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Bayesian Estimation
Model

precision ¢ = 1/0?

Y ~ N(X,@, In/¢)
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Bayesian Estimation

Model

Y ~ N(X,@, In/¢)

precision ¢ = 1/0?

Normal-Gamma Conjugate prior NG(bg, g, vo, SSo)

¢,
b,

Vn

XTX + @

o, 1(XTXB + dohy)

vo+n

SSE + 550 + B8’ XTXA + bl dobo — bT &b,
SSn/vn
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Bayesian Estimation
Model
Y ~ N(X,@, In/¢)

precision ¢ = 1/0?
Normal-Gamma Conjugate prior NG(bg, g, vo, SSo)

o, = XX+ b
b, = & 1(XTX3 + dobg)

Vo = 1V+n
SS, = SSE+SSo+ B8 XTXB + bl doby — bl ®,b,
62 = SS,/vn

Posterior Distribution

ﬁ|¢,Y ~ N(bnv(¢¢n)_1)
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Bayesian Estimation
Model
Y ~ N(X,@, In/¢)

precision ¢ = 1/0?
Normal-Gamma Conjugate prior NG(bg, g, vo, SSo)

o, = XX+ b
b, = & 1(XTX3 + dobg)

Vo = 1V+n
SS, = SSE+SSo+ B8 XTXB + bl doby — bl ®,b,
62 = SS,/vn

Posterior Distribution
B|é,Y ~ N(bp (¢®,) 1)
)
oY ~ G(

Vp UnOj,

272 )



Marginal Distribution from Normal-Gamma

Theorem
Let 6 | ¢ ~ N(m, 3¥) and ¢ ~ G(v/2,v6%/2). Then 6 (p x 1)
has a p dimensional multivariate t distribution

0 ~ t,(m,5°Y)

with density
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Marginal Posterior Distribution of 3

Blé.Y ~ N(bno'o 1)
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Marginal Posterior Distribution of 3

Bl1é,Y ~ N(byo lo )

v, SS,
oy~ G<2’2>
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Marginal Posterior Distribution of 3

B¢, Y ~ N(byo'oh)
v, SS,

Let 52 =SS, /v, (Bayesian MSE)
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Marginal Posterior Distribution of 3

Bl Y ~ N(byo o,

v, SS,
oy~ G<2’2)

Let 52 =SS, /v, (Bayesian MSE)
Then the marginal posterior distribution of 3 is

BIY ~ ty,(by,6°0,1)

n
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Marginal Posterior Distribution of 3

Bl1é.Y ~ N(by o't
v, SS,
¢|Y ~ G<2,2>

Let 52 =SS, /v, (Bayesian MSE)
Then the marginal posterior distribution of 3 is

B ‘ Y ~ tun(bna62¢;1)

Any linear combination A7 3
ATBIY ~t, (ATb,, 62T 1))

has a univariate t distribution with v,, degrees of freedom
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
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What is the predictive distribution of Y* | Y?
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢

X*B+e|6,Y ~ N(X*by (X &, 1XT +1)/0)
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢

XB+e | oY ~ NX'b,, (X*,1X*T +1)/¢)
Y*| 4, Y ~ N(X*b,, (X*&1X*T +1)/¢)
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢

XB+e | oY ~ NX'b,, (X*,1X*T +1)/¢)
Y*| 4, Y ~ N(X*b,, (X*&1X*T +1)/¢)

v, 6%v,
Y —, —
o1 ~ &(7.5")

2
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Predictive Distribution

Suppose Y* | B,¢ ~ N(X*B,1/¢) and is conditionally independent
of Y given B and ¢

What is the predictive distribution of Y* | Y?

