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22.1BayesianInference

RecallBayes’Theorem:

P(A1|B)=
P(B|A1)∗P(A1)

∑k

i=1P(B|Ai)∗P(Ai)

wheretheA1,...,Akaremutuallyexlcusiveand

P(A1orA2or···orAk)=1.

Thisisaformalismforhowwelearn.P(A1)thepriorprobabilityofA1,

giveninformationwehavebeforeeventB.Thenwecombineourprior

probabilitywiththenewinformationoneventBthroughP(B|A1)toget

ournewopinionabouttheprobabiltyofA1,writtenasP(A1|B).

P(A1)isourprioropinion,andP(A1|B)isourposterioropinion.
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Toreviewtheuseoftheformula,rememberthebreathalyzerexample.

Suppose20%ofthepeopleontheroadafter2a.m.arelegallydrunk.

Supposeapoliceofficerstopssomeoneatrandomandadmnistersat

breathalyzertest.Thebreathalyzertesthasprobability.95ofidentifying

apersonwhoislegallydrunk,andprobability.1ofmisidentifyinga

personwhoisnotlegallydrunk.

Whentheofficermakesthestop,hispriorprobabilityofdrunkenessis

.2,theproportionofdriverswhoaredrunk.Howshouldthatopinion

changeifthebreathalyzerispositive?

HereA1istheeventthatapersonisdrunk,andBistheeventthatthe

testispositive.TheA2istheeventthatthepersonisnotdrunk—thisis

mutuallyexclusiveofA1,andtheprobabilityofA1orA2is1.
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WeapplyBayes’Theorem.Clearly

P(A1|B)=P(Drunk|positivetest)

=
P(B|A1)∗P(A1)

∑k

i=1P(B|Ai)∗P(Ai)

=
P(pos.test|Drunk)∗P(Drunk)

P(pos|D)∗P(D)+P(pos|notD)∗P(notD)

=
.95∗.2

.95∗.2+.1∗.8
=.7037

Soafterfailingthetest,thepoliceofficeshouldbelieveyouhaveabouta

70%chanceofbeingdrunk.
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Thefrequentistparadigm:

•seesscienceasobjective

•definesprobabilityasalong-runfrequencyinindependent,identical

trials

•looksatparameters(i.e.,thetruemeanofthepopulation,thetrue

probabilityofheads)asfixedquantities

Thisparadigmleadsonetospecifythenullandalternativehypotheses,

collectthedata,calculatethesignificanceprobabilityunderthe

assumptionthatthenullistrue,anddrawconclusionsbasedonthese

significanceprobabilitiesusingthesizeoftheobservedeffectstoguide

decisions.
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TheBayesianparadigm:

•seesscienceassubjective

•definesprobabilityasasubjectivebelief(whichmustbeconsistent

withallofone’sotherbeliefs)

•looksatparameters(i.e.,thetruemeanofthepopulation,thetrue

probabilityofheads)asrandomquantitiesbecausewecannever

knowthemwithcertainty.

Thisparadigmleadsonetospecifyplausiblemodels,toassignaprior

probabilitytoeachmodel,tocollectdata,tocalculatetheprobability

ofthedataundereachmodel,touseBayes’theoremtocalculatethe

posteriorprobabilityofeachmodel,andtomakeinferencesbasedon

theseposteriorprobabilities.Theposteriorprobabilitiesenableone

tomakepredictionsaboutfutureobservationsandoneusesone’sloss

functiontomakedecisionsthatminimizetheprobableloss.
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22.2RU486Example

The“morningafter”contraceptiveRU486wastestedinaclinicaltrialin

Scotland.Thisdiscussionslightlysimplifiesthedesign.

Assume800womenreporttoaclinic;theyhaveeachhadsexwithin

thelast72hours.HalfarerandomlyassignedtotakeRU486;halfare

randomlygiventheconventionaltheory(highdosesofestrogenand

syntheticprogesterone).

AmongtheRU486group,nonebecamepregnant.Amongthe

conventionaltherapygroup,therewere4pregnancies.Doesthis

informationshowthatRU486ismoreeffectivethanconventional

treatment?

WeshallcomparethefrequentistandBayesianapproaches.
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Ifthetwotherapies(RandC,forRU486andconventional)areequally

effective,thentheprobabilitythatanobservedpregnacycamefromthe

RgroupistheproportionofwomenintheRgroup,or.5;let

p=P[anobservedpregnancycamefromgroupR].

