
Exponential FamiliesRobert L. WolpertDepartment of Statisti
al S
ien
eDuke University, Durham, NC, USASurprisingly many of the distributions we use in statisti
s for random vari-ables X taking value in some spa
e X (often R or N0 but sometimes R
n, Z,or some other spa
e), indexed by a parameter � from some parameter set�, 
an be written in exponential family form, with pdf or pmff(x j �) = exp [�(�)t(x)�B(�)℄ h(x)for some statisti
 t : X ! R, natural parameter � : � ! R, and fun
-tions1 B : � ! R and h : X ! R+. The likelihood fun
tion for a randomsample of size n from the exponential family isfn(x j �) = exp24�(�) nXj=1 t(xj)� nB(�)35 Y h(xi);whi
h is a
tually of the same form with the same natural parameter �(�),but now with statisti
 Tn(x) = P t(xj) and fun
tions Bn(�) = nB(�) andhn(x) = �h(xj).ExamplesFor example, the pmf for the binomial distribution Bi(m; p) 
an be writtenas �mx�px(1� p)m�x = exp ��log p1� p�x+m log(1� p)��mx�1For students a
quainted with measure-theoreti
 probability: more generally, we 
anrepla
e the fun
tion h(x) with an arbitrary referen
e measure h(dx) on X, leading tothe distribution measure f(dx j �) for X. This lets us treat dis
rete and 
ontinuousdistributions together. 1



of Exponential Family form with natural parameter �(p) = log p1�p andnatural suÆ
ient statisti
 t(x) = x, and the Poisson�xx! e�� = exp [(log �)x� �℄ 1x!with � = log � and again t(x) = x. The Beta distribution Be(�; �) witheither one of its two parameters unknown 
an be written in EF form too:�(�+ �)�(�)�(�)x��1(1� x)��1 = exp �� log x��log �(�)�(�+ �)�� (1� x)�x(1� x)�(�)= exp �� log(1�x)��log �(�)�(�+ �)�� x�x(1�x)�(�)with t(x) = log x or log(1�x) when � = � or � = � is unknown, respe
tively.With both parameters unknown the beta distribution 
an be written as abivariate Exponential Family with parameter � = [�; �℄0 2 R
2+:f(x j �) = exp [�(�) � t(x)�B(�)℄h(x) (1)with ve
tor parameter � = [�; �℄0 and statisti
 t(x) = [log x; log(1�x)℄0 ands
alar (one-dimensional) fun
tions B(�) = log �(�)+ log �(�)� log �(�+�)and h(x) = 1=x(1 � x). Sin
e this 
omes up often, we'll let � and T beq-dimensional below; usually in this 
ourse q = 1 or 2.Natural Exponential FamiliesIt is often 
onvenient to reparameterize exponential families to the naturalparameter � = �(�) 2 R

q, leading (with A(�(�)) � B(�)) tof(x j �) = e��t(x)�A(�)h(x) (2)Sin
e any pdf integrates to unity we haveeA(�) = ZX e��t(x)h(x) dxand hen
e 
an 
al
ulate the moment generating fun
tion (MGF) for thenatural suÆ
ient statisti
 t(x) = ft1(x); � � � ; tq(x)g as
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Mt(s) = E hes�t(X)i= ZX es�t(x) e��t(x)�A(�)h(x) dx= e�A(�) ZX e(�+s)�t(x)h(x) dx= eA(�+s)�A(�);so logMt(s) = A(� + s) � A(�) and we 
an �nd moments for the naturalsuÆ
ient statisti
 byE[t℄ = r logMt(0) = rA(�)V[t℄ = r2 logMt(0) = r2A(�)provided that � is an interior point of the natural parameter spa
e
E � f� 2 R

q : 0 < ZX e��t(x)h(x) dx <1gand that A(�) is twi
e-di�erentiable near �. For samples of size n 2 N thesuÆ
ient statisti
 Tn(x) =X t(xj)is a sum of independent random variables, so by the Central Limit Theoremwe have approximately � No�nrA(�); nr2A(�)�:Note that r2A(�) = �r2 log f(x j �) is both the observed and Fisher(expe
ted) information (matrix) In(�) for natural exponential families, andthat the s
ore statisti
 is Z := r log f(x j �) = �Tn(x)� nrA(�)�.Conjugate PriorsFix a nonnegative fun
tion2 �?(�) on � and let E? � R
q+1 be the 
olle
tionof hyper-parameter pairs (�; �) with � 2 R

q, � 2 R for whi
h0 < 
�;� := Z� e�(�)����B(�) �?(�) d� <1:2Again, an arbitrary positive referen
e measure �?(d�) on � 
an repla
e the fun
-tion �?(�) here, leading to prior and posterior distributions that may not have Lebesguedensities, or that may be supported on a lower-dimensional subset of �.3



