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18.1ReviewofConfidenceIntervals

Supposeyouseta95%confidenceintervalontheaverageppmofmercury

incatfishfromtheWacamawriver.Yougettheinterval[1.11,1.44].

Therearetwowrongwaystoreadthis:

•95%ofthecatfishintheWacamawriverhavemercurylevelsbetween

1.11and1.44.

•TheprobabilitythattheaveragemercurylevelinWacamawcatsfish

liesbetween1.11and1.44is.95.
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Thefirstansweriswrongbecauseitconfusesindividualvalues(acatfish)

withthepopulationmeanforallcatfish.

Thesecondansweriswronginamoresubtleway.OncetheCIis

calculated,itisnolongerrandom.Thetruevalueiseitherbetween1.11

and1.44ornot—theprobabilityiszeroorone.

Thecorrectinterpretationisthat95%ofconfidenceintervalsconstructed

bytheprocedureusedinthisproblemwillcontainthetruemean.We

don’tknowwhetherthisisoneoftheonesthatdoes.
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Butisthisconfidenceintervalreallytheonethatyouwant?Itisa

two-sidedinterval,andperhapsallyoureallycareaboutisanupper

boundontheaverageppmofmercury.

Thatis,youwanttofindUsuchthatyouare95%confidentthatthe

trueaveragemercurycontaminationisbelowU.Showingthatthelevel

isabovealowerbounddoesnothelpyoudecidewhethertoeatcatfish

(unless,ofcourse,theproblemissobadthatthelowerboundexceeds

healthguidelines).

Supposeyouhaveasampleof100catfish,andfindthattheaverageppm

ofmercuryis1.2,andthesdinthesampleis.3.SupposetheEPA

guidelinesaysthatwith95%confidence,theaverageppmshouldbe

below1.3.
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Fromthehandout,theformulafortheupperboundis:

U=(pe)+(se)(cv1−C)=X̄+
SD
√n

z.95.

Inthiscase,thepeis1.2,thesdis.3,andz.95isthevalueinthe

standardnormaltablethathasarea95%underthecurveandtotheleft.

Thusz.95=1.95.

Puttingallthistogether,

U=1.2+
.3

10
1.95=1.2585.

Soyoucanbe95%certainthattheEPAguidelinesarenotexceeded,

andthusyoucaneatthecatfish.
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18.2ReviewofSignificanceTests

Recallthatasignificancetestisawaytodecidewhetherthedata

stronglysupportpointofvieworanother.

Asignificancetestrequires:

•anullandalternativehypothesis

•ateststatistic

•asignificanceprobability(P-value).

Thehandoutgivesanoverviewofmanytests.
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Example1:Supposeitisknownthat30%ofstudentsfallasleepinclass.

Iwanttoshowthatmyclassisbetter.SoIcount;outof120students,

only35fallasleep.Isthisevidencethatmyteachingismorelively?

First,wemustfindthenullandalternativehypotheses.Howdowepick

these?

.
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Forthenullandalternativehypothesesbelow,wemustfindthetest

statistic.

H0:p≥.3

HA:p<.3

Fromthehandout,whichteststatisticshouldweuse?

.
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ts=
p̂−p0

√

p0(1−p0)
n

=
35
120−.3
√

.3∗.7
120

=−.1992.

Finally,weneedtofindthesignificanceprobability,orP-value.From

thehandout,thisis:

P[z<ts]=P[z<−.1992]=.42075.

Thisresultisnotveryunlikely.Justbychance,42%ofthetimeatypical

classwillgivearesultthatissimilartowhatwefound.
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Example2a:Yourdatewantstotossacointodecidewhopaysfor

dinner.Beforeyouagree,youtossthecoin20timesandwanttoknow

whetherthereisevidencethatthecoinisunfair.

Example2b:Youwanttoshowthatanewpieceoflegislationhas

increasedtheproportionofwelfarerecipientsinDurham.

Example2c:Youwanttoshowthatanewdrugdecreasestheproportion

ofchildrenbornwithspinabifuda.

