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Frequentist guarantees for non-Gaussian model

! X ∼ f (x |θ), θ ∈ Θ

! ML intervals:

Bc(x) = {θ ∈ Θ : "x(θ) ≥ "x(θ̂MLE(x))− c2/2}

! ML test for H0 : θ ∈ Θ0

δc(x) ←→ reject H0 if Bc ∩Θ0 = ∅

! How to calculate P[X |θ](θ ∈ Bc(X ))?

! How to calculate P[X |θ](Θ0 ∩ Bc(X ) = ∅)?
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Case by case

1. f (x |θ) a pmf on a finite set S and Θ too is a finite set.
! Calculate by complete enumeration
! See HW 2

2. X1, · · · ,Xn
IID∼ Unif(0, θ), θ ∈ (0,∞)

! Fairly elegant general calculations
! Can express γ(θ,Ak) in closed form
! HW 2

3. X1, · · · ,Xn
IID∼ Poi(µ), µ > 0

! An exact calculation
! And a very accurate approximation (for large n)
! Will do this now...
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ML sampling theory for Poisson model

! X1, · · · ,Xn
IID∼ Poi(µ).

! µ̂MLE(x) = x̄ , Ix = n/x̄ .

! ML interval Bc(x) = x̄ ∓ c
√

x̄/n and

P[X |µ](µ ∈ Bc(X ))

= P[X |µ]

(
X̄ ∈ µ+

c2

2n
∓ c√

n

√
µ+

c2

4n

)

by a simple rearrangement (followed by a square completion)

! But when Xi
IID∼ Poi(µ), T =

∑n
i=1 Xi = nX̄ ∼ Poi(nµ).
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Exact coverage of Bc

µ n γ(µ,B1.64) γ(µ,B1.95) γ(µ,B2.58)
10 0.906 0.9 0.926 0.95 0.970 0.99

1 25 0.874 0.9 0.948 0.95 0.977 0.99
100 0.900 0.9 0.945 0.95 0.988 0.99
10 0.904 0.9 0.949 0.95 0.987 0.99

5 25 0.901 0.9 0.949 0.95 0.988 0.99
100 0.901 0.9 0.948 0.95 0.990 0.99
10 0.894 0.9 0.946 0.95 0.989 0.99

10 25 0.901 0.9 0.948 0.95 0.990 0.99
100 0.900 0.9 0.949 0.95 0.990 0.99
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Approximation

! With a standard rearrangement

P[X |µ](µ ∈Bc(X ))

= P[X |µ]

(
−c ≤ X̄ − µ√

X̄/n
≤ c

)

! For “large n”: T = X̄−µ√
X̄/n

approx∼ N(0, 1)

(Normal approx to Poisson + something more)

! So P[X |µ](µ ∈ Bc(X )) ≈ 2Φ(c)− 1.
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Exact coverage of Bc vs. approximation

µ n γ(µ,B1.64) γ(µ,B1.95) γ(µ,B2.58)
10 0.906 0.9 0.926 0.95 0.970 0.99

1 25 0.874 0.9 0.948 0.95 0.977 0.99
100 0.900 0.9 0.945 0.95 0.988 0.99
10 0.904 0.9 0.949 0.95 0.987 0.99

5 25 0.901 0.9 0.949 0.95 0.988 0.99
100 0.901 0.9 0.948 0.95 0.990 0.99
10 0.894 0.9 0.946 0.95 0.989 0.99

10 25 0.901 0.9 0.948 0.95 0.990 0.99
100 0.900 0.9 0.949 0.95 0.990 0.99
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Asymptotic calculations: Basics

! For the Poisson example, a precise statement is:

lim
n→∞

P[X |µ](µ ∈ Bc(X ))

= lim
n→∞

P[X |µ](−c ≤ T ≤ c) = 2Φ(c)− 1

! Here n is implicit in both X = (X1, · · · ,Xn) and T which is
derived from X .

! For the second equality to hold for every c > 0, it is necessary

and sufficient that T
d→ N(0, 1).
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Recall convergence in law

! T1,T2, · · · an infinite sequence of random variables in Rd

! f a pdf on Rd

! Tn is said to converge in law to f if for every interval A ∈ Rd

lim
n→∞

P(Tn ∈ A) =

∫

A
f (z)dz

and we write Tn
d→ f .

! If Z ∼ f then we also write Tn
d→ Z .

! So for large n we can approximate P(Tn ∈ A) by P(Z ∈ A).
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Recall Central Limit Theorem

! Suppose X1,X2, · · · are IID with some pdf/pmf f (x)

! Assume µ = EXi and Σ = VarXi are finite

! Then Tn =
√
n(X̄ − µ)

d→ Nd(0,Σ)

! Also write Tn ∼ ANd(0,Σ), or, X̄ ∼ ANd(µ,
1
nΣ).

! General notation: write Tn ∼ ANd(µn,Σn) if

B−1
n (Tn − µn)

d→ Nd(0, Id)

where Σn = BnBT
n .
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Asymptotic normality of MLE

! Model X1, · · · ,Xn
IID∼ g(xi |θ), θ ∈ Θ, g is regular

! MLE θ̂MLE(x), curvature Ix .

! Fix θ ∈ Θ. If Xi
IID∼ g(xi |θ) then

θ̂MLE(X ) ∼ ANd(θ, I
−1
X )

! A very useful result!
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Continuous mapping theorem

If Tn
d→ Z and g(t) is a continuous function then g(Tn)

d→ g(Z )

11 / 22



. . . . . .

