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Coming up...

Unit 7: Multiple linearregression

» Project Stage 2 Materials due 4/17 11:55pm (html file, RMD file,
slides)

1. Introduction to multiple linearregression

Sta 101 — Spring 2019 » Project Stage 2 Presentations 4/18

Duke University, Department of Statistical Science

» Don't forget to ask/answer 2 questions on Piazza before the
final exam... part of your participation grade! Memes don’t count ©

Dr. Ellison Slides posted at
https://www2.stat.duke.edu/courses/Spring19/sta101.001/

1. Housekeeping

2. Main ideas: Multiple Linear Regression (MLR)




When do we need a multiple
linear regression model?

5; - bo + b1x1 + bzxz + -

When do we need a multiple
linear regression model?

5; - bo + b1x1 + bzxz + -

*more than 1 slope or predictor is needed.

When do we need a multiple
linear regression model?

More than one explanatory variable
Ex: Number of Dependents and Party Affiliation

income = by + b;(num. dependents) + b, (party: dem)
+bz(party:ind)

When do we need a multiple
linear regression model?

More than one explanatory variable
Ex: Number of Dependents and Party Affiliation

income = by + b;(num. dependents) + b, (party: dem)
+bz(party:ind)

One categorical explanatory variable with >2 levels
Ex: Party Affiliation (Dem./Ind./Rep.)

income = by + by (party: dem) + by(party: ind)
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When do we need a multiple What is different about interpreting a
. . 5 slope in a simple linear regression vs.
linear regression model: multiple linear regression?

5} = bO + blxl + b2x2 + .- b *assume x1 is numerical
1

*more than 1 slope or predictor is needed.

*# of explanatory variables not always equal to the # of b
slopes/predictors in the linear regression equation 1

What is different about interpreting a
2. Main ideas: Multiple Linear Regression (MLR) SIO €ina SImpIe I’near regression vs.

1. Interpreting Slopes/Coefficients: In MLR everything is multip[e linear regression?
conditional on all other variables in the model

*assume x1 is numerical

b,

“For one unit increase in x1, we would expect, y to increase/decrease, on
average, by |b1]|.”

b,
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What is different about interpreting a What is different about mterpretmg predictor
slope in a simple linear regression vs. slope for a It-avel of.a cat..varlable.vs. a.sloge
multiple linear regression? fora m{merlcal variable in a multiple linear
, , regression?
*assume X1 1S numerlcal
b1 Numerical Variable
“For one unit increase in x1, we would expect, y to increase/decrease, on bl

by |b1].”
average, by [b1] “ALL ELSE HELD CONSTANT, for one unit increase in x1, we would expect,

y to increase/decrease, on average, by |b1]

b1 Categorical Variable Predictor

“For one unit increase in x1, we would expect, y to increase/decrease, on b1

average, by |b1]..... BUT WHAT ARE THE OTHER VARIABLES GOING TO DO?

HOW DO THEY AFFECT Y? If we deleted or added new explanatory variables to
the model and recreated the multiple regression line, the slope may change.

“ALL ELSE HELD CONSTANT, the predicted difference in y for this level
and the baseline level is b1.

What is different about interpreting a Arandom sample of 783 observations from the 2012 ACS.
slope in a simple linear regression vs.
multiple linear regression?

. income: Yearly income (wages and salaries)
. employment: Employment status, not in labor force, unemployed, or employed

. hrs_work: Weekly hours worked
. race: White, Black, Asian, or other

. gender: male or female

b4

“For one unit increase in x1, we would expect, y to increase/decrease, on
average, by |b1].”

. citizens: Whether respondent is a US citizen or not

1

2

3

4
*assume x1 is numerical 5. age: Age

6

7

8. time to work: Travel time to work

9

. lang:Language spoken at home, English or other
10. married: Whether respondent is married or not

11. edu: Education level, hs or lower, college, or grad
b 12. disability: Whether respondent is disabled or not

13. birth grtr:Quarter in which respondent is born, jan thru mar, apr thru jun, jul thru
sep, or oct thru dec
“ALL ELSE HELD CONSTANT, for one unit increase in x1, we would expect,