We 
an de�ne a (q+1)-dimensional parametri
 family of prior densities for(�; �) 2 E? by�(� j �; �) := 
�1�;�e�(�)����B(�) �?(�):With this prior and with data fXig iid� f(x j �) from the exponential family,the posterior pdf is�(� j x)) / e�(�)����B(�)e�(�)�Tn(x)�nB(�) �?(�)/ �(� j �� = �+ Tn(x); �� = � + n):provided that (��; ��) 2 E?. This is within the same 
onjugate family butnow with \updated" parameters �� = �+Tn and �� = �+n. For example,in the binomial example above with 
onstant �?(p) � 1 on the unit intervalthis 
onjugate prior family has density fun
tion�(p j �; �) / exp�� log p1� p � � log(1� p)� = p�(1� p)�(�+�);the Beta family, with E? = f�; � : � > �1; (� + �) < 1g while for thePoisson example it is�(� j �; �) / exp f� log � � ��g = ��e���1f�>0gfor � > �1 and � > 0, the Gamma family. Conjugate families for everyexponential family are available in the same way.Note not every distribution we 
onsider is from an exponential family. From(2), for example, it is 
lear set of points where the pdf or pmf is nonzero,the possible values a random variable X 
an take, is justfx 2 X : f(x j �) > 0g = fx 2 X : h(x) > 0g;whi
h does not depend on the parameter �; thus any family of distributionswhere the \support" depends on the parameter (uniform distributions areimportant examples, or lo
ation-s
ale families made from Gamma or Paretodistributions) 
an't be from an exponential family.The table starting on page 6 show several familiar (and some less familiarones, like the Inverse Gaussian IG(�; �) and Pareto Pa(�; �)) distributions inexponential family form. Some of the formulas involve the log gamma fun
-tion 
(z) := log �(z) and its �rst and se
ond derivatives, the \digamma" (z) := (d=dz)
(z) and \trigamma"  0(z) := (d2=dz2)
(z), whi
h are built4



into R, Mathemati
a, Maple, the gsl library in C, and su
h, but aren'ton po
ket 
al
ulators or most spreadsheets. In ea
h 
ase r2A(�) is theInformation matrix in the natural parameterization, I(�) in the usual pa-rameterization.
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1 Exponential Family ExamplesBe(�; �) f(x) = �(�+�)�(�)�(�)x��1(1� x)��1; x 2 (0; 1) T = (log x; log 1�x)B(�; �) = 
(�) + 
(�)� 
(�+ �) � = (�; �)A(�) = 
(�1) + 
(�2)� 
(�1 + �2)rA(�) = � (�1)�  (�1 + �2) (�2)�  (�1 + �2)� ET = � (�) �  (� + �) (�)�  (� + �)�r2A(�) = � 0(�1)� 
 �
�
  0(�2)� 
� 
 =  0(�1 + �2)Bi(m; p) f(x) = �mx�pxq(m�x); x = 0:::m T = xB(p) = �m log q � = log(p=q)A(�) = m log(1 + e�) p = e�=(1 + e�)rA(�) = me�1+e� ET = mpr2A(�) = me�(1+e�)2 I(p) = m=pqEx(�) f(x) = �e��x; x > 0 T = xB(�) = � log � � = ��A(�) = � log(��)rA(�) = �1=� ET = 1=�r2A(�) = ��2 I(�) = 1=�2Ga(�; �) f(x) = ���(�)x��1 e��x; x > 0 T = (log x; x)B(�; �) = 
(�) � � log � � = (�;��)A(�) = 
(�1)� �1 log(��2)rA(�) = � (�1)� log(��2)��1=�2 � ET = � (�) � log ��=� �r2A(�) = � 0(�1) �1=�2�1=�2 �1=�22� I(�; �) = � 0(�) �1=��1=� �=�2�Ge(p) f(x) = p qx; x = 0; 1; 2; ::: T = xB(p) = � log p � = log qA(�) = � log(1� e�) p = 1� e�rA(�) = e�1�e� ET = q=pr2A(�) = e�(1�e�)2 I(p) = 1=p2q
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Exponential Family Examples (
ont'd)IG(a; b) f(x) = ae�(a�bx)2=2x=p2�x3; x > 0 T = (1=x; x)|B(a; b) = �ab� log a � = (�a2=2;�b2=2)|A(�) = �2p�1 �2 � 12 log(�2�1) a = p�2�1; b = p�2�2rA(�) = �p�2=�1 � 1=2�1p�1=�2 � ET = �b=a+ 1=a2a=b �r2A(�) = 12 0�q �2�13 + 1�12 �1p�1�2�1p�1�2 q �1�231A I(a; b) = �b=a+ 2=a2 �1�1 a=b�NB(�; p) f(x) = ���x �p� (�q)x; x = 0; 1; 2; ::: T = xB(p) = �� log p � = log qA(�) = �� log(1� e�) p = 1� e�rA(�) = �e�1�e� ET = �q=pr2A(�) = �e�(1�e�)2 I(p) = �=p2qNo(�; �2) f(x) = e�(x��)2=2�2=p2��2 T = (x; x2)|B(�; �2) = �2=2�2 + 12 log �2 � = (���2;���2=2)|A(�) = ��12=4�2 � 12 log(�2�2) (�; �2)| = �(�1; 1)|=2�2rA(�) = � ��1=2�2�12=4�22 � 1=2�2� ET = � ��2 + �2�r2A(�) = ��1=2�2 �1=2�22�1=2�22 ��12=2�23 + 1=2�22� I(a; b) = ���2 00 ��4=2�Po(�) f(x) = �xe��=x!; x = 0; 1; 2; ::: T = xB(�) = � � = log �A(�) = e� � = e�rA(�) = e� ET = �r2A(�) = e� I(�) = 1=�Pa(�; �) f(x) = � ��=x�+1; x > � T = log xB(�) = � log � � � log� � = ��A(�) = � log(��) + � log� � = ��rA(�) = log�� 1=� ET = log�+ 1=�r2A(�) = ��2 I(�) = ��2
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