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15.1MoreontheCLT

RecalltheCentralLimitTheoremforaverages:

X̄−EV

sd/√n·∼N(0,1)

whereEVisthemeanofthebox,sdisthestandarddeviationofthe

box,andnisthenumberofdraws.

Similarly,forsums,justmultiplythelefthandsidebyn/ntoget:

sum−n∗EV

sd∗√n·∼N(0,1).
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Supposethepopulation(i.e.,theticketsinthebox)hassomeweird,

non-normaldistribution.

IfItake1000samplesofsize20,findthe1000separateX̄’s,andmakea

histogramofthem,whatwillthehistogramoftheaverageslooklike?
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Asanextremeexampleofanon-normalbox,supposetheboxjust

containsBtickets,labelledaszeroesandones.TheCLTstillapplies.

Theexpectedvaluefortheboxisthepopulationproportionofones,or

p.(WecouldreplacezeroesandonesbyHeadsandTailsorDemocrats

andRepublicans,ofcourse,sinceourrealinterestisinestimating

aproportion—thezeroesandonesarejustcodesfortwodifferent

categories.)

Onecanshow(inamoreadvancedclass)thatthestandarddeviationfor

thisboxofzeroesandonesis:

sd=
√

p(1−p).
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Supposeonedrawsasampleof100peopleatrandomfromtheU.S.and

asksthemwhethertheybelievethatKarlRoveisajackal.Andsuppose

22ofthemsayyes.Whatistheprobabilitythatthetrueproportionof

AmericanswhothinkRoveisajackalis25%?

WecanusetheCLT—theboxmodelhasonesforpeoplewhohateRove,

zeroesforthosewhodonot.Theexpectedvalueoftheboxis

EV=1/B{sumofzeroesandonesforalltheU.S.}=p

whichistheproportionwearetryingtoestimate.

Also,ourestimateisjustasampleaverage:

p̂=1/100
n

∑

i=1

Xi=22/100=.22

whereXiis1iftheithrespondenthatesRove,andiszeroelse.Thus

theCLTforaveragesapplies.
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P[EV>.25]=P[
X̄−EV

se
<

X̄−.25

se
]

=P[
p̂−EV

√

p̂(1−p̂)/√n
<

p̂−.25
√

p̂(1−p̂)/√n
]

=̇P[Z<
p̂−.25

√

p̂(1−p̂)/√n
]

=P[Z<(.22−.25)/(
√

.22∗(1−.22)/
√

100)]

=P[Z<−.724]

Fromthestandardnormaltable,weknowthishaschance(1/2)(100-

51.61)=24.195%,sotheprobabilitythatthetrueproportionismore

than.25isabout.24.

Notethatweusedthesamplevaluep̂toestimatethesdofthebox.
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OurCLTassumesthatonedrawsfromtheboxwithreplacement

(or,equivalently,thatthepopulationisinfinite).Butinmostsurvey

situations,wedonotdrawwithreplacement.Respondentsareonly

sampledonce.

Thiscanhaveabigeffectinsmallpopulations.Samplingwithout

replacementshrinksthestandarderrorfortheaverageorthesum

(why?),andweshouldadjustforthisbyusingthefinitepopulation

correctionfactororFPCF.

Thefinitepopuluationcorrectionfactoris:

FPCF=

√

B−n

B−1

whereBis(asalways)thenumberofticketsintheboxandnisthe

numberofdraws.
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ThisFPCFwillreducethestandarderrorbyalotwhennisasignificant

fractionofB,andnotmuchotherwise.

Forexample,intheKarlRoveexample,wechosearandomsamplefrom

theU.S.population.Inthatcase,

FPCF=

√

290,000,000−100

290,000,000−1
=.99999.

Butifwehaddrawntherandomsamplefromatownof200,then

FPCF=

√

200−100

200−1
=.70888.
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Wheneveronesampleswithoutreplacementfromasmallpopulation,one

shouldmultiplytheusualstandarderrorbytheFPCF.Recallthat:

se=







sd/√nforaverages

sd∗√nforsums.

