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Frequentist confidence intervals for group means

A confidence interval provides a range of plausible values for 6;.

? - &
Cly)=y=+ U ti—as2

® Exact constant coverage:
Pr(6; € C(y)|@) = 1 — « for all values of 6;.

® Narrowest interval among “unbiased” intervals.
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Frequentist confidence intervals for group means

A confidence interval provides a range of plausible values for 6;.

? - &
Cly)=y=+ U ti—as2

Exact constant coverage:
Pr(6; € C(y)|@) = 1 — « for all values of 6;.
® Narrowest interval among “unbiased” intervals.

® Doesn't use all available information.

Can we do better by sharing information across groups?
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Confidence intervals without constant coverage

Bias[0)|6] = w( — 0))

Var[6;]0] = (1 — w)?6?/n;

0; — 6,0 ~ N(w(u — 6)), (1 — w)?0®/n)
w = (1/7)/(n/o® +1/7°).
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Bias[0)|6] = w( — 0))

Var[6;]0] = (1 — w)?6?/n;

0; — 6,0 ~ N(w(u — 6)), (1 — w)?0®/n)
w = (1/7)/(n/o® +1/7°).

If the hierarchical model is correct, then the variation across groups is

1 —0; ~ N(0,7%) (because 61, ...,0, ~ i.id.N(y,7°))
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Confidence intervals without constant coverage

Bias[0)|6] = w( — 0))
Var[6;]0] = (1 — w)?6?/n;
0; — 0j10 ~ N(w(u — 6;), (1 — w)’0®/n)
w = (1/7%)/(nj/o” +1/7%).
If the hierarchical model is correct, then the variation across groups is
w—0; ~ N(0,72) (because 61, ...,0, ~ i.id.N(u, %))
and so

0; — 6; ~ N(0,1/(n;/o? + 1/7%)) marginally, across groups.
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Confidence intervals without constant coverage

Bias[0)|6] = w( — 0))
Var[6;]0] = (1 — w)?6?/n;
0; — 0j10 ~ N(w(u — 6;), (1 — w)’0®/n)
w = (1/7%)/(nj/o” +1/7%).
If the hierarchical model is correct, then the variation across groups is
w—0; ~ N(0,72) (because 61, ...,0, ~ i.id.N(u, %))
and so

0; — 6; ~ N(0,1/(n;/o? + 1/7%)) marginally, across groups.

“Prediction” interval:

C(éj) = éj + tl_a/2/\/nj/62 + 1/?2

® 1 — « coverage on average across groups.
® Could be lower or higher for any given group, and you don’t know which.
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Bayes posterior intervals

® “Prior” density: 6; ~ N(y,7°)
6 ~ N(6;,05°).

® Sampling density: y1,j,...,Yn,
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Bayes posterior intervals

® “Prior” density: 6; ~ N(y,7°)

® Sampling density: yi,...,yn j|0 ~ N(6}, a?).
Bayes rule: |y1, ..., yn;; is normal, with
2 2
T _ o’ /nj
E[0;|y1),. - ¥n.j] = - 2
[J|y1,17 7ynj7j] 02/nj+7'2y1+a2/nj+72

Var(0ilysj, .. yo s = 1/(nj/0® +1/7%)
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Bayes posterior intervals

This means that

Pr(|0; — éj\ XA/ nj/o2+1/12>z_oply))=1—«

or equivalently,
0; £ Zl—a/2/\/ nj/or2 + 1/7‘2

has 1 — « posterior coverage.
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Bayes posterior intervals

This means that

Pr(10; — ;| x \/nj/o? +1/72 > Zi_apnly)=1-o
or equivalently,
0; £ Zl_a/Q/\/ nj/o%+1/72
has 1 — « posterior coverage.

A corresponding Empirical Bayes interval is

C) =0;+ ti_uso//n;]5%+1/72

which is the same as the prediction interval, but has a different interpretation.




Interval procedures Numerical examples FAB Intervals

0000 ©000000000000 000000000000

-

Lo

N

Ln # ﬂ #

o _|

’

o

<

group



Interval procedures Numerical examples FAB Intervals
0000 0O@00000000000 000000000000

52

50
|

pappt ]

48

group



Interval procedures Numerical examples FAB Intervals
0000 00®0000000000 000000000000

50 52
—e

o=

—e

oy

group

48




Interval procedures Numerical examples FAB Intervals

0000 000®000000000 000000000000
-
Lo
N
D ﬂ H
o _| u # #
i ﬂ
o
<

group



Interval procedures Numerical examples FAB Intervals
0000 0000800000000 000000000000

52

50
|

48

group



Interval procedures Numerical examples FAB Intervals

0000 0000080000000 000000000000
-
Lo
N
[Xe}
o _|
o
<

group



Interval procedures Numerical examples FAB Intervals
0000 0000008000000 000000000000

