
8.0LessonPlan

•DiscussQuizzes/AnswerQuestions

•ProbabilityDefinitions

•DrawingfromaBox

•ConditionalProbability,Independence

•TheAdditionRule
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8.1ProbabilityDefinitions

Therearetwowaystodefinetheprobabilityofanevent.

AfrequentistsaysthattheprobabilityofeventA(orP[A])isthe

proportionoftimesthatAoccursinainfinitesequenceofseparatetries.

Thus

P[A]=lim
n→∞

#timesAhappens

n
.
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ABayesiancanpickwhatevernumbertheypreferforP[A],basedon

theirownpersonalexperienceandintuition,providedthatnumberis

consistentwithalloftheotherprobabilitiestheychoose.

ThusafrequentistwoulddefineP[headsinacointoss]asthelimitof

theproportionofheadsinntosses.

ABayesianmightdeclaretheirpersonalbeliefaboutthecoinbasedon

symmetry,orknowledgeoftheintegrityofthecoin’sowner,ordivine

inspiration.TheBayesian’sviewmust:

•conformtoallotherpersonalopinions

•changeasnewdataariseaccordingtoBayes’Rule.
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WhetheroneisfrequentistorBayesian,allprobabilitiesmustobey

Kolmogorov’sAxioms:

•0≤P[A]≤1

•P[somepossibleeventhappens]=1(oneofthepossibleoutcomes

mustoccur).

•IfAandBareincompatibleevents,thenP[AorB]=P[A]+P[B].

TwoeventsAandBareincompatibleifitisimpossibleforbothAand

Btohappenatthesametime;e.g.,youcannotthrowaheadandtailon

thesametoss.

Fromthesethreerules,everythingelsecanbederived.

Kolmogorov(1903-1987)wasoneofthegreatestmathematiciansofthe

20thcentury.Thisaxiomatizationwasatrivialaccomplishment.
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8.2DrawingFromABox

FortheSelectiveServicelottery,putallbirthdatesfor2005inabox.

Mixthoroughlyanddrawoneout.

•WhatistheprobabilitythatthedateisinDecember?

•WhatistheprobabilitythatthedateisnotinDecember?

•WhatistheprobabilitythatthedateisinJanuaryorFebruary?

Whyistheassumptionthatthenumbersbethoroughlymixedinthebox

important?
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Supposetheofficerdrawstwodatesfromthebox(withoutreplacement).

WhatistheprobabilitythatbothareinDecember?

Toanswerthiswemustcountallthewaysinwhichonecanmaketwo

draws.Thereare

365∗364=132860

waystodrawtwodifferentdates.Ofthese,

31∗30=930

arebothinDecember.So

P[2Decemberdates]=930/132860=.0069998.

Youcanseewhypeoplebecamesuspiciousin1970.
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Ashorterwaytoseethisistonotethatthereare31/365waystodraw

Decemberonthefirstdraw,andafterremovingthatdatethereare

30/364chancesforDecemberontheseconddraw.Then

P[2Decemberdates]=
31

365

30

364
=.0069998.

Butitisn’tobviouswhythismultiplicationruleshouldwork...

Theseargumentsallusefrequentistdefinitionsofprobability.Weare

countingthenumberofdifferentwaysinwhichtheeventcanhappen,

andweassumeallwaysareequallylikely,andthusrepeatedtrials

should,inthelongrun,tendtowardstheproportionofwaysinwhich

theeventcanoccur.

Thismethodisnotveryusefulinanswering“Whatistheprobabilityof

lifeonMars?”or“WhatisthechancethatAbelardwillgetmarried?”
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8.3ConditionalProbability

TheprobabilityofeventA,aftereventBhasoccurred,iscalledthe

conditionalprobabilityofAgivenB.WewritethisasP[A|B].

Tocalculatethis,wedefine

P[A|B]=
P[AandB]

P[B]
.

Thisjustifiestheprevioususeofmultiplication,since:

P[B]∗P[A|B]=P[AandB].
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Youmaketwodraws,withoutreplacement,fromastandard52card

deck.Whatistheprobabilitythatthefirstcardisakingandthesecond

cardisaqueen?

Define:

•A=queenontheseconddraw

•B=kingonthefirstdraw.

Then

P[AandB]=P[B]∗P[A|B]

=
4

52
∗

4

51
=.006033.

Usingconditionalprobabilityoftenmakescalculationseasy.
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Yourolladie.Whatistheprobabilityofasix,giventhattheresultis

greaterthanorequalto3?

Define:

•A=yourollasix

•B=yourollathreeorlarger.

Then

P[A|B]=
P[AandB]

P[B]

=(1/6)/(4/6)

=.25

Sotheconditioningdoesnothavetobesequentialintime.Hereweare

askingaboutasubsetofeventB,athreeorbetter.
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Rolladietwice.Whatistheprobabilityofasixonthesecondthrowif

thefirstthrowwasasix?

Define:A=secondthrowasix;B=firstthrowasix.Then

P[A|B]=
P[AandB]

P[B]

=(1/36)/(1/6)

=1/6.

IfP[A|B]=P[A],thenAisindependentofB.

Wheneventsareindependent,theoccurrenceofonedoesnotaffectthe

chanceoftheoccurrenceoftheother.
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Usingtheconditionalprobabilityrule,onecanseethatifAandBare

independent,then

P[AandB]=P[A]∗P[B].

IfAisindependentofB,thenBisindependentofA.Howcanoneprove

this?

Twocointossesarethoughttobeindependent,becausetheoutcomeon

thefirsttossdoesnotaffecttheoutcomeonthesecond.(Butreally,this

isjustanassumption...)
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8.4TheAdditionRule

SupposeyouwantedtoknowtheprobabilitythateventAand/orevent

Boccur?

Theformulaforthisis

P[AorB]=P[A]+P[B]−P[AandB].

IfAandBareincompatible(ormutuallyexclusive),thenwhatis

P[AandB]?

IfAandBareindependent,thenwhatisP[AandB]?
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Example1:

Considerasingledrawfromadeckofcards.LetAbetheeventthatthe

cardisaking,andBbetheeventthatthecardisaqueen.

WhatistheprobabilityofAorB?Clearly

P[AorB]=P[A]+P[B]−P[AandB]

=4/52+4/52−0/52

=2/13.
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Example2:

Considerasingledrawfromadeckofcards.LetAbetheeventthatthe

cardisaking,andBbetheeventthatthecardisred.

WhatistheprobabilityofAorB?Clearly

P[AorB]=P[A]+P[B]−P[AandB]

=4/52+26/52−2/52

=7/13.
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Example3:

Considertwodrawsfromadeckofcardswithreplacement.LetAbethe

eventthatthefirstcardisaking,andBbetheeventthatthesecond

cardisaking.

WhatistheprobabilityofAorB?Clearly

P[AorB]=P[A]+P[B]−P[AandB]

=4/52+4/52−(4/52)(4/52)

=.14792.

ThefirstexampleusedthefactthatAandBwereincompatible.The

secondusedthefactthatwecouldcountallthewaysinwhichboth

AandBcouldhappen.ThethirdusedthefactthatAandBwere

independent.
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