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Bayesian Estimation
Model Y = X3 + € with € ~ N(0,, 0?1, is equivalent to

Y ~ N(XB,1,/9)

¢ = 1/0? is the precision.

In the Bayesian paradigm describe uncertainty about unknown
parameters using probability distributions

» Prior Distribution p(3, ¢) describes uncertainty about
parameters prior to seeing the data

» Posterior Distribution p(3, ¢ | Y) describes uncertainty about
the parameters after updating believes given the observed data

» updating rule is based on Bayes Theorem

p(B,¢ [ Y) < £(B,9)p(B,¢)

reweight prior beliefs by likelihood of parameters under observed
data
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Posterior

Posterior is obtained by conditional distribution theory

Let 6 = (8,¢)"

pO]Y) =

p(Y), the normalizing constant, is the marginal distribution of the
data.

Easiest to work with Bayes Theorem in proportional form and then
identify the normalizing constant.
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Prior Distributions
Factor joint prior distribution

p(B,9) = p(B | ¢)p(o)

Convenient choice is to take

> B | ¢ ~ N(by, ®5'/¢) where by is the prior mean and ®~1/¢
is the prior covariance of 3

> )~ G(V0/2,SSO/2) with E(O’2) = SSO/(VO — 2)

_ 1 SSo vo/? 10/2—1 ,—¢SSo/2
M= (37)

> (165¢)T ~ NG(b07¢07V07SSO)

» Conjugate “Normal-Gamma" family implies

(B,6)" | Y ~NG(b,,,, v, SSp)

duke.eps



Finding the Posterior Distribution
Express Likelihood: £(8,$) o ¢"/2e~¢

SSE [l

2 @ 2

(B-B)T (XTX)(B-P)

duke.eps



Finding the Posterior Distribution
Express Likelihood: £(8, ) o ¢"/2e~¢%3 e=5(B=B) (X"X)(8-B)

p(B,01Y) ¢"+p%—1e—%(SSE+sso)
o= 2(B=B)T(XTX)(BB) g— £ (8—b0) T ®(8—bo)

duke.eps



Finding the Posterior Distribution
Express Likelihood: £(8, ) o ¢"/2e~¢%3 e=5(B=B) (X"X)(8-B)

p(67¢ ’ Y) x & +p+u0 -1 _¢(SSE+SSO)
o= 5(B=B)T(XTX)(B-B) g~ 5 (B—bo) " &(B—bo)

Quadratic in Normal

exp {_;b(,@ —b)To(8 - b)} = exp {—f(ﬂ%g —287db + bTCDb)}

duke.eps
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Quadratic in Normal
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Quadratic in Normal

¢

exp {—;b(ﬂ —b) o8 — b)} — exp {—Q(g%g —287db + bTCDb)}

» Expand quadratics and regroup terms
» Read off posterior precision from Quadratic in 3

> Read off posterior mean from Linear term in 3
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Finding the Posterior Distribution
Express Likelihood: £(8, ) o ¢"/2e~¢%3 e=5(B=B) (X"X)(8-B)

p(,@,¢ ’ Y) x ¢ +p+u0 -1 _¢(SSE+SSO)
o= 5(B=B)T(XTX)(B-B) g~ 5 (B—bo) " &(B—bo)

Quadratic in Normal

¢

exp {—;b(ﬂ —b) o8 — b)} — exp {—2([3T¢[3 —287db + bTCDb)}

v

Expand quadratics and regroup terms

v

Read off posterior precision from Quadratic in 3

v

Read off posterior mean from Linear term in 3

v

will need to complete the quadratic in the posterior mean
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Expand and Regroup

Quadratic in Normal

¢

e {58703 - b) { —ew { -

E(ﬁchﬁ —287ob + bTCDb)}

PB.0|Y) o o7 7 e s (05ES)
o= 5(B=B)T(XTX)(B-B) g— % (B—bo) " ®o(B—bo)
%flef%(SSE+SSO)

<

—Z(BT(XTX+00)8)
— (=287 (XTXB+bobo))
[

AT ”
6_5(’8 XTXB+b{ ®obo)

