Unit 6: Introduction to linearregression

1. Introduction toregression

Sta 101 - Spring 2019

Duke University, Department of Statistical Science

Dr. Ellison Slides posted at https://www2.stat.duke.edu/courses/Spring19/sta101.001/

Coming up...

» Lab Assignment 8 due Friday 4/5 11:55pm (extension)
» Peer Evaluation 2 due Tuesday 4/9 11:55 pm
» Problem Set 6 due Wednesday 4/10 11:55 pm

» Readiness Assessment 7 Wednesday 4/10

» Don't forget Project Stage 2... due in ~2 weeks

1. Housekeeping

2. Main ideas:
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Modeling numerical variables

What’s new in Unit 6?

. Confi  Interval for |y othesis Test for the
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What are four things we can discuss
about the relationship between two
numerical variables?
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2. Main ideas:
1. Quantify the Linear Relationship Between Two Numerical
Variables: Correlation coefficient
» Correlation coefficient describes the strength and
direction of the linear association between two
numerical variables

What are four things we can discuss
about the relationship between two
numerical variables?

1. Strength
2. Direction
3. Linearity
4. Any outliers

(c) (d)
*double check your Lab 8




What metric can we use to quantify
the strength and direction of a linear

relationship?

(a) (b)

(c) (d)

Guessing the Correlation
Coefficient by Lookmg at
a Scatter Plot

(a) (b)

(c) (d)

What metric can we use to quantify
the strength and direction of a linear

relationship?

Correlation i
Coefficient (R) e &

(a) (b)

(c) (d)

Guessing the correlation

Clicker question

Which of the following is the best guess for the correlation
between annual murders per million and percentage living in

poverty?

(@) -1.52
(b) -0.63
(c) -0.12
(d) 0.02
() 0.84

15 20 25 30 35 40
.

annual murders per million
|
&

5 10
1
.

% in poverty
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Guessing the correlation

Clicker question

Which of the following is the best guess for the correlation
between annual murders per million and percentage living in

Guessing the correlation

Clicker question

Which of the following is the best guess for the correlation
between annual murders per million and percentage living in

poverty?

(a)-1.52
(b) -0.63
() -0.12
(d) 0.02
() 0.84

-1<R<1

annual murders per million

10 15 20 25 30 35 40

5

% in poverty

Guessing the correlation

Clicker question

R|~0.84

Which of the following is the best guess for the correlation
between annual murders per million and percentage living in

poverty?
2 |
+ -1<Rs<1 éé o
Upwards Trending & , |
(G)——Q.—1—2 Relationship - § o
Positive R s &
(d‘)_g‘g'z *  About~84%ofthe § o |
screen isroughly &
(e) 0' 84 point-free, points 299
pretty close to line >  w o

% in poverty

poverty?

g
152 .
.+ -1<R<1 g7
(b)-0.63 E 5
Upwards Trending & , |
(@—-@.—1—2 Relationship -> § =
Positive R 3 &+
(d) 0.0 T el
2
() 0.84 5o,
s |

% in poverty

Guessing the correlation

Clicker question

annual murders per million

Which of the following is the best guess for the correlation
between annual murders per million and population size?

10 15 20 25 30 35 40

5
|

T T T
4e+06 6e+06 8e+06

population
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Guessing the correlation

Clicker question

Which of the following is the best guess for the correlation
between annual murders per million and population size?

(@) -0.97 e
(b) -0.61 5 8
E B

(c) -0.06 g .

. DownwardsTrendmgé o
@—9755 Relationship - E &

Negtive R 3w . 8
(e)-6.97 :E

= T T T T

2e+06 4e+06 6e+06 8e+06

population

Assessing the correlation

Clicker question

Which of the following is has the strongest correlation, i.e.
correlation coefficient closestto +1 or -17?

Guessing the correlation

Clicker question

Which of the following is the best guess for the correlation
between annual murders per million and population size?