52

50
|

M#HH

48

group



Interval procedures Numerical examples FAB Intervals

0000 0000000@00000 000000000000
-
Lo
N
[Xe} ﬂ
o _| ﬁ u
)
o
<

group



Interval procedures Numerical examples FAB Intervals

0000 0000000080000 000000000000

-

Lo

N

Ln u ﬂ #

o _|

m

o

<

group



Interval procedures Numerical examples FAB Intervals
0000 000000000 e000 000000000000

52

50
|

SRS

48

group



Interval procedures

0000

0.86 0.90 0.94
|

predictive interval coverage

0.82

Numerical examples
0000000000800

Nonconstant coverage: Radon data

FAB Intervals
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Nonconstant coverage: ELS data
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Comparing interval procedures

Interval widths:
® t-interval: 2 X ty_q/0 X &/y/n

® EBayes interval: 2 X ty;_o/5/+/n/6% +1/72

FAB Intervals
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Comparing interval procedures

Interval widths:
® t-interval: 2 X ty_q/0 X &/y/n

® EBayes interval: 2 X ty;_o/5/+/n/6% +1/72
Exercise : Show &/y/n > 1/y/n/5% + 1/72
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Comparing interval procedures

Interval widths:
® t-interval: 2 X ty_q/0 X &/y/n

® EBayes interval: 2 X ty;_o/5/+/n/6% +1/72
Exercise : Show &/y/n > 1/y/n/5% + 1/72

EBayes is always narrower, but

® t-interval is centered around high-variance unbiased estimator yj;

® EBayes-interval is centered around low-variance biased estimator 6;;
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Comparing interval procedures

Interval widths:
® t-interval: 2 X ty_q/0 X &/y/n

® EBayes interval: 2 X ty;_o/5/+/n/6% +1/72
Exercise : Show &/y/n > 1/y/n/5% + 1/72

EBayes is always narrower, but

® t-interval is centered around high-variance unbiased estimator yj;

® EBayes-interval is centered around low-variance biased estimator 6;;

This means coverage of EBayes will be
® higher than 1 — « for groups near the center;

® lower than 1 — « for groups away from the center.
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Valid confidence intervals that share information

Goal: Construct confidence intervals C!,..., C? having
® constant coverage: Pr(6; € C/(y)|@) = 1 — a for all groups/0's.

® improved precision:  E[|C/(y)|] < 2ti_a,> on average across groups/0’s.



Interval procedures Numerical examples FAB Intervals
0000 0000000000000 000000000000

Valid confidence intervals that share information

Goal: Construct confidence intervals C!,..., C? having
® constant coverage: Pr(6; € C/(y)|@) = 1 — a for all groups/0's.

® improved precision: E[|C/(y)|] < 2ti_a/2 on average across groups/8’s.

The first criterion is group-specific/frequentist - conditional on 6;.

The second is study-specific/Bayes - on average across 61, ..., 0,.
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All CIPs

Standard procedure:

C1/2(}’) ={6:y +0z00 <0< y—i—azl_a/z}
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All CIPs

Standard procedure:

C1/2(}’) ={6:y + 0200 <O <y+ le_a/z}

Any procedure:

Co(y)={0:y+0za0-w) <O<y+0z1-au}
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All CIPs

Standard procedure:

C1/2(}’) ={0:y+ 0202 <0 <y+ le_a/z}

Any procedure:

Co(y) ={0:y+0za-w) <O<y+0z_an}

In fact, w may depend on 6: If w: R — [0, 1] then
Culy)=1{0:y+0zag—wo) <0 <y+ocz_awo)}
satisfies Pr(0 € Cu(y)|0) =1—«a

® Examples in Bartholomew [1971], Stein [1962].
® Essentially complete class result in Yu and Hoff [2018].
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FAB: Bayes-optimal frequentist interval

Simplified model:
® y|6 ~ N(8,05°), o> known.

® 7(0) is prior information about 6.
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FAB: Bayes-optimal frequentist interval

Simplified model:
® y|6 ~ N(8,05°), o> known.

® 7(0) is prior information about 6.

Idea: Find the w-function that minimizes the prior expected width

[ [1c.ipaonas) < [ [1cwlsayio)n(as)

Such an interval will have
® constant coverage, because C, has constant coverage for any w-function;

® optimal precision on average with respect to 7, by construction.
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FAB: Bayes-optimal frequentist interval

Simplified model:
® y|6 ~ N(8,05°), o> known.

® 7(0) is prior information about 6.

Idea: Find the w-function that minimizes the prior expected width

[ [1c.ipaonas) < [ [1cwlsayio)n(as)

Such an interval will have
® constant coverage, because C, has constant coverage for any w-function;

® optimal precision on average with respect to 7, by construction.