y to increase/decrease, on average, by |bl]|
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n Intercept: Income for the following type of person is expected to
1. Interpret the intercept. ) 9 typ p P
be on average
2. Interpret the slope for hrs_work. - - - -
a white, , non-citizen, that speaks English at home, that is
3. Interpret the slope for gender. not married, has HS or lower education level, without disabilities,
born in , who works 0 hours/week, that is 0 years
old, that takes 0 hours to get to work.
Estimate Std. Error t value Pr(=1th I' b .
(ntercept)  .15342.76 11716.57 -1.31 0.19
hrs_work 1048.96 149.25 7.03 0.00 Base Ine observation
raceblack -7998.99 6191.83 -1.29 0.20 Estimate Std. Error t value Pr(=1tD
raceasian  29909.80 9154.92 327 0.00 (Intercept) 11716.57 131 0.19
raceother -6756.32 7240.08 -0.93 0.35 hrs_work 1048.96 149.25 7.03 0.00
age 565.07 133.77 4.22 0.00 raceblack -7998.99 6191.83 -1.29 0.20
genderfemale  -17135.05 3705.35 -4.62 0.00 raceasian 29909.80 9154.92 3.27 0.00
citizenyes  -12907.34 8231.66 -1.57 0.12 raceother -6756.32 7240.08 -0.93 0.35
time_to_work 90.04 79.83 1.13 0.26 age 565.07 133.77 4.22 0.00
langother  -10510.44 5447.45 -1.93 0.05 genderfemale  -17135.05 3705.35 -4.62 0.00
marriedyes 5409.24 3900.76 1.39 0.17 citizenyes ~ -12907.34 8231.66 -157 0.12
educollege  15993.85 4098.99 3.90 0.00 time._to_work 90.04 79.83 1.13 0.26
edugrad 59658.52 5660.26 10.54 0.00 Tﬁlnaolher -10510.44 5447 45 -1.93 0.05
disabiltyyes -14142.79 6639.40 =213 0.03 marriedyes 5409.24 3900.76 1.39 0.17
birth_grtrapr thru jun ~ -2043.42 4978.12 -0.41 0.68 educollege 15993.85 4098.99 3.90 0.00
birth_qrtrjul thru sep ~ 3036.02 4853.19 0.63 0.53 edugrad  59658.52 5660.26  10.54 0.00
birth_qrtroct thrudec 267411 5038.45 0.53 0.60 disabiityyes  -14142.79 6639.40  -2.13 0.03
¢ " ! -2043.42 4978.12 -0.41 0.68
b?r'::‘hamjpm:”;:: 303602 4853.19 0.63 053
birlhiqr(roc( thru dec 2674.11 5038.45 0.53 0.60

L B a—

F1048.96(hr Sworic) Intercept: Income for the following type of person is expected to
—7998.99(race: black) + 29909.8(race: asian) — 6756.32(race: other) be on average -$ .
+565.07(age) a white, male, non-citizen, that speaks English at home, that is
’ 9 not married, has HS or lower education level, without disabilities,
—17135.05(gender: female) born in January-March, who works O hours/week, that is 0 years
old, that takes 0 hours to get to work.

—12907.34(citizen: yes) + \—b baseline

. Estimate Std. Error 1 value Pr(=1tD

+90.04(lang: other) (ntercept) - 171657 -1.31 0.19

hrs_work 1048.96 149.25  7.03 0.00

. raceblack  -7998.99  6191.83  -1.29 020

—10510.44(tlm€t0w0rk) raceasian  29909.80  9154.92 327 0.00

raceother  -6756.32  7240.08  -0.93 035

age 565.07 138.77 422 0.00

+5409.24(married: yes) genderfemale  -17135.05  3705.35  -4.62 0.00

ctizenyes  -12907.34  8231.66  -1.57 012

time. to_work 90.04 79.83 1.13 0.26

: : Tangother  -10510.44  5447.45  -1.93 0.05

+15993.85(edu: college) + 59658.52(edu: grad) mamgedyes aa0024  3900.76 139 017

oducolege 1599385 409899 390 0.00

e odugrad 5965852 566026  10.54 0.00

—14142.79(disability: yes) dssmityyes 1414279 663940  -2.13 0.03

. ' 204342 497812 -0.41 0.68

. . . . . . . . bl?r'::‘haﬂ:mpm:” dop 302 485319 083 053

—2043.42(birth_grt: apr — jun) + 3036.02(birth_qrt: jul — sep) + 2674.11(birth_qrt: oct birth-ariroct thiu des 267411 5038.45 053 0.60
— dec) =




ﬁ

Slope for Hours Worked: All else held constant, if we increase
the weekly hours worked by one hour, we would expect yearly
income to increase on average by

Estimate Std. Error t value Pr(>1th

(ntercept)  -15342.76 1171657 -1.31 0.19
hrs_work 14925 7.03 0.00

raceblack 799899 6191.83  -1.29 0.20

raceasian  29909.80 915492 327 0.00

raceother  -6756.32 724008  -0.93 0.35

age 565.07 13377 422 0.00

genderfemale  -1713505 370535  -462 0.00
citzenyes 1200734 823166  -157 0.12

time. to_work 90.04 7983 113 0.26
Tngother  -10510.44  5447.45 193 0.05

maredyes 540924 390076 139 0.17

iucolege 1599385 409899 3.90 0.00

cdugrad 5965852 566026 1054 0.00

daiypes 1414279 663940 213 0.03

204342 497812 -0.41 0.68

b:’r‘['hhé:{:jrjpru::'lju dp 03602 4819 08 0.53
. 267411 503845 053 0.60

birth_grtroct thru dec

—

Slope for Gender: All else held constant, the predicted difference
in monthly income for females and males is

All else held constant, the model predicts that females earn
than people that are not female (“male in this
example.”)

Estimate Std. Error t value Pr(>[th

(ntercept)  -15342.76 1171657 -1.31 0.19
hrs_work 1048.96 14925 7.03 0.00

raceblack 799899 6191.83  -1.29 0.20

raceasian  29909.80 915492 327 0.00

raceother  -6756.32 724008  -0.93 0.35

age 565.07 13377 422 0.00

genderfemale 370535 -462 0.00
citzenyes 1290734 823166  -157 0.12

time. to_work 90.04 7983 113 0.26
Tngother  -10510.44  5447.45 193 0.05

maredyes 540924 390076 139 0.17
hucolege 1599385 409899 3.90 0.00

cdugrad 5965852 566026 1054 0.00

daiiypes 1414279 663940 213 0.03

204342 497812 -0.41 0.68

b:’r‘['hhé:{:jrjpru::'lju dp 03602 4819 083 0.53
. 267411 503845 053 0.60

birth_grtroct thru dec
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2. Main ideas: Multiple Linear Regression (MLR)

2. Setting up the MLR Equation: Categorical predictors and
slopes for (almost) each level

How many slopes would we
need to model income with age
and hours to get to work?




