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•CentralLimitTheorem
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13.1BoxModels

ABoxModeldescribesaprocessintermsofmakingrepeateddraws,

withreplacement,fromaboxcontainingnumbers.

Sincedrawsaremadewithreplacement,theoutcomesinaseriesof

drawsareindependent.Thevalueonthefirstdrawdoesnotaffectthe

valueonthesecond.

Boxmodelsdescribe:repeatedrollsofadie,repeatedtossesofacoin

(fairorunfair),drawingarandomsampleofpeopleandgettingtheir

heightsorwhomtheyplantovotefor.
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Foraboxmodel,theexpectedvalueistheaverageofthenumbersinthe

box.

Forcategoricaldata,suchasHorTincoin-tossing,orvotingforBush

orKerry,oneaverageszeroesandones.Whenaveragingzeroesandones,

theresultisjustaproportion,orthetotalnumberofpeoplevotingfor

Kerrydividedbythetotalnumberofpeoplewhomyouask.

TheLawofAveragessaysthatifonemakesmanydrawsfromthebox

andaveragestheresults,thataveragewillconvergetotheexpectedvalue

ofthebox.

ButtheLawofAveragessaysnothingabouttheoutcomeonthenext

draw.
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13.2ExpectedValueandStandardError

SupposethataboxcontainsBnumbers,X1,...,XB.Thentheexpected

valueoftheboxisis

EV=X̄=
1

B

B
∑

i=1

Xi

andthestandarddeviationoftheboxis
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n
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2
]
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2
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Thisisjustthesameascalculatingthemeanandstandarddeviationfor

alistofnumbers.
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Thestandarderrorfortheaverageofndrawsfromabox(with

replacement)is:

se=
sd
√

n
.

Thestandarderroristhelikelysizeofthedifferencebetweentheaverage

ofndrawsfromtheboxandtheexpectedvalueofthebox.

Notethatasn→∞,thestandarderrorsegoestozero.Thisisaformal

statementoftheLawofAverages.Itmeansthatthesampleaverageisa

goodestimateoftheaverageinthebox,andtheaccuracyoftheestimate

improvesasyoutakemoreandmoredrawsfromthebox.
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Thestandarderrorforthesumofndrawsfromabox(withreplacement)

is:

se=
√

n×sd.

Analgously,thestandarderroristhelikelysizeofthedifferencebetween

thesumofndrawsfromtheboxandntimestheexpectedvalueofthe

box.

Notethatasn→∞,thisstandarderrordoesnotgotozero.Thismeans

thatasthenumberofdrawsincreases,thelikelydifferencebetweenthe

sumofthedrawsandnEVgetslarger,ratherthansmaller.

Thisconcernaboutthesum,ratherthantheaverage,arisesincontexts

suchasinvestmentorgambling,wherethetotalreturnfrommultiple

trialsisimportant,nottheaveragereturn.
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13.3TheCentralLimitTheorem

TheCentralLimitTheoremisoneofthehigh-watermarksof

mathematicalthinking.ItwasworkeduponbyJamesBernoulli,

AbrahamdeMoivre,andAlanTuring.Overthecenturies,thetheory

improvedfromspecialcasestoaverygeneralrule.

Essentially,theCentralLimitTheoremallowsonetodescribehow

accuratelytheLawofAveragesworks.Mostpeoplehaveagood

intuitiveunderstandingoftheLawofAverages,butinmanycasesitis

importanttodeterminewhetheraparticularsizeofdeviationbetween

thesamplemeanandthe(usuallyunknown)expectedvalueisprobable

orimprobable.Thatis,whatisthechancethatthesampleaverageis

morethandawayfromthetrueEV?
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Formally,theCentralLimitTheoremforaveragessays:

X̄−EV

sd/
√

n
∼̇N(0,1)

whereX̄istheaverageofndraws,EVistheexpectedvalueofthebox,

andsdisthestandarddeviationofthebox.

Thismeansthattheleft-handsideisarandomnumberthatis

approximatelynormalwithmeanzeroandstandarddeviationone.

Theapproximationgetsbetterasngetslarger.

Modificationsofthisformulaholdformanyothersituations,e.g.,when

thereisalittledependence,orwhentheboxchangesfromdrawtodraw.
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AversionoftheCentralLimitholdsforsums:

nX̄−nEV
√

nsd
∼̇N(0,1).

NotethatnX̄isjustthesumofthedrawsfromthebox.(Thisshould

beobvioustoeveryone.)

Thisformulaisusefulwhencalculatingthechanceofwinningagiven

amountofmoneywhengambling,orgettingmorethanaspecificscore

onatest.

Withthesetwocentrallimitformulas,onecananswerallsortsof

practicalquestions.
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Problem1:Youwanttoestimatetheaverageincomeofpeoplein

Durham.Youtakearandomsampleof100households,andfindthat

X̄is$42,000andthesamplesdis$5,000.Whatisthe(approximate)

probabilitythatthetruemeanhouseholdincomeinDurhamismore

than$42,500?

•Whatistheboxmodelforthisproblem?

•Whatistheexpectedvalue?

•Whatisthestandarddeviation?

Notethatinordertosolvethis,wehavetoassumethatthestandard

deviationofthesampleisequaltothesdofthebox.Inpractice,there

isaveryeasywaytohandlethis,butwewillnottalkaboutthatuntil

laterinthecourse.
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P[EV>42,500]=P[−EV<−42,500]

=P[X̄−EV<X̄−42,500]

=P[
X̄−EV

sd/
√

n
<

X̄−42,500

sd/
√

n
]

=̇P[Z<
X̄−42,500

sd/
√

n
]

=P[Z<(42,000−42,500)/(5000/10)]

=P[Z<−1]

Fromthestandardnormaltable,weknowthishaschance(1/2)(100-

68.27)=15.865%,sotheprobabilityoftheestimatebeingtoolowby

$500isjust.15865.

11



Problem2:YouareplayingRedandBlackinroulette.(Aroulettewheel

has38pockets;18arered,18areblack,and2aregreen—thehousetakes

allthemoneyongreen).Youpickeitherredorblack;iftheballlandsin

thecoloryoupick,youwinadollar.Otherwiseyouloseadollar.

Supposeyoumake100plays.Whatisthechancethatyoulose$10or

more?

Whatistheboxmodel?

.
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Thereare38tickets,and18arelabelled1andthe20arelabelled-1.

Sotheexpectedvalueoftheboxis

EV=
1

38
[1+1+···+1+(−1)+(−1)+···+(−1)]

=
1

38
[−2]

=−1/19.

Thestandarddeviationoftheboxis

sd=

√

(
1

38

∑

i=1
38

X
2

i)−EV
2

=
√

1−(−1/19)
2

=.998614.
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Theprobabilityoflosingmorethan$10ormorein100playsis

P[sum<−10]=P[sum−nEV<−10−nEV]

=P[
sum−nEV

√
nsd

<
−10−nEV

√
nsd

]

=̇P[Z<
−10−nEV

√
nsd

]

=P[Z<[−10−(100)(−1/19)]/(10∗.998614)]

=P[Z<.47434].

Fromthestandardnormaltable,thechanceofthisisabout1/2(100-

34.73)%,sotheprobabilityis.32635.
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