ba whenever a > 0, b > 0.]

(d) Find the Laplace type normal approximation to h(θ) [consult Lab 6. You will
have to first figure out q̇(θ) and q̈(θ). Then use Newton’s method to find θ̂ (with
stabilization up to 3 decimal places)]. Overlay the approximate normal posterior
pdf on the histogram plot you got from part (b).

(e) Again consult Lab 6 to numerically compute the normalizing constant for h(θ).
Overlay a plot of the (normalized) h(θ) on your histogram and Laplace pdf plot
(use a different color).

(f) Report two versions of a 95% posterior range for θ, one from your Gibbs sampler
and the other from your Laplace approximation. Clearly indicate how did you
get these numbers from what you already had as results of your codes for part
(b) and part (d).

(g) Also report two computations of the probability P (θ < 1|X = x), one from your
Gibbs sampler and the other from your Laplace approximation. Clearly indicate
how did you get these numbers from what you already had as results of your codes
for part (b) and part (d).

(h) Let’s try to predict a pair of future observables (T ∗, C∗) modeled as T ∗ ∼ Exponential(λθ)
and C∗ ∼ Exponential(λ) [i.e., think of two randomly picked patients in the future
going through the same surgery, one with the treatment and the other without].
We are primarily interested in relative improvement in survival time due to treat-
ment: I∗ = 100(T ∗/C∗ − 1). So I∗ = 20 means 20% longer survival for the future
patient assigned to treatment than the one to control. Use the snippet below to
sample I∗ from its posterior predictive, following up on your Gibbs samples, and
discuss how effective you think the treatment is in improving survival time. Take
into account your answer from part (g) (for the Gibbs sample part).

T.star <- rexp(n.save, theta.samp * lambda.samp)

C.star <- rexp(n.save, lambda.samp)

I.star <- 100 * (T.star / C.star - 1)

quantile(I.star, c(.025, .25, .5, .75, .975))
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