@™ o
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Identify Hyperparameters and Complete the Quadratic
Quadratic in Normal
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Identify Hyperparameters and Complete the Quadratic
Quadratic in Normal

ap{—fo—mT¢U%—m}::wp{—fuﬂ¢ﬁ—aﬂT¢b+bT¢m}

Let &, = XTX + &,

pB. 0| Y) o 77 lem HSESS)
e —2(BT(XTX+0)B)
o= 5 (—287 @0, (XTXB+dobo) )
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Identify Hyperparameters and Complete the Quadratic
Quadratic in Normal

exp {—f(ﬂ —b)7o(3 - b)} = exp {—f(,@%,@ —~287 b+ chbb)}

Let &, = XTX + &,

p(B,¢ 1Y) ox ¢
—2(BT(XTX+0)B)
—2(-287T @0, (XTXB+Poby))
@

2

P+l/0 1 _ ¢

2 (SSE+SSo)

—2(b] ®,b,—b] dgb,)
AT N
—2(B" XTXB+bJ dobg)

AT A
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Identify Hyperparameters and Complete the Quadratic
Quadratic in Normal

exp {—f(ﬂ —b)7o(3 - b)} = exp {—f(,@%,@ —~287 b+ chbb)}

Let &, = XTX + &,

p(B,0 1Y) x & A0 1 — 4 (SSE+SSo)
—2(BT(XTX+0)B)
—2(—28T 0,0, (XTXB+Pobo))
—2(b] ®sby—b] oby)
o 2(B"XTXB+b] bobo)
_ ¢%71ef%(SSE+SSo+3TXTXfJ’+bOT¢0bOfb,,ch,,b,,)
(87 (0)
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Identify Hyperparameters and Complete the Quadratic
Quadratic in Normal

exp {—f(ﬂ —b)7o(3 - b)} = exp {—f(,@%,@ —~287 b+ chbb)}

Let &, = XTX + &,

P+l/0 1 _ ¢

p(B, oY) o ¢ 2(55E+5%)
—2(BT(XTX+0)B)
—2(—2BT &, (XTXB+dobg))
—2(b] ®sby—b] oby)
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Identify Hyperparameters and Complete the Quadratic
Quadratic in Normal

exp {—f(ﬂ —b)7o(3 - b)} = exp {—f(,@%,@ —~287 b+ chbb)}

Let &, = XTX + &,

p(B,0 1Y) x & A0 1 — 4 (SSE+SSo)

—2(BT(XTX+0)B)
—2(—2BT @, @, (XTXB+dobg))

—2(b] ®sby—b] oby)

o 2(B"XTXB+b] bobo)

_ ¢"*"*”0 1, %(SSE+SSo+B" XTXB+bJ dobo—b] ®sb,)
e 5(B7(®n)B)

o= 5 (=287 ®50, 1 (XTXB+obo))
e —2(b]®,b,)
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Posterior Distribution

01— 2(SSE+SS 37 XTXB3+b] dobo—bT ®,b
(B.0]Y) x ¢ 2 S (SSE+SSo+03 B-+bJ Pobo—bl d,bj)

¢§ %(5 bn)Tq> (B—bn)
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Posterior Distribution
(B,6Y) (bmf —$(SSE+5So+B" XTXB+b{ dobo—bT ®,b,)
phe —2(B—bn)T®,(B—by)

b, = XX+ o
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Posterior Distribution

n+v ¢ B3TXTXBLpT T
p(B,6|Y) x o 721 ,— 5 (SSE+SSo+B" XTXB-+b] dobo—b] ®sb,)

$5 o= 5(B-bn) T @n(B-by)

o, = XX+ d
b, = & 1(XTX3+ dobg)
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Posterior Distribution

n+v ¢ B3TXTXBLpT T
p(B,6|Y) x o 721 ,— 5 (SSE+SSo+B" XTXB-+b] dobo—b] ®sb,)

@5 e~ 5 (B=bn)T@u(B—bn)
b, = XX+ o
b, = & 1(XTX3+ dobg)
Posterior Distribution

Blé,Y ~ N(bn(¢Pn)")
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Posterior Distribution

n+v ¢ B3TXTXBLpT T
p(B,6|Y) x o 721 ,— 5 (SSE+SSo+B" XTXB-+b] dobo—b] ®sb,)

$5 o= 5(B-bn) T @n(B-by)

o, = XX+ d
b, = & 1(XTX3+ dobg)

Posterior Distribution

Blé,Y ~ N(bn(¢Pn)")

n+vy SSE+SSo+ B XTXB+ bl dobg — b7 ®sby)
2 2

1Y ~ G(
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Marginal Distribution from Normal-Gamma