FortheKarlRoveexampleinatownof200,

P[EV>.25]=P[
p̂−EV

FPCF∗
√

p̂(1−p̂)/√n
<

p̂−.25

FPCF∗
√

p̂(1−p̂)/√n
]

=̇P[Z<
p̂−.25

FPCF∗
√

p̂(1−p̂)/√n
]

=P[Z<(.22−.25)/(.70888∗
√

.22∗(1−.22)/
√

100)]

=P[Z<−1.024]

whichis.15865,abitsmallerthanbefore.
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15.2ConfidenceIntervals

Aconfidenceintervalisaninterval[L,U]suchthatC%ofthetime,the

populationaverageorproportionwillbegreaterthanLbutlessthanU.

TheanalystgetstopicktheconfidencelevelC.

ThenumbersLandUareobtainedfromthesamplebyusingtheCLT.
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Theformulaforaconfidenceintervalonapopulationmeanis:

L,U=X̄±se∗zC

wherezCisthevaluefromanormaltablesuchthattheareabetweenzC

and−zCisC.

Sincese=sd/√n,thewidthU−Loftheconfidenceintervalgoesto

zeroasnincreases.Ifwehavesampledwithoutreplacementfromafinite

population,thense=FPCF∗sd/√nandthewidthgoestozeroeven

morequickly.

Ifwedonotknowthestandarddeviationofthebox(orthepopulation),

thenwecanestimateitbythestandarddeviationofthesample.
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Similarly,theformulaforaconfidenceintervalonaproportionis:

L,U=p̂±
√

p̂(1−p̂)

n∗zC.

Thisisthesameformulaasbefore,sincethesampleproportionisjusta

sampleaverage.Allwehavedoneisre-writetheformulainawaythatis

abitmorereadable.

Asbefore,ifwedonotknowthestandarddeviationofthebox(i.e.,the

population),thenwecanestimatethestandarddeviationbyp̂(1−p̂),

whichisjustthestandarddeviationofthesample.(Ingeneralweshall

alwayshavetodothisforproportions:thetruestandarddeviationis

p(1−p),butpiswhatwearetryingtoestimateinthefirstplace.Ifwe

knewthetruesd,thenwecouldsolvetofindp.)
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15.3Problems

Supposeyouwantaa95%confidenceintervalontheproportionofU.S.

adultswhohaveseen“TheRockyHorrorPictureShow.”

Yousample100peopleatrandom;82are“virgins.”(Doyouneedto

worryabouttheFPCF?)

Yourestimateoftheproportionofpeoplewhohaveseentheshowis

p̂=18/100=.18.
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AC%CIonthetruepisgivenby

L,U=p̂±
√

p̂(1−p̂)

n∗zC.

ForC=95,thenormaltablegiveszC=1.95.So

U=p̂+

√

p̂(1−p̂)

n∗zC

=.18+

√

(.18)(.82)

100∗(1.95)

=.2549.

Similarly,Lisfoundbysubtractingse∗zCfromp̂,andis.1051.

Thusthe95%confidenceintervalontheproportionwhohaveseenthe

showis[.1051,.2549].
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Onehastobecarefulwheninterpretingthisconfidenceinterval.It

istechnicallywrongtosaythattheprobabilityis.95thatthetrue

proportionofpeoplewhohaveseenthe“RockyHorrorPictureShow”is

between.1051and.2549.

Instead,oneshouldsaythat“In95%ofsimilarlyconstructedintervals,

thetrueproportionwillbewithintheinterval.”

Thereasonforthisisthatthetrueproportioniseitherwithinthe

intervaloritisn’t—thereisnorandomnessintheparameter(unlessyou

areaBayesian...).Instead,therandomnesscomesfromthesample.

Soallwecansayisthat95%ofthetime,wewilldrawasamplethat

generatesaconfidenceintervalthatcontainsthetruevalue.
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