Afrequentistwantstomakeahypothesistest.Specifically,

H0:p≥.5vs.HA:p<.5

Iftheevidencesupportsthealternative,thenRU486ismoreeffective

thanconventionaltreatment.

Thedataare4observationsfromabinomial,wherepistheprobability

thatapregnancyisfromgroupR.

Howdowecalculatethesignificanceprobability?
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Thesignificanceprobabilityisthechanceofobservingaresultasormore

supportiveofthealternativethantheoneinthesample,whenthenull

hypothesisistrue.

OursamplehadnochildrenfromtheRU486group,whichisas

supportiveaswecouldhave.So

P−value=P[0successesin4tries|H0]=(1−.5)
4

=.0625.

Mostfrequentistswouldfailtoreject,since.0625>.05.

Supposewehadobserved1pregnancyintheRgroup.Whatwouldthe

P-valuebethen?
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IntheBayesiananalysis,webeginbylistingthemodelsweconsider

plausible.Forexample,supposewethoughtwehadnoinformationa

prioriabouttheprobabilitythatachildcamefromtheRgroup.Inthat

caseallvaluesofpbetween0and1wouldbeequallylikely.

Withoutcalculuswecannotdothatcase,soletusapproximateitby

assumingthateachofthefollowingvaluesforp

.1,.2,.3,.4,.5,.6,.7,.8,.9

isequallylikely.Soweconsider9models,oneforeachvalueofthe

parameterp.

Ifwepickedoneofthemodels,saywithp=.1,thenthatmeansthe

probabilityofasampolepregnancycomingfromtheRgroupis.1,and

.9thatitcomesfromtheCgroup.Butwearenotsureaboutthemodel.
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ModelPriorP(data—model)ProductPosterior

pP[model]P[k=0—p]P[model—data]

.11/9.656.0729.427

.21/9.410.0455.267

.31/9.240.0266.156

.41/9.130.0144.084

.51/9.063.0070.041

.61/9.026.0029.017

.71/9.008.0009.005

.81/9.002.0002.001

.91/9.000.0000.000

1.17041
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Sothemostprobableoftheninemodelshasp=.1.Andtheprobability

thatp<.5is.427+.267+.156+.084=.934.

NotethatinperformingtheBayescalculation,

•Wewereabletofindtheprobabilitythatp≤.5,whichwecouldnot

dointhefrequentistframework.

•Incalculatingthis,weusedonlythedatathatwereobserved.Data

thatweremoreextremethanwhatweobservedplaysnoroleinthe

calculationorthelogic.

•Alsonotethatthepriorprobabilityofp=.5droppedfrom1/9=.111

to.041.Thisillustrateshowourpriorbeliefchangesafterseeingthe

data.

Supposeanewpersonanalyzesthesamedata.Buttheirpriordoesnot

putequalweightonthe9models;theyputweight.52onp=.5and

equalweightontheothers.
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ModelPriorP(data—model)ProductPosterior

pP[model]P[k=0—p]P[model—data]

.1.06.656.0349.326

.2.06.410.0246.204

.3.06.240.0144.119

.4.06.130.0078.064

.5.52.063.0325.269

.6.06.026.0015.013

.7.06.008.0005.004

.8.06.002.0001.001

.9.06.000.0000.000

1.12081
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Comparedtothefirstanalyst,thisonenowbelievesthattheprobability

thatp=.5is.269,insteadof.041.Sothestrongpriorusedbythe

secondanalysthasgottenaratherdifferentresult.

Buttheprobabilitythatp=.5haddroppedfrom.52to.269,showing

theevidenceisrunningagainstthepriorbelief.

Butinpractice,whatonereallyneedstoknowarepredictive

probabilities.Forexample,whatistheprobabilitythatthenext

pregnancycomesfromtheRU486group?
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Tocalculatethepredictiveprobabilityforthenextpregnancy,one

findstheweightedaverageofthedifferentpvalues,usingtheposterior

probabilitiesastheweights.

ForthesecondBayesian,shefinds

predictiveprobability=.1∗.326+.2∗.204+....9∗.000=.281.

Thisisaveryusefulquantity,andonethatcannotbecalculatedwithin

thefrequentistparadigm.
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