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The Normal-Inverse-Chi-square distribution

Definition

The joint distribution of a random element (W,V ) ∈ Rp × R+ is said to be a normal-
inverse-chi-sqaure distribution if for some m ∈ Rp, some p×p p.d. matrix K and some
r > 0, s > 0,

1. rs2

V
∼ χ2(r)

2. W |(V = v) ∼ Np(m, vK−1)

We will denote this distribution by Npχ
−2(m,K, r, s2).

Pdf calculation

The conditional pdf of W given V = v is:

fW |V (w|v) = const.× v−p/2 exp

{
− (w −m)TK(w −m)

2v

}
The pdf of V is

fV (v) = const.× v−(r+2)/2 exp

{
− rs2

2v

}
So the joint pdf of (W,V ) is

fW,V (w, v) = const.× v−
r+p+2

2 exp

{
− (w −m)TK(w −m) + rs2

2v

}
Some important properties

If (W,V ) ∼ Npχ
−2(m,K, r, s2) then for any vector a ∈ Rp,

(aTW,V ) ∼ N1χ
−2

(
aTm,

1

aTK−1a
, r, s2

)
and,

aTW − aTm

s
√
aTK−1a

∼ tr
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Conjugate prior for Gaussian linear model

The prior

Consider the Gaussian linear model (with dim(zi) = p)

Yi = zTi β + ϵi, ϵi
IID∼ N(0, σ2)

A conjugate prior family for θ = (β, σ2) is given the normal-inverse-chi-square pdfs

Npχ
−2(m0, K0, r0, s

2
0)

where m0 ranges over all p dimensional vectors, K0 ranges over all p×p positive definite
matrices, r0 and s0 range over all positive numbers.

Conjugacy

To prove conjugacy, first note that the both in the likelihood

Lx(β, σ
2) ∝ (σ2)−

n
2 exp

{
− (y − Zβ)T (y − Zβ)

2σ2

}
and in the prior

π(β, σ2) ∝ (σ2)−
r0+p+2

2 exp

{
− (β −m0)

TK0(β −m0) + r0s
2
0

2σ2

}
β appears through a quadratic term in the exponent. Therefore multiplying we get

π(β, σ2|x) ∝ (σ2)−
rn+p+2

2 exp

{
− (β −mn)

TKn(β −mn) + rns
2
n

2σ2

}
,

for some mn, Kn, rn, sn because adding two quadratic gives another quadratic.
So the posterior pdf is Npχ

−2(mn, Kn, rn, s
2
n), and these four quantities can be

identified as

1. mn = (K0 + ZTZ)−1(K0m0 + ZTy)

2. Kn = K0 + ZTZ

3. rn = r0 + n

4. s2n =
r0s20+yT y+mT

0 Km0−mT
nKnmn

r0+n
.

When n > p, so that we can define β̂LS = (ZTZ)−1ZTy and s2y|z =
1

n−p

∑n
i=1(yi−zTi β̂LS)

2,

we can re-write: mn = (K0+ZTZ)−1(K0m0+ZTZβ̂LS) and rns
2
n = r0s

2
0+(n−p)s2y|z +

(β̂LS −m0)
T (K−1

0 + (ZTZ)−1)−1(β̂LS −m0).
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Important special case: normal data

For Xi
IID∼ N(µ, σ2) we have β̂LS = x̄, ZTZ = n, p = 1 and s2x = 1

n−1

∑n
i=1(xi− x̄)2. Now

K0 = k0 is a positive scalar. So, the posterior pdf of (µ, σ2) is N1χ
−2(mn, kn, rn, s

2
n)

where:

1. mn = k0m0+nx̄
k0+n

2. kn = k0 + n

3. rn = r0 + n

4. s2n =
r0s20+(n−1)s2x+

k0n
k0+n

(x̄−m0)2

r0+n

Posterior summaries

Clearly inference on σ2 can be summarized based on the marginal posterior distribution
of σ2 given data. By definition of normal-inverse-chi-square, this marginal posterior
can be written as rns

2
n/σ

2 ∼ χ2(rn).
To draw inference on η = aTβ, for some a ∈ Rp, we need the marginal posterior of

η given data (and integrating out σ2). By the special property of normal-inverse-chi-
squares distributions mentioned before, the posterior distribution of

η − aTmn

sn
√

aTK−1
n a

is t(rn). Hence a (1− α) posterior credible interval for η is

aTmn ∓ sn
√
aTK−1

n a× zrn(α).
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