Y* = X*3 + €" and €* is independent of Y given ¢

XB+e | oY ~ NX'b,, (X*,1X*T +1)/¢)
Y*| 4, Y ~ N(X*b,, (X*&1X*T +1)/¢)

v, 6%v,
Y ~ G|—,—
o] (2.57)

Y*|Y ~ t,(X*b,, %1+ X - 1XT))
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(0) € P, p(6|Y) € P.
Advantages:
» Closed form distributions for most quantities; bypass MCMC
for calculations
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(0) € P, p(6|Y) € P.
Advantages:
» Closed form distributions for most quantities; bypass MCMC
for calculations
» Simple updating in terms of sufficient statistics “weighted
average”
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Conjugate Priors

Definition

A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.
Advantages:

» Closed form distributions for most quantities; bypass MCMC
for calculations

» Simple updating in terms of sufficient statistics “weighted
average”

> Interpretation as prior samples - prior sample size
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:

» Closed form distributions for most quantities; bypass MCMC
for calculations

» Simple updating in terms of sufficient statistics “weighted
average”

> Interpretation as prior samples - prior sample size

» Elicitation of prior through imaginary or historical data
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:

>

Closed form distributions for most quantities; bypass MCMC
for calculations

Simple updating in terms of sufficient statistics “weighted
average”

Interpretation as prior samples - prior sample size
Elicitation of prior through imaginary or historical data

limiting “non-proper” form recovers MLEs
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Conjugate Priors

Definition
A class of prior distributions P for @ is conjugate for a sampling
model p(y | @) if for every p(8) € P, p(6|Y) € P.

Advantages:

» Closed form distributions for most quantities; bypass MCMC
for calculations

» Simple updating in terms of sufficient statistics “weighted
average”

> Interpretation as prior samples - prior sample size
» Elicitation of prior through imaginary or historical data
» limiting “non-proper” form recovers MLEs

Choice of conjugate prior?
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Unit Information Prior
Unit information prior 3 | ¢ ~ N(3, n(XTX)™1/¢)
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Unit Information Prior
Unit information prior 3 | ¢ ~ N(3, n(XTX)™1/¢)
» Fisher Information is X "X based on a sample of n
observations
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is X "X based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)

» Fisher Information is X "X based on a sample of n
observations

> Inverse Fisher information is covariance matrix of MLE
“average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)
» Fisher Information is XX based on a sample of n
observations
» Inverse Fisher information is covariance matrix of MLE
» “average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation

» Posterior mean
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Unit Information Prior

Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)

» Fisher Information is X "X based on a sample of n

observations
Inverse Fisher information is covariance matrix of MLE
“average information” in one observation is X7 X/n
center prior at MLE and base covariance on the information in
“1" observation

v

v

v

> Posterior mean
1 —7— nB + 1 41— n’@ =5
> Posterior Distribution
BIY.6~N <B, - n(XTX)‘lczs—l)
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Unit Information Prior
Unit information prior B | ¢ ~ N(3, n(X7X)~1/¢)

» Fisher Information is X "X based on a sample of n
observations

» Inverse Fisher information is covariance matrix of MLE

» “average information” in one observation is X7 X/n

» center prior at MLE and base covariance on the information in
“1" observation

» Posterior mean

n 4 1 . .

l—i—nﬁ+ p=p

1+n
» Posterior Distribution

BlY,o~N <B, 1jn(XTX)‘las—l)

Cannot represent real prior beliefs; double use of data but has the
“right” behaviour.
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

N g > 1 xTx)-1
BV (L5 Bt b £ (xTx)10)
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHa
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHo (ao = H_lbo) ( take by = 0)
» Choice of g7
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHo (ao = H_lbo) ( take by = 0)
» Choice of g7

> W weight given to the data
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Zellner's g-prior

Zellner's g-prior(s) B | ¢ ~ N(bg, g(XTX)1/¢)

g 1 xTX)1
ﬁ|Y7¢NN<1+gﬁ+1+gb Tig (X'X)""o™ )

» Invariance: Require posterior of X3 equal the posterior of
XHa (ag = H tbg) ( take by = 0)

» Choice of g7

> 1+g weight given to the data

> Fixed g effect does not vanish as n — oo

» Use g = n or place a prior distribution on g
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Shrinkage

