STA 114: Midterm II

Total time: 1hr 10min

The six questions below carry a total of 43 points. Your exam will be graded out of 40 points
— your score is either the points you secure or 40, whichever is less. Answer each question
to the best of your ability and show work to guarantee partial/full marks. Make use of the
tables and basic probability facts attached at the end. You’d be provided with white papers
to write your answers. Please write your name on each sheet of paper and remember to
staple them before turning in.

1. Complete the statements below each with a correct option and justify. [3x3 = 9 points]

(a)

(b)

For a model X ~ f(z|f), 6 € [0,4] is assigned a &(0) = Uniform(0,4) prior pdf.
An observation x gives L,(1)/L,(2) = 3. Then {(1|z)/&(2|x) must equal
A.3 B.1/3 «c¢. 1 bD. CANNOT BE DETERMINED.

Area measurements X1, X, (in mm?) of two microchips produced by a machine
are modeled as independent observations from the pdf g(z;|0) = 1 — |z; — 0], if
z; € [0 —1,0+1] and g(x;]0) = 0 otherwise. The unknown “target area” 6 € [1, 5]
is assigned a Uniform(1,5) prior. Based on observation X; = 3, the posterior
predictive probability of Xy < 1 is

1 1
A. 1 B. 3 C. 1 D. 0

Annual hurricane counts Xy, - - - , X, from n successive years are modeled as X; ~
Poisson (), pu € (0,00). A researcher used some prior distribution on p and based
on the observed counts xy, - -, x,_1 from the first n — 1 years (that’s all she had

access to), reported the posterior pdf of y as Gamma(150, 10). If she could also
use the n-th year’s count X,, = 15, she would have reported the posterior pdf
A. Gamma(15,1) B. Gamma(150,10) c¢. Gamma(165,11) D. CANNOT BE DETERMINED.

2. Let Xy, -+, X, denote the first-serve success rates of a tennis player from n matches.
Consider the model X; ~ g(z), # € (0,00), where the pdf g(z;|6) = 627! for
0 < z; < 1 and is zero elsewhere. [5 4+ 3 + 2 = 10 points]
(a) Identify the Jeffreys’ prior pdf for # and show that the corresponding posterior
pdf of § given observations zi, - - - ,¥,, is Gamma(n, — >."_ logx,). [Hint: 2/! =
-1 010gwi]
x; e

(b)

For any a > 30 and any b > 0, the quantiles of a Gamma(a, b) distribution are well
approximated by those of a Normal(c, d?) distribution with ¢ = a/b and d* = a/b?.
Use this approximation to give a central 95% posterior credible interval for # under
the Jeffreys prior, based on observations with n =40 and >, logz; = —8.2.

Under the model, the average success rate of the player is given by the quantity
n = BEx,j0X: = %. We could rewrite the model as X; ~ h(z;|n), n € (0,1)
where h(x;|n) = %x?/(k")f
for n. What would be the central 95% posterior credible interval for  under this
analysis based on the observation in part (c¢)? Explain.

"for 0 < z; < 1 and analyze it with a Jeffreys prior



3. A count data X is modeled as X ~ f(z]), 0 € {3,3,3}, where the pmfs f(z]f),
defined over = € {0,1,2,3} (with f(x|0) = 0 for any other z) are as in the table below.
1

Assume that 6 is assigned a discrete uniform prior pmf: () =&(3) =¢ (i) =1/3.

0 | f(0[6) f(1]6) f(2(0) [(3]6)
1] 2 27 9 1
4 64 64 64 64
1] s 24 24 8
2 64 64 64 64
3] 1 9 27 27
4 64 64 64 64

A future variable X* depends on the same 6§ through pmfs f*(xz*|0) given by f*(0(6) =
1-0, f*(1|0) = 0 and f*(x*|0) = 0 for all other z*. Assume X and X* are conditionally
independent given ¢. Calculate P(X* = 1|X = x) for each x =0, 1,2, 3. [9 points|

4. Smile durations (in seconds) of a baby are modeled as independent observations from
a Uniform(0, #) with 6 € (0, 00) assigned a Pareto(2, 15) prior. [3 4+ 2 = 5 points]

(a) What’s the posterior predictive probability that the next smile would last longer
than 20 seconds given past data: 10,20,13,15,1,1,6,7,9,97
(b) What’s the answer to the above question based on an MLE plug-in approach?
5. Data X = (X1,---,X,), Y = (Y1,---,Y,,) are modeled as X; ~ Normal(y,0?),

Y; ~ Normal(fig, 0?), X;’s and Y;’s are independent with &(uy, ut9, 02) = const/a?, for
which the central 100(1 — a)% posterior credible intervals of n = iy — ps are given by

e zn+m2<a>\/ (1 ; i) (n= Vs + (m = sy

nom n+m—2

What is the posterior probability that p; exceeds s based on observations z,y with
n=12m=7 =119, y = 111.5, s, = 21.4, s, = 20.67 [4 points]

6. Let Cy, C1,--- denote the US population counts (in millions) in the census years since
1910 (so, Cy is the count of 1910, C is the count of 1920 and so on). Suppose these
counts are modeled by the growth equation C; = Cy_1e**, t = 1,2,--- and the log-
growth rates X1, X, --- are modeled as X; ~ Normal(y, 02) where ¢ is fixed at 0.03
and p € (—o0,00) is assigned the Jeffreys’ prior £(u) = const. Give a central 95% pos-
terior predictive interval for the population count at the next census (in 2020) based
on the following observations. [6 points]

Year‘1910 1920 1930 1940 1950 1960 1970 1980 1990 2000 2010
Population ‘ 92 106 123 132 151 179 203 226 248 281 308




