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11.1MoreExercises

RecallthesimpleversionofBayes’Rule:.

LetA1,...,Anbemutuallyexclusiveandsupposethat

P[A1orA2or...orAn]=1.Then

P[A1|B]=
P[B|A1]∗P[A1]

∑n

i=1P[B|Ai]∗P[Ai]
.

ThisformulaisduetotheRev.ThomasBayes,1763.
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SupposeKarlRovetakesaliedetectortestaboutoutingCIAagent

ValeriePlame.Andsupposealiedetectoris92%accurateontruth

tellers,butonly85%accurateonliers.

Alsosupposethattheleakhadtocomefromoneoffivepeople,allof

whomareequallysuspect.

IfKarlRovedeniesleakingbuttheliedetectorsignals,thenwhatisthe

probabilitythathewasresponsiblefortheleak?

3



SetB={signal},A1={lie},A2={truth}.

P[lie|signal]=

P[signal|lie]∗P[lie]

P[signal|lie]∗P[lie]+P[signal|truth]∗P[truth]

=(.85)∗(.2)/[(.85)∗(.2)+(1−.92)∗(.8)]

=.726

Thustheguiltysignalfromtheliedetectoronlyincreasestheprobability

thatRovewastheleakfrom1/5to.726.
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11.2ContingencyTables

Acontingencytableshowscountsfortwocategoricalvariables.For

example,youmightclassifyasampleofpeoplebygenderandmajor,or

byraceandmaritalstatus,orbydietandhealth.

MaleFemale

Math1020

English2010

History1515
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ThePhysician’sHealthStudy(1989)wasarandomized,controlled,

double-blindexperiment.Halfof22071menover40tookanaspirin

everyotherday,whilehalftookaplacebo.

HeartAttackNoHeartAttack

aspirin10410933

placebo18910845

Thequestioniswhethermembershipintheaspiringroupisindependent

ofwhetheroneisintheheartattackgroup,orwhetheraspirinaffects

(lowers)theheartattackrate.
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Onewaytoassesswhetherornottreatmentisindependentofheart

attackistomakeamosaicplot.Inamosaicplot,thesizeofthetilesis

proportionaltothecountinthecell.Ifitlookslikeawindow,onehas

perfectindependence.

.
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Butnodatasetisreallygoingtogiveyouaperfectwindowpane.Even

ifthetwocategoriesareindependent,randomchancewillcausesome

variation.

Forexample,ifyoutossacointodeterminewhogetsaheartattackand

whodoesnot,thenaspirinuseisclearlyunrelatedtoheartattack.

Butweknowthatyouareunlikelytogetexactlyequalnumbersofheads

forbothgroups.Bychance,oneortheotherwillhaveaslightexcessof

heartattacks.
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Weneedsomewaytomeasurehowunlikelytheobserveddataare,ifin

factaspirinusehasnothingtodowithheartattacks.

Determiningwhetherornotanobservedcontingencytableshows

significantdifferencefromindependenceissomethingweshallstudy

later.

Fornow,weshalldescribetwowaysofmeasuringthehowfarfrom

independenceaparticular2×2contingencytableis.

•RelativeRisk

•OddsRatio
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Todefinethesemeasures,considerthefollowing2×2contingencytable:

Category1Category2

Type1AB

Type2CD

RelativeRiskis

RR=
A/(A+B)

C/(C+D)
.

ThisisjusttheratiooftheproportioninCategory1inthefirstrowto

theproportioninCategory1inthesecondrow.
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TheOddsRatiois

RR=
A/B

C/D
.

ThisistheratiooftheoddsofbeingintheCategory1inthefirstrow

thetooddsofbeinginCategory1inthesecondrow.

Theoddsarejusttheratiooftheproportioningrouptotheproportion

intheother,wherethesumoftheproportionsmustaddto1.Thusodds

of“2to1”meanthatthefirstoutcomeistwiceaslikelyasthesecond,

orthechanceofthefirstoutcomeis2/3,whilethechanceofthesecond

is1/3.
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Inthecaseofaspirindata:

HeartAttackNoHeartAttack

aspirin10410933

placebo18910845

RR=
104/(104+10933)

189/(189+10845)
=.55

OR=
104/10933

189/10845
=.546.

Itisimportanttogetthe“A”cellright—itshouldbethebadoutcome

andthetreatmentofinterest.
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Ifthemosaicplotisaperfectwindowpane,thenboththeRelativeRisk

andtheOddsRatioequalto1.Butifeitherismuchlessthan1,thatis

strongevidenceofdependence(i.e.,aspirinhelps).

Ifthefirstrowpeoplearemorelikelytobeinthefirstcolumnthan

secondrowpeople,thenbothRelativeRiskandtheOddsRatioare

greaterthan1.

Ifthefirstrowpeoplearelesslikelytobeinthefirstcolumnthansecond

rowpeople,thenbothRelativeRiskandtheOddsRatioarelessthan1.

Thusonecantellwhetheraspirinhurts,helps,orisindependentofheart

attack.
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Asinourexample,itoftenhappensthatbothRelativeRiskandthe

OddsRatiohavesimilar,butnotidentical,values.

StatisticiansslightlypreferRelativeRiskasameasureofdependence,

sinceitisinterpretablehastheratiooftwoprobabilities.

Forhistoricalreasons,theOddsRatioisoftenusedinmedicineand

gambling.Butitisslightlymoredifficulttointerpret,atleastforme.
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