Coverage probabilities of ML intervals

! Suppose θ̂MLE(X ) ∼ ANd(θ, I
−1
X )

! Take η = aT θ: a continuous function of θ

! Recall Bc(x) = aT θ̂MLE(x)∓ c
√

aT I−1
x a so

P[X |θ](η ∈ Bc(X )) = P[X |θ](−c ≤ T ≤ c)

where T = aT θ̂MLE(X )−aT θ√
aT I−1

X a

! By cont. map thm., T ∼ AN1(0, 1) and so

P[X |θ](−c ≤ T ≤ c) = 2Φ(c)− 1.

12 / 22
. . . . . .

When is MLE asymptotically normal?

! Not for every model. Not for Xi
IID∼ Unif(0, θ). (HW 2)

! You need some regularity of the pdfs collected under the
model

! To begin with, they need to be positive on the same set and
need to be differentiable in the parameter

! Usually holds for exponential family models
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Exponential family result

! Model: Xi
IID∼ g(xi |θ) = h(xi )eξ(θ)

TT (xi )−B(θ), θ ∈ Θ ⊂ Rd

! Assumptions
1. Θ is an open set
2. ξ(θ) is one-to-one, two times differentiable with continuous

derivatives
3. There is no vector b such that bTT (Xi ) is a constant number

for any Xi ∼ g(xi |θ)

! Then, θ̂MLE(X ) ∼ ANd(θ, I
−1
X ) whenever Xi

IID∼ g(xi |θ).
! Will see a proof in a special case but first two very useful

probability results
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Slutsky’s theorem

! Recall convergence in probability: Yn
p→ Y if for every ε > 0,

P(‖Yn − Y ‖ > ε) → 0.

! Suppose Tn
d→ Z ∈ Rd and suppose Bn, n = 1, 2, · · · are

q × d random matrices such that Bn
p→ B a fixed matrix.

Then BnTn
d→ BZ .
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A use of Slutsky’s theorem

! Normal approximation to Poisson: if X1, · · · ,Xn
IID∼ Poi(µ)

then

Zn =
X̄ − µ√
µ/n

d→ N(0, 1)

! By WLLN X̄
p→ µ

! Slutksy’s theorem: Tn =
√
µ√
X̄
Zn = X̄−µ√

X̄/n

d→ N(0, 1).
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The Delta theorem

Theorem. Suppose
√
n(Tn − µ)

d→ Nd(0,Σ). If g(t) : Rd → Rq

has a continuous first derivative ġ(t) (a d × q matrix) then

√
n(g(Tn)− g(µ))

d→ Nq(0, ġ(µ)
TΣġ(µ)).

Proof. Mean value theorem =⇒ g(Tn) = g(µ) + ġ(Sn)T (Tn − µ)
for some Sn between Tn and µ. Rearranging,

√
n(g(Tn)− g(µ)) =

√
nġ(Sn)

T (Tn − µ)

Because
√
n(Tn − µ)

d→ Nd(0, 1) implies Tn
p→ µ (why?), we have

Sn
p→ µ. By continuity of ġ , ġ(Sn)

p→ ġ(µ). The rest follows from
Slutsky’s theorem.
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A special case: Canonical exponential family

! Model: X1, · · · ,Xn
IID∼ h(xi )eξ

TT (xi )−A(ξ)

! Parameter space
ξ ∈ E = {ξ : A(ξ) = log

∫
h(xi )eξ

TT (xi )dxi < ∞}
! Assumptions:

1. E is open
2. aTT (Xi ) is not a constant for any a
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Some properties

! Call Ti = T (Xi )

! E[Xi |ξ]Ti = Ȧ(ξ), Var[Xi |ξ]Ti = Ä(ξ)

! Assumption 2 implies Ä is positive definite, so A(ξ) is strictly
convex over E .

! This means Ȧ(ξ) is one-to-one and has an inverse g(t) with a
continuous derivative
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MLE

! Log-likelihood function

"x(ξ) = const + ξT
n∑

i=1

T (xi )− nA(ξ)

= const + nξT T̄ (x)− nA(ξ)

with T̄ (x) = 1
n

∑n
i=1 T (xi ),

! So MLE solves Ȧ(ξ̂MLE(x)) = T̄ (x), i.e., ξ̂MLE(x) = g(T̄ (x))

! Also, IX = nÄ(ξ̂MLE(x)).
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Asymptotic normality

! Fix a θ and suppose Xi
IID∼ h(xi )eξ

TT (xi )−A(ξ)

! By CLT
√
n(T̄ (X )− Ȧ(ξ))

d→ Nd(0, Ä(ξ))

! Hence, by the Delta theorem

√
n(ξ̂MLE(X )− ξ)

d→ Nd(0,Σξ = ġ(Ȧ(ξ))T Ä(ξ)ġ(Ȧ(ξ)))

! But, because g(t) is the inverse of Ȧ(ξ) we must have

ġ(t) = {Ä(g(t))}−1

and so Σξ = {Ä(ξ)}−1.

! Therefore,
√
n(ξ̂MLE(X )− ξ) ∼ ANd(0, {Ä(ξ)}−1)
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The final piece

! The last result implies ξ̂MLE(X )
p→ ξ,

! So IX/n = Ä(ξ̂MLE(X ))
p→ Ä(ξ) because Ä is continuous

! Therefore,

√
n(ξ̂MLE(X )− ξ) ∼ ANd(0, nI

−1
X )

by Slutksy’s theorem

! Rearrange to get ξ̂MLE(X ) ∼ ANd(ξ, I
−1
X )
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