STA 213

Problem 5.4 (a) Pr(X_1 = x_1, . . . , X_k = x_k) =

∫_1 0 [_k ∏ i=1 f(x_i | p) ] f(p)dp = ∫_1 0 p^t(1 − p)^{k−t}dp = B(t + 1, k − t + 1)

∫_1 0 1 B(t + 1, k − t + 1) p^t(1 − p)^{k−t}dp = B(t + 1, k − t + 1) =

Γ(t + 1)Γ(k − t + 1) Γ(k + 2) = t!(k − t)! (k + 1)!

where t = ∑_k i=1 x_i and B(α, β) is the beta function. Note that Pr(X_1 = x_{i1} , . . . , X_k = x_{ik} ) =^{t!(k−t)!}_{(k+1)!} for any permutation (i_1, . . . , i_k) of the indices (1, . . . , k).

(b) From part (a) we can derive that

Pr(X_i = x_i) =

∫_1 0 f(x_i | p)f(p)dp = ∫_1 0 p^{xi} (1 − p)^{1−xi} dp = x_i!(1 − x_i)! 2! = 1 2 for x_i = 0, 1 Therefore

Pr(X_1 = x_1, . . . , X_n = x_n) = t!(n − t)! (n + 1)! ≠ n∏ i=1 Pr(X_i = x_i) = ( 1 2 )_n where t = ∑_n i=1 x_i