How many slopes would we
need to model income with age
and hours to get to work?

Response Variable:

¢ Income

2 Explanatory Variables:

* Age (numerical)

¢ Hours to get to work (numerical)

2 slopes being estimated in the model: b4, b,

income = by + byage +b, hrs_work

How many slopes would we need to
model income with citizen status (ctizen or
not) and race (white/black/asian/other)?

How many slopes would we need to
model income with citizen status (citizen or
not) and race (white/black/asian/other)?

Response Variable:
* Income

2 Explanatory Variables:

» Citizen Status (categ. With 2 levels)
* Race (categ. With 4 levels)

4 slopes being estimated in the model: b4, b,, b3, b,

income = by + bycitizen: yes +b, race: black +bs race: asian +by race: othe

(2) Categorical predictors and slopes for (almost) each level
» Each categorical variable, with w levels, added to the
model results in w— 1 slopes beingestimated.

» It only takes w — 1 columns to code a categorical variable with w
levels as 0/1s.

» Baseline: Level that's left out (ie: non-citizen)

income = by + bycitizen: yes +b, race: black +bs race: asian +by race: other

citizen:yes

Obs 1 1

Obs 2 0

Obs 3 1

Obs 4 0 Original Data

Obs 5 0 Citizen
Non-citizen
Citizen
Non-citizen
Non-citizen

4/17/2019



(2) Categorical predictors and slopes for (almost) each level

» Each categorical variable, with w levels, added to the
model results in w— 1 slopes beingestimated.

» It only takes w — 1 columns to code a categorical variable with w
levels as 0/1s.

» Baseline: Level that's left out (ie: white)

income = by + bycitizen: yes +b, race: black +bz race: asian +by race: other

race:black race:asian |race:other

Represented | ops 1 0 0 0
by Obs 2 1 0 0
Obs 3 0 1 0
Obs 4 0 0 0
Obs 5 0 0 1

Clicker question

All else held constant, how do incomes of those born January thru
March compare to those born April thru June?

Estimate  Std. Eror __tvalue  Pr(>[t)
0.19

(Intercept) -15342.76 11716.57 -1.31
hrs_work 1048.96 149.25 7.03 0.00
raceblack -7998.99 6191.83 -1.29 0.20
raceasian 29909.80 9154.92 3.27 0.00
raceother -6756.32 7240.08 -0.93 0.35
age 565.07 133.77 4.22 0.00
genderfemale  -17135.05 3705.35 -4.62 0.00
citizenyes ~ -12907.34 8231.66 -1.57 0.12
time_to_work 90.04 79.83 1.13 0.26
langother ~ -10510.44 5447 .45 -1.93 0.05
marriedyes 5409.24 3900.76 1.39 0.17
educollege 15993.85 4098.99 3.90 0.00
edugrad 59658.52 5660.26 10.54 0.00
disabiltyyes ~ -14142.79 6639.40 -2.13 0.03
birth_grtrapr thru jun -2043.42 4978.12 -0.41 0.68
birth_qrtriulthru sep 3036.02  4853.19 0.63 0.53
birth_grtroct thru dec 2674.11 5038.45 0.53 0.60

All else held constant, those born Jan thru Mar make, on average,

(a) $2,043.42 (b) $2,043.42 (c) $4978.12 (d) $4978.12
less more less more

than those born Apr thru Jun.

Clicker question

All else held constant, how do incomes of those born January thru
March compare to those born April thru June?

Estimate _ Std. Ermor __tvalue  Pr(>[t])
(Intercept) -15342.76 11716.57 -1.31 0.19

hrs_work 1048.96 149.25 7.03 0.00
raceblack ~ -7998.99  6191.83  -1.29 0.20
raceasian 29909.80 9154.92 3.27 0.00
raceother ~ -6756.32 724008  -0.93 0.35
age 565.07 133.77 4.22 0.00
genderfemale  -17135.05 3705.35 -4.62 0.00
citizenyes ~ -12907.34 8231.66 -1.57 0.12
time_to_work 90.04 79.83 1.13 0.26 H
langother  -10510.44 544745  -193 0.05 baseline
marriedyes 540924  3900.76 1.39 017

educollege 15993.85 4098.99 0.00
edugrad 59658.52 5660.26

disabilityyes ~ -14142.79 6639.40
birth_grtrapr thru jun -2043.42 4978.12
birth_qrtrjul thru sep 3036.02  4853.19
birth_grtroct thru dec 2674.11 5038.45

All else held constant, those born Jan thru Ivf‘efmake, on average,

(a) $2,043.42 (b) $2,043.42 (c) $4978.12 (d) $4978.12
less more less more

than those born Apr thru Jun.

2. Main ideas: Multiple Linear Regression (MLR)

3. Inference for MLR: model as a whole + individual slopes

4/17/2019



What is different about conducting
inference with a simple linear
regression model and a multiple
linear regression model?

