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Expectations of Quadratic Forms
Multivariate Normal Distribution
Linear Transformations

Distribution of estimates under normality



Properties of MLE's Recap

A

@ Y = [ is an unbiased estimate of u = X3
o Ele] =0if u € C(X)

Ele] = E[(I - Px)Y]

e MLE of o2
e’e  YT(1-Px)Y

n n

6'2

Is this an unbiased estimate of ¢2?

Need expectations of quadratic forms YTAY for A an n x n matrix
Y a random vector in R”
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Quadratic Forms

Without loss of generality we can assume that A = AT
o YTAY is a scalar
o Y'TAY = (YTAY)T = YTATY

T TAT
Y AY+2Y ATY

T
YT(A+2A)Y N\

o may take A=AT
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Expectations of Quadratic Forms

Let Y be a random vector in R" with E[Y] = p and Cov(Y) = X.
Then E[YTAY] = trAY + u" Ap.

Result useful for finding expected values of Mean Squares; no
normality required!
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Start with (Y — ) TA(Y — ), expand and take expectations
E[(Y — ) TA(Y — )] = E[YTAY +puTAp— uTAY — YT AL]
= E[YTAY]+pu"Ap— p"Ap—p"Ap
E[YTAY] — n"Ap

Rearrange
ElYTAY] = E[(Y —p) A(Y —p)] +p"Ap

= E[tr(Y — p)TA(Y —p)] + pu"Ap
= E[trA(Y —p)(Y —p) ]+ p"Ap
= wE[A(Y —p)(Y — )"+ T Ap
= tAE([(Y —p)(Y — ) ]+ " Ape
= A +pu’ Ap

trA = 27:1 aji
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Expectation of 62

Use the theorem:
EIYT(1-Px)Y] = tr(1—Px)o’l+pu’ (1 - Px)u

= o%tr(l — Pyx)
= o%r(l - Px)
= 02(n — r(X))
Therefore an unbiased estimate of o2 is
e’e
n—r(X)

If X is full rank (r(X) = p) and Px = X(X"X)71XT then the

tr(Px) = tr(X(XTX)"1XT)
tr(XTX(XTX)™1)

= t(l,) = p
STAT721 Linear Models Duke University MLES & Multivariate Normal Theory



Spectral Theorem

If A (nx n)is a symmetric real matrix then there exists a U
(n x n) such that UTU = UUT =1, and a diagonal matrix N with
elements \; such that A = UAUT

U is an orthogonal matrix; ul=u’
The columns of U from an Orthonormal Basis for R”

rank of A equals the number of non-zero eigenvalues \;

Columns of U associated with non-zero eigenvalues form an
ONB for C(A) (eigenvectors of A)

AP = UNPUT (matrix powers)
@ a square root of A > 0 is UN/2UT
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Projection Matrix

If P is an orthogonal projection matrix, then its eigenvalues \; are
either zero or one with tr(P) = > .(\;) = r(P)

P=UAUT

P=P2 = UNUTUAUT = UA?UT

A= A2 is true only for \j =1 or \; =0

Since r(P) is the number of non-zero eigenvalues,

r(P)=> A =tr(P)

I, 0 ul
P =[UpUp.] { 0 0 ] [ uli ] =UpU}
n—r P

r
P= g u,-u,-T
i=1

sum of r rank 1 projections.
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Multivariate Normal

Distributions

Distribution of 3
Distribution of PxY
Distribution of e

Distribution ot 52
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Multivariate Normal
Univariate Normal

We say that Z has a standard Normal distribution

Z ~N(0,1)

with mean 0 and variance 1 if it has density

1
fz(z) = e 27

V2r

If Y =pu+0Z then Y ~ N(u,0?) with mean p and variance o

(=)

2

Frly) = —
8% _\/27ra2e

NI
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Multivariate Normal
Standard Multivariate Normal

Let z; g N(0,1) for i =1,...,d and define

21
22

Zd

@ Density of Z:
_ d 1 —z2/2
fz(z) =Tlj=1 5z iz
_ (27T)fd/2e—%(zT2)

e E[Z] =0 and Cov[Z] =14
o Z ~ N(04, 14)
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Multivariate Normal
Multivariate Normal

For a d dimensional multivariate normal random vector, we write
Y ~ Ny(p, X)

e E[Y] = p: d dimensional vector with means E[Y]]

e Cov[Y] = X: d x d matrix with diagonal elements that are

the variances of Y; and off diagonal elements that are the
covariances E[(Y; — pj)( Yk — k)]

