
LessonPlan

•DiscussQuizzes/AnswerQuestions

•SummaryStatistics

•Histograms

•TheNormalDistribution

•UsingtheStandardNormalTable
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3.SummaryStatistics

Givenacollectionofdata,oneneedstofindrepresentationsofthedata

thatfacilitateunderstandingandinsight.Threestandardtoolsforthis

are:

•MeasuresofCentralTendency(mean,median,mode)

•MeasuresofDispersion(standarddeviation,range,IQR)

•Visualizations(histograms,othergraphics)

Weshallcoverthisquickly,sobesuretoreadthebook.
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3.1MeasuresofCentralTendency

Themeanisjusttheaverageofthedata.Supposeonehasasampleofn

observationswithvaluesX1,...,Xn.Thenthemeanisjust

X̄=
1

n

n
∑

i=1

Xi

=
1

n
(X1+···+Xn).

Themodeisjustthevaluethatoccursmostfrequentlyinthesample.

Therecanbemanymodes.

Themedianisthemiddlelargestvalueamongthenobservations,ifnis

odd.Ifthereareanevennumberofobservations,thenweaveragethe

twomiddle-largestvalues.
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Example:Supposeonobservesthefollowingdata:

1,0,2,-2,1,-2,5,-1

ThemeanisX̄=
1

8(1+0+2−2+1−2+5−1)=.5.

Themodesare1and-2.

Themedianistheaverageof0and1,or.5.

Themeancanbepulledinmisleadingdirectionsifthereareoutliers.A

singlelargeorsmalldatumwillhavealargeinfluenceonthemean,but

notonthemedian.

Anoutlierisanincorrectorunrepresentativeobservationthatisvery

differentfromtheothersinthesample.
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3.2MeasuresofDispersion

Tomeasurehowspreadoutasampleis,wemostlyusethestandard

deviation.Thisis:

sd=

√

1

n
[(X1−X̄)

2
+···+(Xn−X̄)

2
]

=

√

√

√

√1

n

n
∑

i=1

X
2

i−(X̄)
2
.

Thisisthesquarerootoftheaverageofthesquareddeviationsbetween

eachobservationandthemean.

Thefirstformulaisbetterforunderstanding,andthesecondisbetterfor

calculation.
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NoteBene:Insomebooks,onedividesbyn−1ratherthann,butwe

shallnotdothat.

Themajorityofobservationsareusuallywithin1sdofthemean.Butin

someextremecasesitcanhappenthatnoneofthedataarewithin1sd

ofthemean.

However,onecanprovethat:

•Atleast75%oftheobservationsmustalwaysbewithin2standard

deviationsofthemean.

•Atleast89%oftheobservationsmustalwaysbewithin3standard

deviationsofthemean.

ThisisaresultofTchebyshev’sTheorem.
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Therangeisthelargestobservationminusthesmallest.Asameasureof

dispersion,itisstronglyinfluencedbyoutliers.

Theinterquartilerangeis75thpercentileofthedataminusthe25th

percentile(themedianisthe50thpercentile).Forourpurposes,weshall

calculatethe75thpercentileisasthemedianofallobservationsstrictly

greaterthanthemedian,andthe25thpercentileasthemedianofall

observationsstrictlylessthanthemedian.(Thisisnotperfectlycorrect,

butisgoodenoughforourpurposes.)

Theinterquartilerangeisnotstronglyinfluencedbyoutliers.
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Example:Supposeonobservesthefollowingdata:

1,0,2,-2,1,-2,5,-1

Therangeis5-(-2)=7.

Theinterquartilerangeisthemedianofallvaluesgreaterthan.5,

minusthemedianofallvalueslessthan.5,ormedian{1,2,1,5}minus

median{0,−2,−2,−1},or1.5-(-1.5)=3.

Thestandarddeviationis

sd=

√

1

8
[(1−.5)

2
+···+((−1)−.5)

2
]=

butitisfastertocalcuate

sd=

√

1

8
[1

2
+···+(−1)

2
]−(.̄5)

2
=.
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3.3PropertiesofX̄andthesd

SupposewehavenobservationsX1,...,Xnandweusethesetocreate

anewsampleY1,...,YnwhereYi=aXi+b.(Thisoftenariseswhen

convertingunitsofmeasurement,suchhaschangingFahrenheitdatainto

theCentigradescale.)

