
20.0AssessingSignificanceTests

•AnswerQuestions

•ReviewofGoodness-of-Fit

•TestsofIndependence

•Simpson’sParadox
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20.1ReviewofGoodness-of-Fit

Recallthatinthistypeoftest,thenullandalternativedonotfollowthe

usualpattern.Theyare:

H0:Themodelholdsvs.HA:Themodelfails.

Foraspecificmodel,onegetsmorespecific.ForDarwin’speony

experiment,thehypotheseswere:

H0:Theratiosofred,whiteandpinkare1/4:1/4/:1/2

HA:Theratiosdifferfrom1/4:1/4/:1/2.

Notethatwecanonlyrejectthemodel.Wecannotproveit,sincewe

never“prove”thenullhypothesis.Allwedoisfailtorejectit.
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Theteststatisticforthegoodness-of-fittestis:

ts=
∑

(Oi−Ei)
2

Ei

wherethesumistakenoverallcategories.TheOiistheobservedcount

incategoryi,andEiisthecountpredictedinthatcategorybythe

model.

Thesignificanceprobabilitycomesfromachi-squaredtable.LetWbea

chi-squaredrandomvariablewithk=#categories−1degreesoffreedom.

FortheDarwinexample,theteststatisticwas1.02andwereferred

thistoachi-squareddistributionwithk=2degreesoffreedom.The

significanceprobabilitywas:

P−value=P[W≥ts]=P[W≥1.02].

Fromthetable,thisisbetween.7and.5.Sothenullisnotrejected.
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20.2TestsofIndependence

Testsofindependenceareverysimilartothegoodness-of-fittests.This

isnoaccident,sinceindependenceisaspecifickindofmodel.

Oftenonehasasampleofcases;eachcasecanbecategorizedaccording

totwodifferentcriteria:

•eachpersongotthedrugorgotaplacebo,andeachpersonlivedor

died;

•acriminalgotthedeathpenaltyornot,andthestate(AL,AZ,...)

inwhichtheywerecharged;

•lettergradeinastatisticscourse,andmajor
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Supposeonetookthe50U.S.statesandclassifiedthemastowhether

theysupportedBushorKerry,andhowmanyexecutionstheyhadinthe

lastfiveyears(e.g.,0,1-5,morethan5).Youmightgetacontingency

tablethatlookslikethis:

KerryBush

020121

1-55813

>521416

272350

Herethereare20statesthatsupportedKerryandhadnoexecutions,1

statethatsupportedBushandhadnoexecutions,etc.
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Thegeneralnullandalternativehypothesesare:

H0:Thetwocriteriaareindependent.HA:Somedependenceexists.

Foraspecificsituation,itisbettertobemorespecific.Forthisexample,

thehypothesesare:

H0:Votingpreferencehasnothingtodowithexecutionrates.

HA:Thereisarelationshipbetweenvotingchoiceandexecutions.

Nowweneedtogetateststatistic.Thestrategyismuchlikethatfor

goodness-of-fittests.
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Theteststatisticis

ts=
∑

allcells

(Oij−Eij)
2

Eij

.

TheOijistheobservedcountforthecellinrowi,columnj.

TheEijusesthefollowingformula:

Eij=
(ithrowsum)∗(jthcolumnsum)

total

ThisiswhyintheexamplecontingencytableIshowedtherowsums,the

columnsums,andthetotalcount—tomakethecalculationofEijmore

easy.
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Forourexample,wefind:

E11=21∗27/50=11.34

E12=21∗23/50=9.66

E21=27∗13/50=7.02

E22=23∗13/50=3.38

E31=27∗16/50=8.64

E32=23∗16/50=7.36

Thentheteststatisticis:

ts=
(20−11.34)

2

11.34
+

(1−9.66)
2

9.66
+...+

(14−7.36)
2

7.36
=32.29.
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Wecomparetheteststatistictothevaluefromachi-squareddistribution

withdegreesoffreedomequalto

k=(numberofrows-1)∗(numberofcolumns-1).