How do we conduct inference
for a intercept or individual
coefficient in a regression
model?

What is different about conducting
inference with a simple linear
regression model and a multiple
linear regression model?

The inferences we conduct with a MLR
must consider the presence of:

* all of the variables and

* this specific combination of variables.

(3) Inference for MLR: model as a whole + individual slopes

Hypotheses:
Ho : i = 0, (when all other variables areinduded in the model)
Ha : 8; # 0, (when all other variables are induded in the model)
bhi—0 *k=# of slopes being estimated

Test Statistic: T;,_;_1 = ?
SEp,

p-value=p(T,_,—1 > |test statistic])

4/17/2019



(3) Inference for MLR: model as a whole + individual slopes

Hypotheses:
Ho : 8; = 0,(when all other variables areinduded in the model)
Ha : 8 # 0, (whenall othervariables are included in the model)

— *k=# of slopes being estimated
L. h;=0
Test Statistic: T,,__; = —
SEp; InR:
library(oilabs)
. . data(acs12)
p-value=p(T,_x_1 > |test statistic]) income" hrs_worksracetagegender+

citizen+time_to_work+lang+
married+edutdisability
+birth_qrtr,data=acs12)

summary(mod)

Coefficients:

EﬁflILlFle Srfl Error t value Pr(>|tl)
(Intercept) 11716.57 g 0.190760
hrs_work 149,25 4.63e-12 *xx*
raceblack 6191.83 0.196795
raceasian 9154.92 0.001135 *=*
raceother 7240.08 0.351019
age | 133.77] 4]2.69e-05 o+
genderfemale 37UD.30 -Z.022 Z.Z1e-Ub ***

(3) Inference for MLR: model as a whole + individual slopes

Confidence Interval for 8;
bi & Th—g-15Ep,

*k=# of slopes being estimated

InR:
library(oilabs)
data(acs12)

hrs_work+race+age+gender+
citizen+time_to_work+lang+
married+edu+disability
+birth_grtr,data=acs12)

summary(mod)

Coefficients:

imate Std. Error t value Pr(>|t]|)
(Intercept) y 11716.57 =1.309 0.190760
hrs_work 149,25 7.028 4.63e-12 x*xx
raceblack 6191.83 -1.292 0.196795
raceasian 9154.92 3.267 0.001135 *=*
raceother 7240.08 -0.933 0.351019
age 4,224 2.69e-05 ***
genderfemale U5.35 -4.624 4.41e-06 **x*

l Clicker question l

What is the degrees of freedom you would use to construct a
confidence interval for the slope of the age variable? (Assume n=959).

R Stimate td_Error __Tvalue 0

10 explanatory Variables (ntercept)  -15342.76 1171657  -1.31 0.19

. hrs. work 104896 14925  7.03 0.00

Hrs_work raceblack  -7998.99 619183  -1.29 020

. Race raceasian  29909.80 915492  3.27 0.00

. Age raceother  -6756.32 724008  -0.93 035

g sl age 565.07 13377 422 0.00

. Gender ‘ ;,m; genderemale 713505 370535 462 000
. citizen: -12907. : 157 )

° Citizen parameters, |me7tofw¥;erz 90.04 79.83 113 0.26

. Lang langother 1051044 5447.45 193 0.05

. marriedyes 5409.24 3900.76 1.39 0.17

. Married educollege 1599385 409899  3.90 0.00

. Edu edugrad 5965852 566026  10.54 0.00

o disabiltyyes 1414279 663940  -2.13 0.03

. Disability bith_qrrapr thrujun ~ -2043.42 497812 -0.41 0.68

. birthgrtr bith_qrijuithrusep  3036.02 485319 063 053

birth_griroct thrudec  2674.11 503845 0.53 0.60

(a) df = 959 — 10 - 1
(b) df = 959 — 16 - 1

l Clicker question .

What is the degrees of freedom you would use to construct a
confidence interval for the slope of the age variable? (Assume n=959).

10 . stimate td. Error t value
Explanatory Variables (ntercept)  -15342.76 1171657  -1.31 9
hrs_work 1048.96 149.25  7.03 0.00
: Hrs_work raceblack ~ -7998.99  6191.83  -1.29 020
. Race raceasan  29909.80  9154.92  3.27 0.00
. Age raceother ~ -6756.32  7240.08  -0.93 035
g sl age 565.07 13377 4.22 0.00
. Gender ‘ J genderfemale  -17135.05 3705.35 -4.62 0.00
o citizen -12907.34 823166 157 0.12
° Citizen parameters, |meftofwzerz 90.04 79.83 113 0.26
. Lang langother ~ -1051044  5447.45  -1.93 0.05
. marriedyes 5409.24 3900.76 1.39 0.17
. Married educollege 1599385 409899  3.90 0.00
. Edu edugrad 5965852  5660.26  10.54 0.00
L disabiltyyes ~ -14142.79 663940  -2.13 0.03
. Disability bitth_qrrapr thrujun ~ -2043.42 497812 -0.41 0.68
. birthqrtr bith_qrtrulthrusep ~ 3036.02  4853.19 063 053
bitth_grtroctthrudec 267411 503845 0.53 0.60

(a) df = 959 — 10 - 1
(b) df =959 —16—1=n-k -1

*k = number of slopes in linear regression
equation.

