
10.0LessonPlan

•DiscussQuizzes/AnswerQuestions

•ReviewProbability

•SomeExercises

•Bayes’Rule
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10.1Review

RecalltheadditionruleforOR,where“or”meansthateitherAorBor

bothoccur.

P[AorB]=P[A]+P[B]−P[AandB].

Therearetwospecialcases.OneariseswhenAandBaremutually

exclusive,andtheotherariseswhenAandBareindependent.
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•IfAandBaremutuallyexclusive,thenitisimpossibleforbothto

happen,soP[AandB]=0andtheformulareducesto:

P[AorB]=P[A]+P[B]

(asintheKolmogorovaxiom).

•IfAandBareindependenteventsthentheoccurrenceofonedoes

notaffecttheoccurrenceoftheother,soP[AandB]=P[A]∗P[B]

andtheformulareducesto:

P[AorB]=P[A]+P[B]−P[A]∗P[B].
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RecallthemultiplicationruleforAND,where“and”meansthatbothof

AandBmustoccur.

P[AandB]=P[A|B]∗P[B]=P[B|A]∗P[A].

Here,theconditionalprobabilityP[A|B]istheprobabilitythatevent

Aoccurs,giventhateventBisknowntooccur.Themathematical

definitionis:

P[A|B]=P[AandB]/P[B].

Asbefore,therearetwospecialcasesthatarisewhentheeventsare

mutuallyexclusiveorindependent.
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•IfAandBaremutuallyexclusive,P[AandB]=0.

•IfAandBareindependenteventsthentheoccurrenceofonedoes

notaffecttheoccurrenceoftheother,soP[A|B]=P[A]and,

equivalently,P[B|A]=P[B].Then:

P[AandB]=P[A|B]∗P[B]=P[A]∗P[B]

P[AandB]=P[B|A]∗P[A]=P[B]∗P[A]

NotethatifAisindependentofB,thenBisindependentofA.Thatis,

iftheoccurrenceofAgivesnoinformationaboutB,thentheoccurrence

ofBgivesnoinformationaboutA.Thisistrue,butperhapsnotobvious.
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Thebinomialformulagivestheprobabilityofexactlyr“successes”inn

tries,wherenisfixed,eachtryisindependent,andtheprobabilityof

successoneachtryisp.

P[exactlyrsuccesses]=

(

n

r

)

p
r
(1−p)

n−r

wherethecoefficient

(

n

r

)

isthenumberofdifferentwaysthatone

canpickroftheoutcomesfromthesetofntobesuccesses.

Formally,
(

n

r

)

=
n!

r!∗(n−r)!

wheren!=n∗(n−1)∗(n−2)∗···∗1(and0!isdefinedtobe1).
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10.2SomeExercises

Suppose30%ofthestudentsatDukearedirectdescendantsofCaligula.

Yougoon12randomdates.Whatistheprobabilityofdatingatleast

onedescendant?

P[atleastone]=1−P[nodescendants]

=1−P[firstisnot]∗P[secondisnot]∗···∗

P[twelfthisnot]

=1−(.7)
12

=.986.
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Thisusedthetrickthatfindingtheprobabilityof“none”waseasierthan

findingtheprobablityof“oneormore”.SinceP[A]+P[A
c
]=1(recall

A
c

isthecomplement,oropposite,ofA),wecansubtracttheprobability

of“none”from1togettheprobabilityof“oneormore”.

Youcouldalsousethebinomialformula.Thelongwayistofind

P[atleastone]=P[exactlyonedescendant]+···+

P[exactly12descendants].

Butthetrickusedaboveappliesheretoo:

P[atleastone]=1−P[exactly0]

=1−

(

12

0

)

(.3)
0
(1−.3)

12

=1−.7
12

.
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WhatistheprobabilityoftwoorfewerdateswithCaligulascions?

P[twoorfewer]=P[exactly0descendants]+

P[exactly1descendant]+

P[exactly2descendants]

=

(

12

0

)

.3
0
.7

12
+

(

12

1

)

.3
1
.7

11
+

(

12

2

)

.3
2
.7

10

=1∗.7
12

+12∗.3∗.7
11

+66∗.3
2
∗.7

10

=.00138+.07118+.16779

=.2528.
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TheBirthdayProblemasks“Whatistheprobabilitythattwoormore

peopleinaclassofsizenhavethesamebirthday?”