(a)-0.97

(b)-0-6%

(c) -0.06

* Downwards Trending

(d9—0=55 Relationship -
Negtive R

(e)—O,-Q-Z * Doesn’t seem to have g
a linear relationship
AND_many points are
far away from the best

fit-line. > |R| will be
low! population

nnual murders per million
10 15 20 25 30 35 40

5

2e+06 4e+06 6e+06 8e+06

Assessing the correlation

Clicker question

Which of the following is has the strongest correlation, i.e.
correlation coefficient closest to +1 or -1?

* (a) seems to have the
strongest relationship
BUT
(b) seems to have the
strongest LINEAR
relationship...
Correlation Coefficient
(R) measures the
strength of the LINEAR
relationship.
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Need More Practice
Guessing R? Extra
Credit?

(a) (b)

(c) (d)

Spurious correlations

Remember: correlation does not always imply causation!
http://www.tylervigen.com/

Per capita cheese consumption
correlates with

Number of people who died by becoming tangled in their bedsheets

947091)

Correlation: 94.71% (r=0.

33Ibs

3.5ibs

Cheese consumed
s3ujBue) wauspeg

30ibs

285ibs. 200 deaths
2000 2001 2002 2003 2004 2005 2008 2007 2008 2009

& Bedsheet tanglings =+~ Cheese consumed

Upload a screen shot with your PS 6 (EC - Correlation
Game) for extra credit PS 6 (1 pt on the problem set).
http.//quessthecorrelation.com/
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2. Main ideas:

2. Model the Linear Relationship Between Two Numerical
Variables: Simple Linear Regression Model
» Calculating the Model: Least squares line
minimizes squared residuals
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What Ways can we M a >M:::|Sljasj;:1u;:’j)Ilijr;teaminimizes squared residuals.
“best fit” line for a set of 9 = bo + bix

(x,y) data? How do we ‘
represent it?

» The least squares line minimizes squared residuals. HOW do we assess hOW we"

Models a Sample of (x,y) Data Models the Populatmn of (x,y) Data
§ = bo + byx I =bthx our least squares line “fit”
JXM (predicted) an individual
/ ! | explanatory variable(s) value

(ie x-value)?

25 30 35 40




(2) Least squares line minimizes squared residuals
» The least squares line minimizes squared residuals.

Models a Sample of (x,y) Data Models the Population of (x,y) Data

5}=b0+b1x y=B0+B1x
B s 8-
Ly HER ‘
S {l !
T
LR & 2 3 & & W w® o ® 2 m

% in poverty
% in poverty E

» Residuals are the leftovers from the model fit, and
calculated as the difference between the observed and
predicted y-values, for a given x-value (explanatory var(s)
value)

e =yi— 3

Outline
How do we calculate our
least squares line?
5} = bo + blx

% in poverty

nnual murders per million

(2) Least squares line minimizes squared residuals

» The least squares line minimizes squared residuals.
Models a Sample of (x,y) Data
5/\ = bo + blx

Models the Population of (x,y) Data
Y = PBo + Prx

annual murders per million

5 10 15 20 25 30 35 40

5 10 15 20 25 30 35 40

et

T T T T
14 16 18 20 2 2 26

% in poverty
% in poverty -

» Residuals are the leftovers from the model fit, and
calculated as the difference between the observed and
predicted y-values, for a given x-value (explanatory var(s)

value) observed y for x;
e; =y; — i «— predicted y for x;

(2) Least squares line minimizes squared residuals

Least Squares
Regression

annual murders per million
5 10 15 20 25 30 35 40

% in poverty
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(2) Least squares line minimizes squared residuals

Least Squares
min Z e2 Regression

T T T T T T T
14 16 18 20 22 24 26

% in poverty

annual murders per million
5 10 15 20 25 30 35 40

(2) Least squares line minimizes squared residuals

. Least Squares
min Z e2 Regression
What values of by and

i=1
b4 give the minimum value
' of this function?

n Slope
min;(}’i y? b, = S_yR
SX
nt Intercept
min )" (= (bo + b)Y’ by =y — bix
i=1

(2) Least squares line minimizes squared residuals

Least Squares

n
min Z e? Regression
i=1 What values of by and
b4 give the minimum value
t of this function?