Posterior mean under g-prior with bg = 0 15%3

Shrinkage
o
1
w -
g/(1+g) =.75
[s=8 o
o |
]
o
S
T T T T
-10 -5 0 5 10
A
B
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Jeffreys Prior

Jeffreys proposed a default procedure so that resulting prior would
be invariant to model parameterization
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Jeffreys Prior

Jeffreys proposed a default procedure so that resulting prior would
be invariant to model parameterization

p(6) o [3(6)]*2
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Jeffreys Prior

Jeffreys proposed a default procedure so that resulting prior would
be invariant to model parameterization

p(6) o [3(6)]*2

where J(0) is the Expected Fisher Information matrix
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Jeffreys Prior

Jeffreys proposed a default procedure so that resulting prior would
be invariant to model parameterization

p(6) o [3(6)]*2

where J(0) is the Expected Fisher Information matrix

16) = 1| o))
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Fisher Information Matrix

Log Likelihood

08(£(8.6)) = 2 log(9)~ 51 (1-PY I~ 5(8-B) (X" X)(8-B)
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Fisher Information Matrix

Log Likelihood

og(£(6.9)) = 2 10g(6)~ 5 1-Py)

0?log L —p(XTX

Y2

)

¢
=1

90007 | —(B—B)T(XTX)

B-B)T(XTX)(B-P)
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Fisher Information Matrix

Log Likelihood

06(£(8.0)) = 1 log(9)~ 2| (1-PL)Y

¢
=1

B-B)T(XTX)(B-P)

~(XTX)(B - B)

OlogL —$(XTX)
90007 —(B8-B)T(XTX)
E82IogL B —¢(XTX) 0,
CoeoeT] = { 0, 5%

_n1l ]
2 2
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Fisher Information Matrix

Log Likelihood

06(£(8.0)) = 1 log(9)~ 2| (1-PL)Y

0?log L
00007
0% log L
00007

E[

] =

1((8.¢)7) =

—$(X7X)

| —(B-B)T(XTX)

¢
=1

~(XTX)(B - B)

B-B)T(XTX)(B-P)

|
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Jeffreys Prior

Jeffreys Prior

ps(B.0) o [I((B,0)7 )M
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Jeffreys Prior

Jeffreys Prior

ps(B.0) o [I((B,0)7 )M

_ Tx2 (mL
= ToxTx2 (52,

)1/2
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Jeffreys Prior

Jeffreys Prior

ps(B; b)

9((8,9)T)I?

Tyt2 (M1
o2 (3
¢p/271|x7—x’1/2

)1/2
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Jeffreys Prior

Jeffreys Prior

ps(B; b)

9((8,¢) I

1
o2 (3
¢p/271|x7—x’1/2
¢P/2*1

)1/2
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Jeffreys Prior

Jeffreys Prior
pis(B,9) o [3((8,0)")?

= |p(XTX|!/2 nl 2
2 4?2
o ¢P/2HXTX|1/2

x ¢P/2*1

Improper prior [[ p;(3,$) dB d¢ not finite
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Formal Bayes Posterior

p(B.6|Y) x p(Y | B,¢)pP> "
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Formal Bayes Posterior

p(B.6|Y) x p(Y | B,¢)pP> "

if this is integrable, then renormalize to obtain formal posterior
distribution
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Formal Bayes Posterior

p(B.6|Y) x p(Y | B,¢)pP> "

if this is integrable, then renormalize to obtain formal posterior
distribution

Blo.Y ~ N(B,(XTX)o™)
O1Y ~ G(n/2,|IY = XB|?/2)
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Formal Bayes Posterior

p(B.6|Y) x p(Y | B,¢)pP> "

if this is integrable, then renormalize to obtain formal posterior
distribution

Blo.Y ~ N(B,(XTX)o™)
O1Y ~ G(n/2,|IY = XB|?/2)

Limiting case of Conjugate prior with bg =0, ® =0, 19 =0 and
SSp=0
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Formal Bayes Posterior

p(B.6|Y) x p(Y | B,¢)pP> "

if this is integrable, then renormalize to obtain formal posterior
distribution

Blo.Y ~ N(B,(XTX)o™)
O1Y ~ G(n/2,|IY = XB|?/2)