Whisisthep0ineachoftheseexamples?Whatisthealternative

hypothesis?
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Forallthreeofthesesituationstheteststatisticisthesame:

ts=
p̂−p0

√

p0(1−p0)
n

.

NotethatthislooksverymuchliketheformoftheCLTforaproportion.

Howisitdifferent?

TheP-valuedependsuponthehypothesispair:

•2.ahasP-value=P[z>|ts|]

•2.bhasP-value=P[z>ts]

•2.chasP-value=P[z<ts]
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18.3Thet-Test

Ourprevioustestsforthemeanandtheconfidenceintervalsforthe

meanassumedthatthesdofthepopulationwasknown,orthatwecould

estimateitaccuratelyfromasufficientlylargesample.

Butinpracticeoneoftendoesnotknowthetruesdofthepopulation

andnistoosmallensureaccurateestimationfromthesample.(How

smallis“toosmall”isamatterofjudgement;inthisclassweshallsay

thatasampleofsize26orlessistoosmall.)
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Whenwedon’tknowthesdofthepopulation,allwecandoisto

estimateitbythesdofthesample.Butwhennistoosmall,wealsoneed

toaccountfortheadditionaluncertaintyintroducedbythisestimation.

Inparticular,whennistoosmall,thedistributionoftheteststatistic

doesnotfollowaN(0,1)distribution.Itfollowsat-distribution,which

wasderivedbyWilliamGossett,anexecutiveattheGuinnessBrewery.

Asngetslarge,theuncertaintyintroducedbyestimatingthepopulation

sdbecomesnegligibleandsothet-distributionconverges(quitequickly)

tothestandardnormaldistribution.
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At-distributionisindexedbyn−1,whichiscalledthedegreesof

freedom.

At-distributioniscenteredat0,andissymmetricabout0.

At-distributionisfatterinthetailsthantheN(0,1)distribution;this

reflectsthefactthatuncertainyinestimatingthesdmeansthatyouare

morelikelytogetratherlargeorsmallvaluesforyourteststatistic.

Asn→∞,thedistributionofatrandomvariablewithn−1degreesof

freedomapproachesthatofastandardnormalrandomvariable.
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Thebookgivestvaluesonlyforsamplesizesupto26.Thatiswhyour

classusesthatcut-off.Inprinciple,onecanderivethet-distributionfor

anysamplesize.

Andthevaluesinthebook’stableareonlyforcertainconventional

valuesofsignificance:.25,.1,.05,.025,and.01.Thebookdidnotwant

tohaveaseparatepageforthet-distributionfor1,2,...,25degreesof

freedom.

Findthefollowing:

•Thet-valuewith4degreesoffreedomthathasarea.05underthe

curveandtotheright.

•Thet-valuewith8degreesoffreedomthathasarea.1underthe

curveandtotheleft.

•Thet-valuewith20degreesoffreedomthathasarea.99inthe

middle.
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Example3.YouareaDeanatYaleandwanttoshowthatthemean

DukeIQislessthan125.YoutakearandomsampleoffourDuke

studentsandfind

120,115,110,130.

Whatareyournullandalternativehypotheses?

.
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H0:ThemeanDukeIQis125orgreater.

HA:ThemeanDukeIQislessthan125.

Innotation,thisisjust

H0:µ≥125

HA:µ<125

Ingeneral,Iprefertoseehypotheseswrittenoutinwords—thenotation

isreallyjustamathematicalshorthandfortheideas.

Theteststatisticforthisproblemis:

ts=
X̄−µ0

sd √
n−1

=
118.75−125

7.395 √
3

=−1.4639.

WecalculateX̄andthesdfromthesampleintheusualway.
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Tofindthesignificanceprobability,ortheP-value,wecomparethistest

statistictoat-distributionwith3(=4-1)degreesoffreedom.

UsingtheChinesemenu,weseethethesignificanceprobabilityis

P[t3≤ts]=P[t3≤−1.46]>P[t3≤−1.64]=.1.

Thismeansthatthesignificanceprobabilityforthetestisbiggerthan.1.

Bymoststandards,thereisnoreasontorejectthenullhypothesis.

AndtheYaleDeanisdisappointed.

18


