
7.0LessonPlan

•DiscussQuizzes/AnswerQuestions

•Regression

•Residuals
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•PerilsofOverthink

•Variability:SD=σ,SD
2

=σ
2
;Variationindatadecomposesinto

severalterms(bias,variance,‘tracking’)

•Populationvs.Sample
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ConditionalPopulation
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WanttoknowY,perhapstopredictthenextoutcome.Y=stockprice

giveninterestrate,healthoutcomegiventimeelapsed,howseverelya

catisinjuredwhendroppedfromXstoreys...

ThinkofY=hoursrollerblading/yearandX=age.

Sayonaveragepeoplespend30hours/yearrollerblading.

Youcanpredictthatsomeonewillspend30hoursrollerbladingnext

year.

Ifyouhaveagedatayoucanuseit:a93yearoldmightgorollerblading

butan18yearoldismorelikely.Knowingagehelpsgiveabetter

predictioni.e.,reducesvariation.Agedefinesaconditionalpopulation

4



7.1MoreAboutRegression

Recalltheregressionassumptions:

1.Eachpoint(Xi,Yi)inthescatterplotsatisfies:

Yi=a+bXi+εi

wheretheεihaveanormaldistributionwithmeanzeroand

(usually)unknownstandarddeviation.

2.Theerrorsεihavenothingtodowithoneanother.Alargeerrordoes

nottendtobefollowedbyanotherlargeerror,forexample.

3.TheXivaluesaremeasuredwithouterror.(Thusalltheerror

occursintheverticaldirection,andwedonotneedtominimize

perpendiculardistancetotheline.)
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Anutritioniststudiedhowtheamountoftimethatatoddlerspendsat

thetablepredictstheamountofcaloriesheorsheconsumesatlunch.

Datawerecollectedon20toddlersatanurseryschool.“Time”is

thenumberofminutesthateachtoddlersatwhenlunchwasserved.

“Calories”isthenumberofcaloriesthatchildconsumed.

Whichisthedependentvariable,andwhichistheindependentvariable?

Whichistheexplanatoryvariable,andwhichistheresponsevariable?
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Makeaguessabouttheshapeofthescatterplotandthecorrelation.

.
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Theregressionlineexplains42.1%(or(−.65)
2
×100%)ofthevariation

incalories.Givenallthefactorsthataffectatoddler’seating,thisisan

impressivepercentage.Timeisamajorfactorinthecalorieconsumption.

FromtheJMPoutput,â=560.65andb̂=−3.0771.Botharehighly

significant,since“Prob>—t—”islessthan.01ineachcase.

Theestimatedstandarddeviationofεis23.398.Thisisthetypical

verticaldistancebetweenapointandtheline.
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Therootmeansquare(RMSE)isthestandarddeviationofthevertical

distancesbetweeneachpointandtheestimatedline.Itisanestimateof

thestandarddeviationoftheverticaldistancesbetweentheobservations

andthetrueline.

Formally,

RMSE=

√

1

n
[(Y1−(â+b̂X1))

2
+···+(Yn−(â+b̂Xn))

2
]

.

Sinceâ+b̂XiisthemeanoftheY-valueatXi,everyoneshouldrecognize

thisasbeingastandarddeviation.
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Theregressionmodelassumesthat,ateachvalueoftime,theaverage

calorieamountfallsonaline.Ifoneplotstheaverageofallchildrenin

theuniversewhositfor10minutes,20minutes,30minutes,etc.,then

thegraphofthoseaveragesisaline.

.
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TheregressionlinepredictstheaveragevaluefortheYvaluesatagiven

X.

Inpractice,onewantstopredicttheindividualvalueforaparticular

valueofX.Forexample,ifImakeCruellasitatthetablefor25minutes,

howmuchwillsheeat?

Forexample,thepredictionforthenumberofcaloriesconsumedon

averagebychildrenwhositforX=32minutesis:

Ŷ=â+b̂X

=560.65−3.0771∗32

=462.18
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Theindividualvalueislessexactthantheaveragevalue.Topredictthe

averagevalue,theonlysourceofuncertaintyistheexactlocationofthe

regressionline(i.e.,âandb̂areestimatesofthetrueinterceptandslope).

InordertopredictCruella’svalue,theuncertaintyaboutCruella’s

deviationfromtheaverageisaddedtotheuncertaintyaboutthelocation

oftheline.

Forexample,ifCruellasitsfor32minutes,thenthenumberofcalories

sheeatsshouldbeabout462.18+ε,wherethereandomerrorεis

assumedtobenormallydistributedwithmeanzeroandthesame

standarddeviationastheotherchildren.
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7.2Extrapolation

PredictingYvaluesforXvaluesoutsidetherangeofXvaluesobserved

inthedataisextrapolation.

Thisisrisky,becauseyouhavenoevidencethatthelinearrelationship

youhaveseeninthescatterplotcontinuestoholdinthenewXregion.

Extrapolatedvaluescanbeentirelywrong.

WhatwouldyouthinkCruellamighteatifshesatfor0minutesatthe

table.Orfor10years?
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7.3Residuals

Estimatetheregressionline(usingJMPsoftwareorbycalculatingâand

b̂byhand).

ThenfindthedifferencebetweeneachobservedYiandthepredicted

valueŶiusingthefittedline.Thesedifferencesarecalledtheresiduals.

PloteachdifferenceagainstthecorrespondingXivalue.Thisplotis

calledaresidualplot.
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Iftheassumptionsforlinearregressionhold,whatshouldoneseeinthe

residualplot?

Ifthepatternoftheresidualsaroundthehorizontallineatzerois:

•curved,thentheassumptionoflinearityisviolated.

•fan-shaped,thentheassumptionofconstantstandarddeviationis

violated(heteroscedasticity).

•filledwithmanyoutliers,thenagaintheassumptionofconstant

standarddeviationisviolated.

•showsapattern(e.g.,positive,negative,positive,negative,...)then

theassumptionofindependenterrorsisviolated.
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Whentheresidualshaveahistogramthatlooksnormalandwhenthe

residualplotshowsnopattern,thenwecanusethenormaldistribution

tomakeinferencesaboutindividuals.

Whatpercentageoftoddlerswhositfor32minuteseatlessthan425

calories?

Undertheregressionassumptions,thetoddlerswhositfor32minutes

havecalorieconsumptionthatisnormallydistributedwithmean462.18

andstandarddeviation23.398.

Sothez-transformis(425-462.18)/23.398=1.589.Fromthetable,the

areaunderthecurvetotheleftof1.589isabout(100-89.04)/2=5.48%.
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