4/17/2019
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Hypotheses:
1 Hg:81=6>=---=8,=0
How do we conduct inference fotus O el
on the m mUItlpIe Ilnear F-statistic with dfi= k, dfi= n- k-1
regression model? p-value

Hypotheses:
: Hp:81=632=---=6k=0
How do we conduct inference At east one of the 8, #.0 .
.o [ ] ibrary(oilabs,
data(acs12)
on the M mUItlpIe Ilnear F-statistic Wlth dfj[: k, dfzz n- k_ 1 mod=Im(income™ hrs_wocril:ii;l:::rang:;ie_rxioerrl;Iang+
regression model? p-value e a—
C ents: summary(mod)

F-Test

11



What does the F-Test for the
whole linear regression model
tell us?

Clicker question

True/ False: The F test yielding a significant result means the
model fits the data well.

(@) True
(b) False

Clicker question

True / False: The F test yielding a significant result means the
model fits the data well.

(@) True
(b) False

The Ftest yielding a significant result doesn’t mean the model
fits the data well, it just means at least one of the s is
non-zero. Whether or not the model fit the data well is
evaluated based on model diagnostics.

F-Test
p-value=7.5455E-12

T 6 5 1
Wind speed

Clicker question

True/ False: The F test not yielding a significant result means
individual variables included in the model are not good
predictors of y.

(@) True
(b) False

4/17/2019
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Clicker question

True / False: The F test not yielding a significant result means
individual variables included in the model are not good
predictors of y.

(@) True
(b) False

The Ftest not yielding a significant result doesn’t mean
individuals variables included in the model are not good
predictors of y, it just means that the_combination of these
variables doesn’t yield a good model.

Significance also depends on what else is in the model

A predictor may
Model 1: Estinate Std. Error ¢t value Pr(>|tl) not be Signiﬁca nt
(Intercipt) 715342.77 11716.57 -1.309 0.190760 X

' in one model...

hrs_work 7.028 4.63e-12
raceblack P

raceasian

raceother
age
genderfemale
cit

5447.45
390076 165032 <— ]
4098.99  3.902 0.000104
5660.26 10.540 < 2e-16
6639.40 -2.130 0.033479
pr thru jun - 4978.12
trjul thru sep 3036.02  4853.19
birth_grtroct thru dec 2674.11  5038.45

Model 2: Estimate Std. Error t value Pr(>|t|) but Signiﬂca nt in
(Intercept) - 8 00631

hrs_work 1 0e-15

another.

8666 4.506 7.56e-06

raceasian
raceother

7116.2 -1.111 0.26683
131.2  4.064 5.2Te-05
T =1517679 % = I

c 61t
8731.0 3956.8 2.207 0.02762 <----

2. Main ideas: Multiple Linear Regression (MLR)

4. Selecting Predictors for MLR:
1. Adjusted R? applies a penalty for additional
variables

Should we have as many
variables as possible in our
multiple linear regression
model?

4/17/2019
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Should we have as many
variables as possible in our

multiple linear regression
model?

Goal: Parsimonious Model — small

amount of variables which has highest
predictive power.

What metric helps us find
a parsimonious model?

What metric helps us find
a parsimonious model?

2
Radj

(4) Adjusted R? applies a penalty for additional variables

» When any variable is added to the model R? increases.

4/17/2019

14



(4) Adjusted R? applies a penalty for additional variables

» When any variable is added to the model R? increases.

» But if the added variable doesn't really provide any new
information, or is completely unrelated, adjusted R*does
not increase.

(4) Adjusted R? applies a penalty for additional variables

Multiple Linear Regression ANOVA

DF Sum Sq Mean Sq F Value Pr(>F)

Explanatory . ot ciopes for this
Variable 1 expl. var. in model O O O O
Explanatory . ot ciopes for this

Variable 2 expl. var. in model O O O O
Explanatory . ot ciopes for this
Variable w expl. var. in model O O O O

Residuals I n-k-1 | SSRes= ZH(""’?‘): MSRes=5SRes/ DfRes

Total n-1 SSTot= ZL,U’-’W
SS,
RZ,. =1— error 1t
adj <55mal n—k—1

SSresi
RZ =1- resid x
adj (SSI()tal n—k—1

*k=# of slopes in the model

(4) Adjusted R? applies a penalty for additional variables

» When any variable is added to the model R? increases.

» But if the added variable doesn’t really provide any new
information, or is completely unrelated, adjusted R*does

not increase.

Adjusted R?

The higher k gets,
SSrror <= L the higher the
SSro  |n— k-1 “penalty.”

where nis the number of cases and k is the number of slopes
estimated in the model.

R, = 1_(

The

needs to be small enough to counterbalance the
penalty of increasing k (ie: adding a new predictor).

ANOVA Table for a

Regression

+ Use to calculate R?

e Use to calculate
Adjusted R?

*R? and Adjusted R?
also given in
coefficient output
table summary().

birth grtr

_( 1.8147e¢ + 12

~ 1-0.7018 = 0.2982
2.6399e+ 12 * 783 — 16*1) 0.7018 = 0.208

2 _
Ruy =
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Clicker question

True/ False: For a model with at least one predictor, R, will
always be smaller than R?.