Limiting case of Conjugate prior with bg =0, ® =0, 19 =0 and
SSo=0
Posterior does not depend on dimension p;
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Formal Bayes Posterior

p(B.6|Y) x p(Y | B,¢)pP> "

if this is integrable, then renormalize to obtain formal posterior
distribution

Ble.Y ~ N(B.(XTX)"o™)
¢1Y ~ G(n/2,|Y —XB|/2)
Limiting case of Conjugate prior with bg =0, ® =0, 19 =0 and

SSo=0
Posterior does not depend on dimension p;

Jeffreys did not recommend using this
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Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)
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Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)

> pu(B) o [9(B)[*/?
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Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)
> pu(B) o 19(5)11/2
> pu(9) o [3(e)|*/2
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Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)
> pu(B) o 13(5)’1/2
> pu(9) o [3(e)|*/2

]
6.0 = 5 45|
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Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)
> pu(B) o 13(5)’1/2
> pu(9) o [3(e)|*/2

6.0 = | “or

pu(B) o< |oXTX|M? o 1
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Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)

> pu(B) o [9(8)[*/?
> pu(9) o< [3(g)[[?

6.0 = | “or

p

pu(B) o< |oXTX|M? o 1

pi(9) < ¢

duke.eps



Independent Jeffreys Prior

» Treat 3 and ¢ separately (“orthogonal parameterization™)

> pu(B) o [9(8)[*/?
> pu(9) o< [3(g)[[?

)
6.0 = 5 45|

n
P 2 ¢?

pu(B) o< |oXTX|M? o 1

pu(¢) o< ¢

Independent Jeffreys Prior is

pu(B, 0) < pu(B)pu(e) = ¢~

duke.eps



Formal Posterior Distribution

With Independent Jeffreys Prior

pu(B, 0) < pu(B)pu(¢) = ¢~
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Formal Posterior Distribution

With Independent Jeffreys Prior

pu(B, 0) < pu(B)pu(¢) = ¢~

Formal Posterior Distribution
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Formal Posterior Distribution

With Independent Jeffreys Prior

pu(B, 0) < pu(B)pu(¢) = ¢~

Formal Posterior Distribution

Blo.Y ~ N(B,(XTX)1p™t)
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Formal Posterior Distribution

With Independent Jeffreys Prior

pu(B, 0) < pu(B)pu(¢) = ¢~

Formal Posterior Distribution

Blo.Y ~ N(B,(XTX)te?)
1Y ~ G((n—p)/2,]lY = XB]?/2)
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Formal Posterior Distribution

With Independent Jeffreys Prior

pu(B, 0) < pu(B)pu(¢) = ¢~

Formal Posterior Distribution

Blo.Y ~ N(B,(XTX)te?)
o1Y ~ G((n-p)/2, HY XB3|?/2)
BIY ~ t,p(B,6°(XTX)7)
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Formal Posterior Distribution

With Independent Jeffreys Prior

pu(B, 0) < pu(B)pu(¢) = ¢~

Formal Posterior Distribution

Blo,Y ~ N@B,(XTX)o)
1Y ~ G((n-p)/2, HY XB|%/2)
BIY ~ tap(B,62(XTX)7Y)
Bayesian Credible Sets p(3 € C,) =1 — « correspond to
frequentist Confidence Regions
ATB - 2B
VE2AT(XTX) 1A

~ thp
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Disadvantages of Conjugate Priors

Disadvantages:
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Disadvantages of Conjugate Priors

Disadvantages:

» Results may have be sensitive to prior “outliers” due to linear
updating
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Disadvantages of Conjugate Priors

Disadvantages:

» Results may have be sensitive to prior “outliers” due to linear
updating

» Cannot capture all possible prior beliefs
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Disadvantages of Conjugate Priors

Disadvantages:

» Results may have be sensitive to prior “outliers” due to linear
updating

» Cannot capture all possible prior beliefs

» Mixtures of Conjugate Priors
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