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The following material was used by Yue Jiang during a live lecture.

Without the accompanying oral comments, the text is incomplete as a record of the presentation.
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Review: the OLS estimate

In the linear regression model y = Xβ + ε, the ordinary least
squares (OLS) estimate β̂ minimizes the mean squared error
(y − Xβ)T (y − Xβ) between the predicted outcomes and the
observed outcomes. The estimate is given by:

β̂ =
(

XTX
)−1

XTy

I What actually is a ”linear model” anyway?
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Linear regression models

Which of the following (if any) depict a relationship that can be
considered a ”linear regression model”?

1. yi = β0 + β1xi1 + β2x
2
i1 + β3xi2 + εi

2. yi = β1xi1 + β2xi2 + β3xi1xi2 + εi

3. yi = β0 + β1xi1
β2xi2+β3xi3

+ εi

4. yi = β0 + β1x
(xi2+xi3)
i1 + εi

5. yi = β0 + β1 sin(xi1 + β2xi2) + β3xi3 + εi

6. yi = exp(β0 + β1xi1 + β2xi2 + β3xi3) + εi

7. yi = β1x
(xi2+β2xi3)
i1 + εi

8. yi = β0 + β1 cos(xi1) + β2 sin(xi2) + β3x
1/2
i3 + εi

9. yi = β1e
xi1 + β2e

xi2 + εi

10. yi = β0 + β1e
β2xi1 + β3xi2 + εi
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Linear regression models

Linear regression models are linear in the parameters. That is, for a
given observation Yi :

Yi = β0 + β1f1(Xi1) + β2f2(Xi2) + · · ·+ βpfp(Xip) + εi

The functions f1, · · · fp may themselves be non-linear, but as long
as the β are linear in y, we have a linear regression model.

I Why would we want to use any function such that fk(u) 6= u?

I What about y = exp(β0 + β1x1 + β2x2 + β3x3)?
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Transforming predictors

Still technically a ”linear regression model”:

yi = β0 + β1xi1 + β2x
2
i1 + εi
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Example: linear model interpretations

Let’s consider some various regression functions (most of them
linear). What happens when x1 changes in some various models?

∂

∂x1
(β0 + β1x1 + β2x2 + β3x3) = β1

∂

∂x1

(
β0 + β1x1 + β2x

2
1 + β3x2

)
= β1 + 2β2x1

∂

∂x1
(β0 + β1x1 + β2x2 + β3x1x2) = β1 + β3x2

∂

∂x2
(β0 + β1x1 + β2x2 + β3x1x2) = β2 + β3x1

∂

∂x1
exp(β0 + β1x1 + β2x2 + β3x3) = ...?
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That other model

y = exp(β0 + β1x1 + β2x2 + β3x3)

log(y) = β0 + β1x1 + β2x2 + β3x3

Although the RHS is a linear function of β, we do not have a linear
model for y ; it is linear in log(y).

This type of model (i.e., a linear relationship between β and an
invertible function of y) is known as a generalized linear model
(well, technically with the conditional expectation of Y , but more
on that later), and we will study this class of model in the second
half of the semester
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Interlude

A quick break to visit the other class I’m teaching this semester...

STA 210 stuff...
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Interlude

Back to our regularly scheduled programming.

By the way, if you’re very curious about this type of thing, in a few stats courses from now (perhaps in graduate

school?), you might want to check out the notion of M-estimators (and then help clean up the not-so-well-written

Wikipedia page for them!).
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Example: linear model interpretations

Let’s focus on the ”interaction model”

yi = β0 + β1xi1 + β2xi2 + β3xi1xi3 + εi

I What might we expect from a change in either of the
predictor variables?

I How might we use this intuition to interpret a model with
these so-called ”interaction terms”?
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Unpacking the design matrix

y1...
yn


︸ ︷︷ ︸

y

=

1 x11 · · · x1p
...

...
. . .

...
1 xn1 · · · xnp


︸ ︷︷ ︸

X


β0
β1
...
βp


︸ ︷︷ ︸

β

+

ε1...
εn


︸ ︷︷ ︸

ε

I How might you deal with a categorical predictor, say with k
levels?
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Dummy variables

y1...
yn


︸ ︷︷ ︸

y

=

1 x11 · · · x1p
...

...
. . .

...
1 xn1 · · · xnp


︸ ︷︷ ︸

X


β0
β1
...
βp


︸ ︷︷ ︸

β

+

ε1...
εn


︸ ︷︷ ︸

ε
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R, RStudio, etc.
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Matrix operations in R

I as.matrix() function sets an object as a matrix object in R

I %*% is the matrix multiplication operation (e.g., A %*% B for
two matrices A and B)

I t() function takes the transpose of a matrix

I solve() function inverts a matrix
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Matrix operations in R

I install.packages("palmerpenguins")

I library(palmerpenguins)

I head(penguins)
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A basic regression model
(Body mass)i = β0 + β1(Flipper length)i + β2(Bill length)i + εi

I β̂0 = -5736.897; β̂1 = 48.145; β̂2 = 6.047

I Can you recover these estimates from the dataset directly
using matrix operations?
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Homework 2: Due Jan. 31

1. Must there always be a linear relationship between some
predictor xk and the outcome y in a linear regression model?
If yes, provide a proof; if no, provide a counterexample of such
a model and clearly demonstrate a non-linear relationship
between the two.

2. Create a linear model in R that predicts the body mass of a
penguin based on its flipper length, bill length, and which
species it is. Provide your design matrix, and clearly label
what each column corresponds to. Display the estimated
regression coefficients from the lm function, and recover these
same estimates from the dataset directly using matrix
operations on the underlying data.
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