(@) True
(b) False

Clicker question

True / False: For a model with at least one predictor, Rﬁd/— will
always be smaller than R?.

(a) True
(b) False

Because k is positive,  R: . will always be smaller than R*.

>
R ( SSkrror 5 n-1 Always 2 1

adj SSTotal n-— k_ 1

SSk,ror
R2 1— OOIFError.
SSTotal )

Clicker question

True / False: For a model with at least one predictor, Rﬁdj will
always be smaller than R?.

(a) True
(b) False

Because k is positive, R?

adj
R -1 ( SSk1ror 5 n-1 Always 21
o SSTatal n— k_ 1

SS,
R2 1— OOIFError
SSTotal )

will always be smaller than R>.

Clicker question

True / False: For a model with at least one predictor, Rﬁdj will
always be smaller than R?.

(a) True
(b) False

Because k is positive, R, will always be smaller than R?.

Always 21

SS¢ n-1
RZ 41— Lrror
adj ( SSTotal n-— k_ 1

Always smaller
than...

R2 41 OOError
(ssnm, )‘///////////

4/17/2019
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Clicker question

True / False: Adjusted R? tells us the percentage of variability in
the response variable explained by the model.

(@) True
(b) False

Clicker question

True/ False: Adjusted R? tells us the percentage of variability in
the response variable explained by the model.

(@) True
(b) False

R tells us the percentage of variability in the response variable
explained by the model, adjusted R? is only useful for model
selection.

2. Main ideas: Multiple Linear Regression (MLR)

4. Selecting Predictors for MLR:

2. Avoid collinearity in MLR

Why else should we be careful
about choosing which
explanatory variables to have in
our model?

Explanatory Variable 2

Explanatory Variable 1

4/17/2019
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Why else should we be careful
about choosing which
explanatory variables to have in
our model?

. " Watch out for two
explanatory variables (or
more) that are collinear!

Explanatory Variable 2

Explanatory Variable 1

(5) Avoid collinearity in MLR

» Two predictor variables are said to be collinear when they
are correlated, and this collinearity (also called
multicollinearity) complicates model estimation.

Remember: Predictors are also called explanatory or independent variables, so they

should be independent of each other.

(5) Avoid collinearity in MLR

» Two predictor variables are said to be collinear when they
are correlated, and this collinearity (also called
multicollinearity) complicates model estimation.

Remember: Predictors are also called explanatory or independent variables, so they
should be independent of each other.

» Wedon't like adding predictors that are associated with
each other to the model, because often times the addition
of such variable brings nothing to the table. Instead, we
prefer the simplest best model, i.e. parsimonious model.

(5) Avoid collinearity in MLR

» Two predictor variables are said to be collinear when they
are correlated, and this collinearity (also called
multicollinearity) complicates model estimation.

Remember: Predictors are also called explanatory or independent variables, so they

should be independent of each other.

» Wedon't like adding predictors that are associated with
each other to the model, because often times the addition
of such variable brings nothing to the table. Instead, we
prefer the simplest best model, i.e. parsimonious model.

» In addition, addition of collinear variables can result
in unreliable estimates of the slope parameters.

4/17/2019
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(5) Avoid collinearity in MLR

» Two predictor variables are said to be collinear when they
are correlated, and this collinearity (also called
multicollinearity) complicates model estimation.

Remember: Predictors are also called explanatory or independent variables, so they

should be independent of each other.

» Wedon't like adding predictors that are associated with
each other to the model, because often times the addition
of such variable brings nothing to the table. Instead, we
prefer the simplest best model, i.e. parsimonious model.

» In addition, addition of collinear variables can result
in unreliable estimates of the slope parameters.

» While it's impossible to avoid collinearity from arising in
observational data, experiments are usually designed to
control for correlated predictors.

2. Main ideas: Multiple Linear Regression (MLR)

4. Selecting Predictors for MLR:

3. Model selection criterion depends on goal:
significance vs. prediction

What algorithms can/should
we use to help select what
explanatory variables should be
in the model?

What algorithms can/should
we use to help select what
explanatory variables should be
in the model?

Depends on your goal for making a model!

4/17/2019
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(6) Model selection criterion depends on goal: significance vs.

prediction

backwards elimination - adjusted R2 backwards elimination - p-value
Start with the full model

Drop one variable at a time and record
adjusted R? of each smaller model

Pick the model with the highest increase in
adjusted R?

Repeat until none of the models yield an
increase in adjusted R’

Start with the full model

Drop the variable with the highest p-value and
refit a smaller model

Repeat until all variables left in the model are

-

v

significant

forward selection - adjusted R?
» Start with single predictor regressions of

forward selection - p-value
Start with single predictor regressions of

response vs. each explanatory variable response vs. each explanatory variable
Pick the model with the highest adjusted R” Pick the variable with the lowest significant
Add the remaining variables one at a time to p-value

the existing model, and pick the model with the

Add the remaining variables one at a time to
highest adjusted R? the existing model, and pick the variable
Repeat until the addition of any of the
remaining variables does not result in a higher

with the lowest significant p-value

Repeat until any of the remaining variables
adjusted R? do not have a significant p-value

(6) Model selection criterion depends on goal: significance vs.

prediction

» If the goal is to find the set of statistically significant
predictors of y —use p-value selection.