Theorem
Let 6 | ¢ ~ N(m, 3¥) and ¢ ~ G(v/2,v6%/2). Then 6 (p x 1)
has a p dimensional multivariate t distribution

0 ~ t,(m,5°Y)

with density
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Derivation

Marginal density p(8) = [ p(6 | 6)p(¢) do
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Derivation
Marginal density p(8) = [ p(0 | ¢)p(¢) d¢

p(0) o /’Z/¢|—l/2e—?(O—m)TZ—l(e—m)d)y/z_le_d)wf do
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Derivation
Marginal density p(0) = fp(g | $)p(¢) dob
p(0) o /’Z/¢|—l/2e—‘g(O—m)TZ—l(e—m)d)y/z_le_d)qu do

Tsv—1 2
x /¢p/2¢u/2—1e—¢<"‘”’) r(O-m)ivs do

duke.eps



Derivation
Marginal density p(0) = [ p(@ | ¢)p(¢) d¢
p0) o [ Ejol e O E e m gt g,
S /¢p/2¢u/2—1e—¢<"‘”’)TZZ(e—m>+»a2 do

ptv 1 (0=m)T T (6-m)+vs?
0.8 /(;5 2 1e (b > d¢
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Derivation

Marginal density p(8) = [ p(6 | 6)p(¢) do

p(0) o /’Z/¢|—l/2e—‘g(O—m)TZ—l(e—m)d)y/z_le_d)qu do
/¢P/2¢u/2—1e—¢<9—m)T2lz(e—m)+ua2 do

prv_1 g O0=m 7 O-—m)tve?
[otE e gy

XX

—m)7E (0 — m) + 18’

W@+uym<w

2

v

ptv
2
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Derivation
Marginal density p(0) = [ p(@ | ¢)p(¢) d¢
p0) o [ Ejol e O E e m gt g,
S /¢p/2¢u/2—1e—¢<"‘”’)TZZ(e—m>+»a2 do

ptv 1 (0=m)T T (6-m)+vs?
0.8 /d) 2 1e ¢ > dd)

= T((p+7)/2) <(0_ g

x ((0 —m)Ts N6 — m)+ V@'z)_i



Derivation
Marginal density p(0) = [ p(@ | ¢)p(¢) d¢
p0) o [ Ejol e O E e m gt g,
S /¢p/2¢u/2—1e—¢<"‘”’)TZZ(e—m>+ua2 do

ptv 1 (0=m)T T (6-m)+vs?
0.8 /d) 2 1e ¢ > dd)

ptv
2

- mTy Y9 —m 62\~
= vy (EmE e

ptv
2

X ((0 —m)"Z" Y8 — m) + v5?

N—

ptv

« (1+2€= m)TE (6~ m) "




Marginal Posterior Distribution of 3

Blé.Y ~ N(bno'o 1)
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Marginal Posterior Distribution of 3

Bl Y ~ N(byo o,

v, SS,
oy~ G<2’2)

Let 52 =SS, /v, (Bayesian MSE)
Then the marginal posterior distribution of 3 is

BIY ~ ty,(by,6°0,1)

n
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Marginal Posterior Distribution of 3

Bl1é.Y ~ N(by o't
v, SS,
¢|Y ~ G<2,2>

Let 52 =SS, /v, (Bayesian MSE)
Then the marginal posterior distribution of 3 is

B ‘ Y ~ tun(bna62¢;1)

Any linear combination A7 3
ATBIY ~t, (ATb,, 62T 1))

has a univariate t distribution with v,, degrees of freedom
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢
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Predictive Distribution
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢

XB+e | oY ~ NX'b,, (X*,1X*T +1)/¢)
Y*| 4, Y ~ N(X*b,, (X*&1X*T +1)/¢)

v, 6%v,
Y —, —
o1 ~ &(7.5")
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢

XB+e | oY ~ NX'b,, (X*,1X*T +1)/¢)
Y*| 4, Y ~ N(X*b,, (X*&1X*T +1)/¢)

v, 6%v,
Y ~ G|—,—
o] (2.57)

Y*|Y ~ t,(X*b,, %1+ X - 1XT))
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Alternative Derivation

Conditional Distribution:

v - Y
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Alternative Derivation

Conditional Distribution:
f(Y=Y)
f(Y)

JIF(Y",Y | B,9)p(B, ¢)dB do
f(Y)

FY 1Y) =
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Alternative Derivation

Conditional Distribution:

YY) = f(;((:;)Y )
JIF(Y",Y | B,9)p(B, ¢)dB do
f(Y)

ST B, 9)f (Y | B, ¢)p(B, ¢)dB d¢

f(Y)
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Alternative Derivation

Conditional Distribution:

YY) = f(;((:;)Y )
JIF(Y",Y | B,9)p(B, ¢)dB do
f(Y)

ST B, 9)f (Y | B, ¢)p(B, ¢)dB d¢

f(Y)
_ / / F(Y* | B.6)p(B, 6 | Y)dB do
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Alternative Derivation

Conditional Distribution:

YY) = “:&)Y )
ITRYLY 1B, 0)p(B, )8 do
f(Y)

_ S B, ) (Y | B, ¢)p(B, ¢)dB d¢

- f(Y)
_ / / F(Y* | B.6)p(B, 6 | Y)dB do

Y* = X*B+€ | Y, b~ NXby, ¢ L1+ X*$,X*T))
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Alternative Derivation

Conditional Distribution:

YY) = “:&)Y )
JI Y5 Y | B.¢)p(B,¢)dB do
F(Y)
JI (Y| B,9)f(Y | B, ¢)p(B, ¢)dB d¢
F(Y)

_ / / F(Y* | B.6)p(B, 6 | Y)dB do

Y* = X*B+€ | Y, b~ NXby, ¢ L1+ X*$,X*T))

Use result about Marginals of Normal-Gamma family to integrate
out ¢
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

duke.eps



Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(0) € P, p(6|Y) € P.
Advantages:
» Closed form distributions for most quantities; bypass MCMC
for calculations
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(0) € P, p(6|Y) € P.
Advantages:
» Closed form distributions for most quantities; bypass MCMC
for calculations
» Simple updating in terms of sufficient statistics “weighted
average”
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Conjugate Priors

Definition

A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.
Advantages:

» Closed form distributions for most quantities; bypass MCMC
for calculations

» Simple updating in terms of sufficient statistics “weighted
average”

> Interpretation as prior samples - prior sample size
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:

» Closed form distributions for most quantities; bypass MCMC
for calculations

» Simple updating in terms of sufficient statistics “weighted
average”

> Interpretation as prior samples - prior sample size

» Elicitation of prior through imaginary or historical data
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:

>

Closed form distributions for most quantities; bypass MCMC
for calculations

Simple updating in terms of sufficient statistics “weighted
average”

Interpretation as prior samples - prior sample size
Elicitation of prior through imaginary or historical data

limiting “non-proper” form recovers MLEs
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:

» Closed form distributions for most quantities; bypass MCMC
for calculations

» Simple updating in terms of sufficient statistics “weighted
average”

> Interpretation as prior samples - prior sample size
» Elicitation of prior through imaginary or historical data
» limiting “non-proper” form recovers MLEs

Choice of conjugate prior?
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Unit Information Prior
Unit information prior 3 | ¢ ~ N(3, n(XTX)™1/¢)
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Unit Information Prior
Unit information prior 3 | ¢ ~ N(3, n(XTX)"1/¢)
» Fisher Information is XX based on a sample of n
observations
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation

» Posterior mean

duke.eps



Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation

» Posterior mean

n ~ ]_ ~ A
1+n5+1+nﬁ_5

» Posterior Distribution

B|Y,¢~N <B, H”n(xTX)lw)

duke.eps



Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation

» Posterior mean

n ~ ]_ ~ A
1+n’8+1+nﬁ_5

» Posterior Distribution
A N
Y,p~N — (XTX) 1yt
BIY.o <ﬁ,1+n( ) o )

duke.eps

Cannot represent real prior beliefs; double use of data



Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

N g > 1 xTx)-1
BV (L5 Bt b £ (xTx)10)
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHa
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHo (ao = H_lbo) ( take by = 0)
» Choice of g7
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHo (ao = H_lbo) ( take by = 0)
» Choice of g7

> W weight given to the data
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHa (ag = H tbg) ( take by = 0)

» Choice of g7

> 1+g weight given to the data

> Fixed g effect does not vanish as n — oo

» Use g = n or place a prior diistribution on g
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Shrinkage

Posterior mean under g-prior with bg = 0 15%3

Shrinkage
o
1
w -
g/(1+g) =.75
[s=8 o
o |
]
o
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T T T T
-10 -5 0 5 10
A
B

duke.eps