Weknowthat

P[2ormorematches]=1−P[nomatch].

Iftherearetwopeopleintheclass,thenn=2andtheprobabilityofno

matchis

P[nomatch]=
365

365
∗

364

365
.
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Ifn=3then

P[nomatch]=
365

365
∗

364

365
∗

363

365
.

Forn=4

P[nomatch]=
365

365
∗

364

365
∗

363

365
∗

362

365
.

Thepatterncontinues.Ingeneral,

P[nomatchinn]=
(365)(364)∗···∗(365−n+1)

365
n.
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Therefore,usingthecomplementationtrick,

P[oneormorematchesinn]=1−
(365)(364)∗···∗(365−n+1)

365
n.

Forn=26theprobabilityofamatchisabout.6.Forn=50the

probabilityofamatchisabout.97

Thisassumesthatalldaysoftheyearareequallylikelytobebirthdays.

Thisisonlyapproximatelytrue.
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Considerpokergameproblems.Supposeyouholdakingofhearts,a

queenofhearts,ajackofhearts,asixofclubs,andtwoofspades.You

discardthesixandthetwo,anddrawreplacements.Whatisthechance

thatyouholdjustapairofjacks?

Forthistohappen,oneofyourdrawsmustbeajack,andtheothermust

notbeaking,queenorjack.Ifthejackisdrawnfirst,thenthechanceis
3

47∗
46−3−3−2

46=.05273.

Nowassumethatthejackisdrawnlast.Thenthechanceofgettingjust

apairofjacksis
47−3−3−3

47∗
3

46=.05273.

Sotheprobabilityoftwojacksis.10546.
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10.3Bayes’Rule

ThesimpleversionofBayes’Ruleisjustanapplicationofthedefinition

ofconditionalprobability.

LetA1,...,Anbemutuallyexclusiveandsupposethat

P[A1orA2or...orAn]=1.Then

P[A1|B]=
P[B|A1]∗P[A1]

∑

n

i=1P[B|Ai]∗P[Ai]
.
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ThepointofBayes’Ruleistoreversetheorderoftheconditioning.One

findstheprobabilityofA1givenBintermsoftheprobabilitiesofB

giventheAi.

FromthestandpointoftheBayesiandefinitionofprobability,suppose

one’sinitialguessisthatthecoinisfair.Thenoneobserves10headsin

arow.Howshouldone’sbeliefabouttheprobabilityofheadschange?

BayesRulesayshowyourbeliefabouttheprobabilityoffairnessshould

change.Theprobabilityoffairnessgiventhatyouobserved10straight

headscanbecalculatedintermsoftheprobabilityofgetting10straight

headsgiventhatthecoinisfair.
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Acoinhasprobability.4ofcomingupheads.Ifyoutossaheads,you

drawamarblefromanurnthathas70%redballs,30%yellow.Ifyou

tosstails,youdrawfromanurnthatis40%redand60%yellow.You

showmearedmarble—whatistheprobabilitythatyouthrewaheads?

SetB={red},A1={heads},A2={tails}.

P[heads|red]=

P[red|heads]∗P[heads]

P[red|heads]∗P[heads]+P[red|tails]∗P[tails]

=(.7)∗(.4)/[(.7)∗(.4)+(.4)∗(.6)]

=.5385.
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ELISAisatestforAIDS.

•IfapersonhasAIDS,ELISAhasprobability.997ofsignalling.

•IfapersondoesnothaveAIDS,thenELISAdoesnotsignalwith

probability.985.

•About.32%oftheU.S.populationhasAIDS

SupposeyougetanAIDStest(e.g.,aspartofamarriagelicense).Your

testcomesbackpositive.WhatisthechancethatyouhaveAIDS?

WecanuseBayesRule.LetB={positivetest},A1={haveAIDS},and

letA2={donothaveAIDS}.
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P[AIDS|pos]=

P[pos|AIDS]∗P[AIDS]

P[pos|AIDS]∗P[AIDS]+P[pos|OK]∗P[OK]

=(.997)∗(.0032)/[(.997)∗(.0032)+(1−.985)∗(1−.0032)]

=.1758.

Soeventhoughthetestispositive,youarestillunlikelytohaveAIDS.

ThisisbecausethebackgroundrateofAIDSisquitelow.
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