(6) Model selection criterion depends on goal: significance vs.

prediction

» If the goal is to find the set of statistically significant

predictors of y —use p-value selection.

» If the goal is to do better prediction of y— use adjusted
R? selection.

(6) Model selection criterion depends on goal: significance vs.
prediction

» If the goal is to find the set of statistically significant

predictors of y —use p-value selection.

» If the goal is to do better prediction of y— use adjusted
R? selection.

» Either way, can use backward elimination or forward
selection.

4/17/2019
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(6) Model selection criterion depends on goal: significance vs.

prediction

Clicker question

» If the goal is to find the set of statistically significant

predictors of y —use p-value selection.

» If the goal is to do better prediction of y— use adjusted
R? selection.

» Either way, can use backward elimination or forward
selection.

» Expert opinion and focus of research might also demand
that a particular variable be included in the model.

Be careful about
adding/deleting predictors that
correspond to categorical
explanatory variables with >2
levels....

Using the p-value approach, which variable would you remove
from the model below first?

Esfimate  Std. Eror _tvalue  Pr(>[t)
0.21

(Intercept) -14022.48 11137.08 -1.26

hrs_work 1045.85 149.05 7.02 0.00
raceblack -7636.32 6177.50 -1.24 0.22
raceasian 29944.35 9137.13 3.28 0.00
raceother -7212.57 7212.25 -1.00 0.32
age 559.51 133.27 4.20 0.00
genderfemale  -17010.85 3699.19 -4.60 0.00
citizenyes ~ -13059.46 8219.99 -1.59 0.11
time_to_work 88.77 79.73 1.1 0.27
langother ~ -10150.41 5431.15 -1.87 0.06
marriedyes 5400.41 3896.12 1.39 0.17
educollege 16214.46 4089.17 3.97 0.00
edugrad 59572.20 5631.33 10.58 0.00
disabilityyes  -14201.11 6628.26 -2.14 0.03

(a) married (d) race:black
(b) race (e) time_to_work

(c) race:other

Clicker question

Using the p-value approach, which variable would you remove
from the model the model below first?

Esimate  Std. Error _tvalue  Pr(>[t])
0.21

*In the p-value (ntercept) ~ -14022.48  11137.08 -1.26
o relol (it R ek th g
. raceblacl B B E -1. ..
with the SMALLEST p- raceasan 2994435  9137.13 3.8 0.00
value is chosen as raceother -7212.57 7212.25 -1.00 0.32
i age o595T 13327 20 00U
represe_ntatnve»for the genderfemale  -17010.85 3699.19 -4.60 0.00
categorical variable. it 1305946 8219.99  -1.59 0.11
[time to work 88.77 79.73 111 027 ]
langother  -10150.41 _ 5431.15  -1.87 0.06
marriedyes  5400.41  3896.12 1.39 0.17
educolege 1621446 4089.17  3.07 .00 |
edugrad 5957220 5631.33  10.58 0.00
disabiltyyes __-14201.11 ___6628.26___-2.14 0.03
(a) married (d) race:black
(b) race (e) time_to_work

(c) race:other
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Clicker question

Using the p-value approach, which variable would you remove
from the model below first?

Estimate  Std. Eror __tvalue  Pr(>[t])
(Intercept) -15342.76 11716.57 -1.31 0.19

hrs_work 1048.96 149.25 7.03 0.00
raceblack -7998.99 6191.83 -1.29 0.20
raceasian 29909.80 9154.92 3.27 0.00
raceother -6756.32 7240.08 -0.93 0.35
age 565.07 133.77 4.22 0.00
genderfemale  -17135.05 3705.35 -4.62 0.00
citizenyes ~ -12907.34 8231.66 -1.57 0.12
time_to_work 90.04 79.83 1.13 0.26
langother ~ -10510.44 5447 .45 -1.93 0.05
marriedyes 5409.24 3900.76 1.39 0.17
educollege 15993.85 4098.99 3.90 0.00
edugrad 59658.52 5660.26 10.54 0.00
disabilityyes ~ -14142.79 6639.40 -2.13 0.03
birth_grtrapr thru jun -2043.42 4978.12 -0.41 0.68
birth_qrtrjul thru sep 3036.02 4853.19 0.63 0.53
birth_grtroct thru dec 2674.11 5038.45 0.53 0.60
(a) race:other (d) birth_grtr:apr thru jun
(b) race (e) birth_qrtr

(c) time_to_work

Clicker question

Using the p-value approach, which variable would you remove
from the model below first?