Some Calculus...
The (by, by) is the critical
point of this function.

n
min " (v = 91)°
i=1
n

min ) (vi=(bo + byxp))’
i=1

(2) Least squares line minimizes squared residuals

Least Squares

n

minZ e? Regression
i=1 What values of by and
b4 give the minimum value
t of this function?
Sample std
n Slope / dev. of y-
. ~ N2 S values
min ) (y; — i) b. = 2R
i=1 1 —
S Sample std
I dev. of x-
|
Intercept
n — —
min ) (vi=(bo + byxp))’ b =y — biX
i=1
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(2) Least squares line minimizes squared residuals

. Zn: Why not use absolute
min ) e . S
=t value instead?

n
. .
min ) |y; — ¥
=1
14 16 18 20 22 24 26
% in poverty

n
min )" |(vi=(bo + by )|
i=1

annual murders per million

5 10 15 20 25 30 35 40
L

2. Main ideas:

2. Model the Linear Relationship Between Two Numerical
Variables: Simple Linear Regression Model

* Interpreting the Model

(2) Least squares line minimizes squared residuals

n
minz lel Why not use absolute
= value instead?

t * Least squares

easier for
. = N computation.
mm; i =il +  Least squares more
sensitive to

I outliers.

n
min )" |(vi=(bo + by
i=1

How do we interpret our
least squares line?

annual murders per million
5 10 15 20 25 30 35 40

% in poverty
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(3) Interpreting the last squares line

When x is

Yy =bo+bix numerical

» Slope: For each unit increase in z, yis expected to
behigher/lower on average by the slope.

Bp= JER
Sp
» Intercept: When z = 0, yis expected to equal
the intercept.
by =79y—

— The calculation of the intercept uses the fact the a regression line
always passes through (z, ).

Why does the regression line always pass through (x, y)?

(3) Interpreting the last squares line

When x is

y=botbix numerical

» Slope: For each unit increase in =, yis pxpected|to
behigher/lower on average by the slope.  *important: Make sure
your least squares line
b= Sy R interpretation does not

S& imply causality.

» Intercept: When =0, yis to equal

the intercept.
by =9y —

— The calculation of the intercept uses the fact the a regression line
always passes through (z. ).

*double check your Lab 8

Why does the regression line always pass through (x, y)?

» If there is no relationship between zand y (by = 0), the
best guess for i for any value of zis 7.

» Even when there is a relationship between zand y (b; # 0),
the best guess for y when z = Zis still 7.

¥3
-2 0 2 4 6 8 10

-10 00 05 10 15 20 -10 00 05 10 15 20 -10 00 05 10 15 20
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Application exercise: 6.1 Linear model

See course website for details

ST SSEER )

Clicker question
What is the interpretation of the slope?

(a) Each additional percentage in those living in poverty
increases number of annual murders per million by 2.56.

(b) For each percentage increase in those living in poverty, the
number of annual murders per million is expected to be
higher by 2.56 on average.

(c) For each percentage increase in those living in poverty, the
number of annual murders per million is expected to be
lower by 29.91 on average.

(d) For each percentage increase annual murders per million,
the percentage of those living in poverty is expected to be
higher by 2.56 on average.

l Clicker question .

What is the interpretation of the slope?

(a) Each additional percentage in those living in poverty
increases number of annual murders per million by2.56.

(b) For each percentage increase in those living in poverty,
the number of annual murders per million is expected
to be higher by 2.56 on average.

(c) For each percentage increase in those living in poverty, the
number of annual murders per million is expected to be
lower by 29.91 on average.

(d) For each percentage increase annual murders per million,
the percentage of those living in poverty is expected to be
higher by 2.56 on average.

*The language in (a) implies a causal relationship. We don’t want to say this,
as this regression line is calculated from data from a observational study.