Forourexample,k=(3−1)∗(2−1)=2.

Thesignificanceprobabilityis

P-value=P[W>ts]

whereWhasthechi-squareddistributionwithkdegreesoffreedom.

Forachi-squaredrandomvariablewith2degreesoffreedom,the1%

valueis9.21.So

.01=P[W>9.21]>P[W>32.29]=P-value.
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Sothesignificanceprobabilityismuchlessthan.01.Thereisstrong

evidencethatpoliticalpreferenceandexecutionratesaresomehow

connected.

Buttheconnectioncanbeverysubtle.Wecannotinfercausation,and

theapparentrelationshipmaynotbeatallwhatweexpect.

Sometimestherearehiddenconfoundersthataremoreinterestingthan

therelationshipbetweenthetwoclassificationcriteria.Itcaneven

happenthatthehiddenconfoundercanreversetheapparentrelationship

inthedata.Whenthishappens,itiscalledSimpson’sParadox.
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20.3Simpson’sParadox

Contingencytablescanmoremorethantwoclassificationcriteria

(i.e.,therowandcolumncriteria).Sometimesthecasesareclassified

accordingtothreeormorecriteria;e.g.,gender,major,andyearcould

beusedtoclassifyasampleofstudents.

Sometimestheeffectofthirdcriterionchangesthestory.Wesawthisin

theBerkeleyadmissionsdata.Usingjustthecriteriaofadmissionstatus

andgendersuggestedsex-biasagainstwomen.Whenathirdcriterion,

major,wasadded,thisbiasdisappeared.Themajorwasaconfounding

effect.

11



Between1967and1977therewasamoratoriumonthedeathpenaltyin

theU.S.Amainreasonforthiswasthebeliefthattherewasracialbias

intheapplicationofthedeathpenalty.

Whentheracialbiasargumentwastestedincourt,defendersofthe

deathpenaltyproducedacontingencytable:

BlackWhite

deathsentence171936

nodeathsentence149141290

166160326
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Accordingtothistable,itlooksslightlybettertobeBlackthanWhite

whenchargedwithmurder.ThechanceofaBlackpersonbeing

sentencedtodeathis17/(17+149)=.1024,whereasthechanceofa

Whitepersonbeingexecutedis19/(19+141)=.11875.

Thereforedeathpenaltysupportersarguedagainstthemoratorium,

claimingthattherewasnoracialdiscriminationintheuseofthedeath

penalty.

Howmightaliberaldoahypothesistesttostudytheargumentbythe

deathpenaltysupporters?
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H0:pB−pW≤0vs.HA:pB−pW>0.

Theteststatisticis

ts=
p̂B−p̂W

√

p̂B(1−p̂B)
nB+

p̂W(1−p̂W)
nW

=−.4705.

Thesignificanceprobabilityis

P−value=P[z≥−.4705]=.674

Sothereisnoevidenceagainstthenullhypothesis.Itlookslikethe

liberalslose.
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Butwhatabouttheeffectofaconfoundingvariable?Supposewe

considertheraceofthevictim.

Ifthevictimiswhite,then

BlackWhite

deathsentence111920

nodeathsentence52132184

63151204

Fromthis,thechanceofdeathforaBlackpersonis11/(11+52)=.1746,

whilethechanceofdeathforaWhitepersonisonly19/(19+132)=.1258.

IthurtstobeBlackwhenthevictimisWhite.
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Similarly,ifthevictimisBlack,thenthetableis

BlackWhite

deathsentence606

nodeathsentence979106

1039112

ABlackpersonhasachanceofabout6/(6+97)=.05824ofbeing

executed,whileaWhitepersonseemstohaveessentiallyazerochance.

ThisisSimpson’sParadox.Raceofthevictimistheconfounding

variable.Whenthatisconsidered,theliberalsarecorrect—Blacksare

morelikelytobeexecutedthanWhites.
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