Estimate  Std. Eror __tvalue  Pr(>[t)

(ntercept)  -15342.76 1171657  -1.31 0.19
*Always remove ALL of hrs_work 1048.96 14925 7.03 0.00
v R raceblack -7998.99 6197.83 129 0.20
the levels of a given raceasian  29909.80 915492 327 0.00
categorical variable raceother -6756.32 7240.08 -0.93 0.35
" age 565.07 13377 E:® U.00
(forp v.alue method genderfemale  -17135.05 3705.35 -4.62 0.00
and Adjusted R"2 citizenyes  -12907.34 823166  -1.57 0.12
method)! time_to_work 90.04 79.83 113 0.26
langother  -10510.44  5447.45  -1.93 0.05
marriedyes 540924 3900.76 1.39 0.17
ucollege X A A A
edugrad 5965852 5660.26 1054 0.00
disabityyes  -14142.79 663940 -2.13 0.03
irth_grtrapr thru jun -2043.42 497812 -0.47 0.
birth_qrtrjulthrusep ~ 3036.02  4853.19  0.63 0.53
birth griroct thrudec ___2674.11 __ 5038.45 __ 0.53 0.60
(a) race:other (d) birth_grtr:apr thru jun
(b) race (e) birth_qrtr

(c) time_to_work

2. Main ideas: Multiple Linear Regression (MLR)

4. Selecting Predictors for MLR:

5. Additional Conditions for MLR: Conditions for MLR are
(almost) the same as conditions for SLR

(7) Conditions for MLR are (almost) the same as conditions for SLR

Important regardless of doing inference

» Linearity — randomly scattered residuals around 0 in the
residuals plot
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(7) Conditions for MLR are (almost) the same as conditions for SLR

Important regardless of doing inference
» Linearity — randomly scattered residuals around 0 in the
residuals plot
Important for doing inference
» Nearly normally distributed residuals — histogram or
normal probability plot of residuals
» Constant variability of residuals (homoscedasticity) — no
fan shape in the residuals plot
» Independence of residuals (and hence observations) —
depends on data collection method, often violated for
time-series data

(7) Conditions for MLR are ( ) the same as conditions for SLR

Important regardless of doing inference

» Linearity — randomly scattered residuals around 0 in the
I"eSidUalS [)lOt (Or use Scatter Q|0t) | *slightly different for MLR (see next slide:

Important for doing inference

» Nearly normally distributed residuals — histogram
or normal probability plot of residuals

» Constant variability of residuals (homoscedasticity) —
no fan shape in the residuals plot

» Independence of residuals (and hence observations)
— depends on data collection method, often violated
for time-series data *just for multiple linear

regression

» Also important to make sure that your explamatory
variables are not collinear (make sure each pair
of explanatory variables does not have high

correlation. .. can check in scatter plot or with R)

*slightly different for MLR (see next slides|

Clicker question

Which of the following is the appropriate plot for checking the
homoscedasticity condition in MLR?

(a) scatterplot of residuals vs. y

(b) scatterplot of residuals vs. x

(c) histogram of residuals

(d) normal probability plot of residuals

(e) scatterplot of residuals vs. order of data collection

Clicker question

Which of the following is the appropriate plot for checking the
homoscedasticity condition in MLR?

(a) scatterplot of residuals vs. y

(b) scatterplot of residuals vs. x

(c) histogram of residuals

(d) normal probability plot of residuals

(e) scatterplot of residuals vs. order of data collection

Plotting residuals against y(predicted, or fitted, values of y)
allows us to evaluate the whole model as a whole as opposed
to homoscedasticity with regards to just one of the explanatory
variables in the model.
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(7) Conditions for MLR are ( ) the same as conditions for SLR

Important regardless of doing inference
» Linearity — randomly scattered residuals around 0 in the
residuals plot vs. fitted values plot (or use scatter plot)
Important for doing inference
» Nearly normally distributed residuals — histogram
or normal probability plot of residuals
» Constant variability of residuals (homoscedasticity) —
no fan shape in the residuals vs. fitted values plot
» Independence of residuals (and hence observations)
— depends on data collection method, often violated
fOl' time-series data *just fo.r multiple linear
regression
» Also important to make sure that your explamatory
variables are not collinear (make sure each pair
of explanatory variables does not have high
correlation... can check in scatter plot or with R)

Summary of main ideas

1. Interpreting Slopes/Coefficients: In MLR everything is
conditional on all other variables in the model
2. Setting up the MLR Equation: Categorical predictors and
slopes for (almost) each level
3. Inference for MLR: model as a whole + individual slopes
4. Selecting Predictors for MLR:
1. Adjusted R? applies a penalty for additional
variables
2. Avoid collinearity in MLR
3. Model selection criterion depends on goal:
significance vs. prediction
5. Additional Conditions for MLR: Conditions for MLR are
(almost) the same as conditions for SLR

Final Regression Equation (after
deleting some variables)

CO =-0.0586
+0.7344(TAR)
+0.0267(LEN)
—6.1949(FILTER: NF)
+0.5597 (PACK: SOFT)
+1.9077(STRENGTH: LIGHT)
+0.7900(STRENGTH: MEDIUM)
+0.5664(STRENGTH: REGULAR)
+3.0920(STRENGTH: FLAVOR)

Final Regression Equation (after
deleting some variables)

CO = —0.0586 Prediction Input

+0.7344(TAR) < 12
+0.0267(LEN) < 80
—6.1949(FILTER: NF) < 0
+0.5597(PACK: SOFT) « 0

+1.9077(STRENGTH: LIGHT) 1
+0.7900(STRENGTH: MEDIUM) <—0
+0.5664(STRENGTH: REGULAR) <—0
+3.0920(STRENGTH: FLAVOR) «—0
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Final Regression Equation (after
deleting some variables)

CO =-0.0586
+0.7344(12)
+0.0267(80)
—6.1949(0)
+0.5597(0)
+1.9077(1)
+0.7900(0)
+0.5664(0)
+3.0920(0)

=12.79 (predicted CO)
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