2. Main ideas:

2. Model the Linear Relationship Between Two Numerical
Variables: Simple Linear Regression Model

» Using the Model: Predict, but don't extrapolate

4/3/2019
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How should we use our least
squares model to make
predictions?

25 30 35 40

<
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E
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l Clicker question .

Suppose you want to predict annual murder count (per million)
for a series of districts that were not included in the dataset.
For which of the following districts would you be most
comfortable with your prediction?

Clicker question

Suppose you want to predict annual murder count (per million)
for a series of districts that were not included in the dataset.
For which of the following districts would you be most
comfortable with your prediction?

Adistrict where % in
poverty =

(@) 5%

(b) 15%

(c) 20%

(d) 26%

(e) 40%

annual murders per million

5 10 15 20 25 30 35 40

% in poverty

Adistrict where % in
poverty =

(@) 5%— extrapolation
(b) 15%

(c) 20% — most center
(d) 26%

(e) 40%— extrapolation

annual murders per million

5 10 15 20 25 30 35 40

14

16

Extrapolation — Predicting with x-values
outside the range of input data

% in poverty

A note about the intercept

Sometimes the intercept might be an extrapolation: useful for
adjusting the height of the line, but meaningless in the context
of the data.

annual murders per million

% in poverty

4/3/2019
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Calculating predicted values

By hand: murder= —29.91 + 2.56 poverty
The predicted number of murders per million per year for a
county with 20% poverty rate is:

Calculating predicted values

By hand: murder= —29.91 + 2.56 poverty
The predicted number of murders per million per year for a
county with 20% poverty rate is:

murder = —29.91 + 2.56 x 21.29

Why did we plug in “20
percent” and not “0.20”?

We used data in the form of
percentages [0,100] (not decimals
[0,1]) to calculate bo and bs... be
consistent!

Calculating predicted values

By hand: murder= —29.91 + 2.56 poverty
The predicted number of murders per million per year for a
county with 20% poverty rate is:

murder = —29.91 + 2.56 x 21.29

Why did we plug in “20
percent” and not “0.20”?

Calculating predicted values

By hand: murder= —29.91 + 2.56 poverty
The predicted number of murders per million per year for a
county with 20% poverty rate is:

murder = —29.91+ 256 x 20 = 21.29
In R:

# load data

murder <- read.csv ("https://stat.duke.edu/~mc301/data/murder.csv")
# fit model

m mur_pov <- lm(annual murders per mil ~ perc pov, data = murder)
# create new data

newdata <- data.frame (perc_pov = 20)

# predict

predict (m mur pov, newdata)

4/3/2019

14



Calculating predicted values

By hand: murder= —29.91 + 2.56 poverty
The predicted number of murders per million per year for a
county with 20% poverty rate is:

murder = —29.91 + 2.56 x 20 = 21.29
In R:

# load data

murder <- read.csv("https://stat.duke.edu/~mc301/data/murder.csv")
# fit model

m mur_pov <- lm(annual murders per mil ~ perc pov, data = murder)
# create new data

newdata <- data.frame (perc pov = 20)

# predict

predict (m mur_pov, newdata)

Summary of main ideas

1. Correlation coefficient describes the strength and direction
of the linear association between two numerical variables

2. Least squares line minimizes squared residuals
Interpreting the least squares line
4. Predict, but don’t extrapolate

w

Point is an Outlier.

Does the outlier fall horizontally
away from the cloud?

e Outliers in

Outlier has High

Regression

influence the slope of the line?

Outlier is a
Leverage Point.

Using Correlation
Coefficient

Linear Relationship (from scatter
plot) and High |R| Strong linear association.

Linear Relationship (from scatter
plot) and Low |R| Weak linear association.

Could be a strong linear association OR

High |R] Could be some nonlinear relationship.
Could be a weak linear association OR

Low |R| Could be some nonlinear relationship.

Nonlinear Relationship Could have high |R| OR

(from scatter plot) Could have low R|.

4/3/2019
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