Then

Ȳ=aX̄+b

sdY=|a|sdX.

Canyouguessformulaeforthemedian,mode,range,andinterquartile

rangeoftheYvalues?

9



3.4TheHistogram

Thehistogramshowswheresamplevaluesarelocatedandwherethey

concentrate.

Thex-axisgivesthesamplevalue,andthey-axisisthepercentper

x-value.(Thisisdifferentfromabarchart.)

Inahistogram,theareasunderablockrepresentpercentages.

Byconvention,theleftendpointofahistogrambarisincludedinthe

interval,butnottheright.
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Thisincompletehistogramrepresentsmonthlywagesforpart-time

employees.

•Whatistheheightofthemissingbar?

•Estimatethepercentageofpart-timeemployeeswhomakebetween

$100and$110.

•Doesthesecondbarincludepeoplewhomakeexactly$100/month?

•Doesthesecondbarincludepeoplewhomakeexactly$200/month?

.
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Asthesamplesizegoestoinfinity(n→∞)andasthebin-widthofthe

histogramgoes0(h→0)attheappropriaterelativerates,thenthe

histogrambecomessmooth.

Thislimitingsmoothcurveiscalledadistribution.

.
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3.5TheNormalDistribution

Somelimitinghistogramsarefamousandhavenames.Themostfamous

distributionisthenormaldistribution(a/k/atheGaussiandistribution

orthebell-shapedcurve).

Theterm“Gaussian”referstoCarlFriedrichGauss.Whowashe?

PeoplebelievethenormaldistributiondescribesIQ,height,rainfall,

measurementerror,andmanyotherfeatures.Thisisonlyapproximately

true.Butitisagoodapproximationforfeaturesthatarethesumof

manyseparateincrements.
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Howcanyoudecideifdataarearandomsamplefromanormal

distribution?

•Inspectthehistogram.

•Makeanormalprobabilityplot.

Tomakeanormalprobabilityplot,findthesamplemeanX̄andthe

samplestandarddeviationsd.ForeachobservationXi,findthearea

underthestandardnormalcurve(fromthez-tableinourbook,page

A-105)toleftof(Xi−X̄)/sd.PlotthisareaagainstXiforalli.Perfect

normalitycorrespondstoastraightline.
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Anormaldistributionwithmeanµandstandarddeviationσhasthe

equation:

f(x)=
1

√
2πσ

exp

[

1

2σ
2(x−µ)

2

]

for−∞<µ<∞andσ≥0.

Theµisthemeanoftheentirepopulation,whereasX̄isusedtodenote

themeanofasamplefromthepopulation.Similarly,σisthestandard

deviationoftheentirepopulation,whereassdisusedtodenotethe

standarddeviationofasample.

Thestandardnormalhasµ=0andσ=1.
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Themeanofanormaldistributionshowswhereitiscentered.The

standarddeviationofanormaldistributionshowshowspreadoutthe

normalis.

.
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3.6TheStandardNormalDistribution

Anyquestionaboutanormaldistributioncanbeconvertedintoan

equivalentquestionaboutthestandardnormal,andvice-versa.

Firstwepracticereadingthebook’stable(pageA-105).Assumeyou

haveapopulationthatisstandardnormal.

Whatproportionofthepopulationhasvaluesbetween-1.5and1.5?

.
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Fromthetable,theproportionis.8664,or86.64%ofthepopulationlies

between-1.5and1.5.

Nowgotheotherway.80%ofthepopulationliesbetweenwhattwo

valuesthatarecenteredat0?

Fromthetable,theanswerisabout-1.3and1.3.Soapproximately80%

ofthestandardnormalvaluesarewithin1.3ofthemean(recall,the

meanis0).
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Fromthetable,theanswerisabout-1.3and1.3.Soapproximately80%

ofthestandardnormalvaluesarewithin1.3ofthemean(recall,the

meanis0).
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SomeproblemstothinkaboutinpreparationforthequizonMonday.

•Whatisthevalueofzsuchthat25%ofastandardnormal

populationislargerthanthatvalue?(Ans:about.7)

•Whatisthevalueforwhichabout90%ofthepopulationissmaller?

(Ans:about1.3)

•Whatproportionofthepopulationhasavaluelargerthan-1?(Ans:

about.8413)

•Whatproportionofthepopulationhasavaluelessthan.3?(Ans:

about.3821)
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