Density

If X is positive definite (xX’Xx > 0 for any x # 0 in R?) then Y has
a density ?

p(Y) = (21) 2|2 exp(— (¥ — ) TEX(Y — )

with respect to Lebesgue measure on R?
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Multivariate Normal
Multivariate Normal Density

@ Density of Z ~ N(0, Iy):

_,2
fz2(z) = f:l\/%e P2

_ (27T)7d/26—%(272)

o Write Y = u + AZ

@ Solve for Z = g(Y)

@ Jacobian of the transformation J(Z — Y) = ’%g(

@ substitute g(Y) for Z in density and multiply by Jacobian

F(y) = fz(2) S(Z = Y)
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Multivariate Normal
Multivariate Normal Density

Y=p+AZ forZ~N(0,1,) (1)

@ since X >0, 3an A (d x d) such that A >0and AAT =X
o A>0= A1!exists
Multiply both sides (1) by A~1:

AlY=Alp+AIAZ

Rearrange A~1(Y — ) = Z
Jacobian of transformation dZ = |A~1|dY
Substitute and simplify algebra

F(Y) = (@) #2IE[ 2 exp(—5 (Y — W)Y — )
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Multivariate Normal
Singular Case

Y=p+AZwithZcR?and Aisnxd
o E[Y]=u
o Cov(Y)=AAT >0
o Y ~ N(u, X) where X = AAT

If X is singular then there is no density (on R"), but claim that Y
still has a multivariate normal distribution!

Definition

Y € R” has a multivariate normal distribution N(g, X) if for any
v € R” vTY has a normal distribution with mean v’ i and
variance v Xv

see Lessons in Sakai for videos using Characteristic functions

STAT721 Linear Models Duke University MLES & Multivariate Normal Theory


https://sakai.duke.edu/portal/site/79ac6ecf-19ee-496f-889b-1b3f6668eca9/page/3ea2b213-a451-4743-a788-610173b5b888

Multivariate Normal
Linear Transformations are Normal

If Y ~ N,(p, X) then for A mx n

AY ~ N,,(Ap, AZAT)

AXAT does not have to be positive definite!
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Multivariate Normal
Equal in Distribution

Multiple ways to define the same normal:
@ Z; ~N(0,1,), Z; € R" and take A d x n
e Z, ~N(0,1,), Z; € RP and take B d x p
@ Define Y = u+ AZ;
@ Define W = p + BZ,

IfY = pu+AZ; and W = u + BZ, thenYEWifandonlyif
AAT =BBT =X
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Multivariate Normal
Zero Correlation and Independence

Theorem

For a random vector Y ~ N(p, X) partitioned as

Y1 1 } [ T Xyp D
Y = ~N ,
[ Y2 } ([ 128 11 X
then Cov(Y1,Y2) = X1 = Z{l =0 ifand only if Y1 and Y, are
independent.
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Multivariate Normal
Independence Implies Zero Covariance

Cov(Y1,Ya) = E[(Y1 — 1) (Y2 — 1) ]
If Y1 and Y5 are independent

E[(Y1 — pq)(Y2 — H2)T] = E[(Y1 — p1)E(Y2 — N2)T] =00" =0

therefore X1, =0
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Multivariate Normal

Zero Covariance Implies Independence

Assume X1, =0

@ Choose an

CTAL 0
S
such that AlAir =X, A2A2T =2

@ Partition

2] en((8] (8 8]) - 2]

° thenY2A2+u~N(u,Z)

STAT721 Linear Models Duke University MLES & Multivariate Normal Theory



Multivariate Normal
Continued

o

[vl]g[Alzl+u1]

Y> A>Zs + p,

@ But Z; and Z;, are independent
@ Functions of Z; and Z, are independent

@ Therefore Y; and Y5 are independent

For Multivariate Normal Zero Covariance implies independence

STAT721 Linear Models Duke University MLES & Multivariate Normal Theory



Multivariate Normal

Another Useful Result

Corollary
IfFY ~ N(u,021,) and ABT = 0 then AY and BY are
independent.

° )= [a]v=[]

o Cov(Wj, W,) = Cov(AY,BY) = 02AB"
@ AY and BY are independent if ABT =0
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	Multivariate Normal