We call it FAB - Frequentist And Bayesian.
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Adaptive FAB for multigroup inference

For each group j=1,...,p:
1. Obtain fi, 72, 52 using data from groups other than j;
2. Obtain w;(0) = g~ 1(26(0 — p)/72);
3. Construct Cy,(¥;)-
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Adaptive FAB for multigroup inference

For each group j=1,...,p:
1. Obtain fi, 72, 52 using data from groups other than j;
2. Obtain w;(0) = g~ 1(26(0 — p)/72);
3. Construct Cy,(¥;)-

® Exact 1 — « coverage for each group, even if hierarchical model is wrong.

® Improved precision on average across groups.
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Radon data
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Small area estimation (Burris and Hoff 2019)

Sampling model: y; ~ N(6;,07) independently across groups.

Linking Model: §; = 8"x; + ¢, Cov[@] =X (spatial FH model).

FAB Intervals
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Small area estimation (Burris and Hoff 2019)

Sampling model: y; ~ N(6;,07) independently across groups.

Linking Model: §; = 8"x; + ¢, Cov[@] =X (spatial FH model).

Direct interval: ¥ £ 6jt1_q/2
AFAB interval: For each areaj=1,...,p

1. using areas other than j, obtain estimates of 6_;, 3 and L;
2. obtain “prior” distribution for 6; from estimates and working model;
3. compute optimal w-function and construct FAB interval for 6;.
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Small area estimation (Burris and Hoff 2019)

Sampling model: y; ~ N(6;,07) independently across groups.

Linking Model: §; = 8"x; + ¢, Cov[@] =X (spatial FH model).

Direct interval: ¥ £ 6jt1_q/2
AFAB interval: For each areaj=1,...,p

1. using areas other than j, obtain estimates of _;, 3 and X;
2. obtain “prior” distribution for 6; from estimates and working model;
3. compute optimal w-function and construct FAB interval for 6;.

® Both intervals have 1 — « area-specific coverage, under random sampling
within each area. The linking model need not be correct.

® FAB intervals make use of information from neighboring areas and known
area-level characteristics (surficial radium).
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Small area estimation (Burris and Hoff 2019)

Sampling model: y; ~ N(6;,07) independently across groups.

Linking Model: §; = 8"x; + ¢, Cov[@] =X (spatial FH model).

Direct interval: ¥ £ 6jt1_q/2
AFAB interval: For each areaj=1,...,p

1. using areas other than j, obtain estimates of _;, 3 and X;
2. obtain “prior” distribution for 6; from estimates and working model;
3. compute optimal w-function and construct FAB interval for 6;.

® Both intervals have 1 — « area-specific coverage, under random sampling
within each area. The linking model need not be correct.

® FAB intervals make use of information from neighboring areas and known
area-level characteristics (surficial radium).
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Interval comparisons

Type Hierarchical model \ relative width  fraction intervals improved

Direct - 1.0 -

FAB exchangeable a7 .898
FAB covariate a7 .888
FAB spatial 74 .964
FAB spatial, covariate 74 .955

By sharing information, hierarchical models can improve across-group
performance, even if the hierarchical model is wrong.
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Interval comparisons
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Interval Type
~ Direct
~— FAB (Spatial)
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Computing different intervals

y<-log(radon$radon)
g<-radon$county

tapply(y,g,mean) [1:20]

## AITKIN ANOKA BECKER  BELTRAMI BENTON
##  4.293832 4.479973 4.675008 4.793035  4.869503
## BROWN CARLTON CARVER CASS  CHIPPEWA
##  5.244160 4.560494 4.971890 5.017782  5.349376
## CLEARWATER COOK COTTONWOOD  CROWWING DAKOTA

##  4.609353 4.295244  4.577311  4.571230 4.917210

table(g) [1:20]

## g

#it AITKIN ANOKA BECKER  BELTRAMI BENTON
#i#t 4 52 3 7 4
## BROWN CARLTON CARVER CASS CHIPPEWA
#i# 4 10 6 5 4
## CLEARWATER COOK COTTONWOOD  CROWWING DAKOTA

## 4 2 4 12 63

BIGSTONE
5.128199
CHISAGO
4.670860
DODGE
5.412986

BIGSTONE
3
CHISAGO
6

DODGE

3

FAB Intervals
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BLUEEARTH
5.522876

CLAY

5.402667

BLUEEARTH

14
CLAY
14
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Computing different intervals

## unbiased intervals
fitLM<-1m(y ~ -1 + as.factor(g))
uCI<-confint (fitLM)

## EBayes intervals

library(lme4)

fitHM<-Imer(y ~ (1lg))
blupInfo<-as.data.frame(ranef (fitHM, condVar=TRUE))
bEst<-fixef (fitHM) + blupInfol[,4]
bSE<-blupInfol,5]

bCI<-bEst + qnorm(.975)* outer( bSE ,c(-1,1))

## FAB intervals

library(FABInference)

fit<-1mFAB( y ~ -1, model.matrix(~ -1+g) )
fCI<-fit$FABci

FAB Intervals
000000000800
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Comparing different intervals
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Computing different intervals
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